
 

 

Pure Mathematical Sciences, Vol. 15, 2026, no. 1, 1 - 6 

HIKARI Ltd,  www.m-hikari.com 

https://doi.org/10.12988/pms.2026.91653 

 

 

Reproducing Kernel Hilbert Spaces (RKHS) 
 

 

Berhanu Kidane 

 

University of North Georgia 

Department of Mathematics 

 

Abebaw Tadesse 

 

Langston University 

Department of Mathematics 

 

   This article is distributed under the Creative Commons by-nc-nd Attribution License.  

Copyright © 2026 Hikari Ltd. 

 

Abstract 

 

The purpose of this paper is to give some general outlines, characterizations/ 

properties and basic examples of well-known RKHS on the unit disc 𝔻. The ideas 

are gleaned from different sources, primarily [BK], [KT], [TT1], [TT2], [HKZ] and 

put together for quick references. RKHS are extensively used in the proof of the 

Corona Theorems; for Example, [KT], [TT1] and [TT2], as such this paper focus 

purely on the points of views of RKHS, as it is used on those papers. 

 
1. Preliminaries  

Notations, in this paper: 

• 𝔻, denotes the open unit disc 

• 𝐻𝑜𝑙(𝔻), denotes the set holomorphic functions on 𝔻 

• 𝒜𝛼(𝔻) or 𝒜, denotes Hilbert Spaces of holomorphic functions of weight 

𝛼 on 𝔻 

 

At the beginning of the 20th century the development of Integral Equations and 

Functional Analysis by David Hilbert (1862 – 1943, [CR]) [DH1], [DH2], and the 

concepts of Orthogonal Expansions, by Erhard Schmidt (1876 -1959) [SE] lays the  
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foundation for the development of Reproducing Kernel Hilbert Spaces. By the 

middle of the 20th century Nachman Aronszajn (1907-1980) on his paper, “Theory 

of Reproducing Kernel” [NA], systematically constructed and formally defined 

Reproducing Kernel Hilbert Spaces.  

 

2. Definition and Properties of RKHS 

 

Let ℝ and ℂ denote the set of real numbers and complex numbers respectively. We 

will use 𝔽 to denote either ℝ or ℂ. Given a non - empty set E, let ℱ(E, 𝔽) denotes 

the set of all functions from E to 𝔽. 

 

Theorem 2.1: ℱ(𝐸, 𝔽) with the usual operations of addition of functions and scalar 

multiplication is a vector space over 𝔽.  

 

Definition 2.1: Given a set E ≠ ∅ (from now on set E is assumed nonempty), then 

ℋ = ℋ(E) is a reproducing kernel Hilbert space on E over 𝔽 if: 

i. ℋ is a subspace of ℱ(E, 𝔽) 

ii. ℋ endowed with an inner product 〈  , 〉 is a Hilbert space 

iii. For each 𝑥 ∈ E, the linear evaluation functional ℓ𝑥: ℋ → 𝔽, given by 

ℓ𝑥(𝑓) = 𝑓(𝑥), is bounded. 

 

Theorem 2.2: Let ℋ be a RKHS on E, then for each 𝑦 ∈ E, there exists a unique 

𝑘𝑦 ∈ ℋ such that ℓ𝑦(𝑓) = 〈𝑓, 𝑘𝑦〉. 

Proof: Consequence of Riesz Representation Theorem  ∎ 

 

Definition 2.2: The function 𝑘𝑦  is called the Reproducing Kernel for point y. 

 

Definition 2.3: The two-variable function K: E × E → 𝔽 defined by K(𝑥, 𝑦) =

𝑘𝑦(𝑥) is called the Reproducing Kernel for the Hilbert space ℋ. 

 

2.1. Properties of RKHS 

 

Property 2.1.1: The reproducing kernel of a Hilbert space is unique. 

 

Proof: Let ℋ be a Hilbert space and K: E × E → 𝔽 be a reproducing kernel for ℋ. 

By Reisz representation for each 𝑦 ∈ 𝐸 there is a unique 𝑘𝑦 ∈ ℋ; hence, K is 

unique. ∎ 
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Property 2.1.2: Let ℋ be a RKHS on E with reproducing kernel K(𝑥, 𝑦) then 

i. K(𝑥, 𝑦) = 〈𝑘𝑦, 𝑘𝑥〉 

ii. K(𝑥, 𝑥) ≥ 0  

iii. K(𝑥, 𝑦) = K(𝑦, 𝑥)̅̅ ̅̅ ̅̅ ̅̅ ̅  

iv. |K(𝑥, 𝑦)|2 ≤ K(𝑥, 𝑥)K(𝑦, 𝑦)  

 

Proof:  

i. 𝑘𝑦 ∈ ℋ and 𝑘𝑦(𝑥) = 〈𝑘𝑦, 𝑘𝑥〉 

ii. K(𝑥, 𝑥) = 〈𝑘𝑥, 𝑘𝑥〉 

iii. 〈𝑘𝑦, 𝑘𝑥〉 = 〈𝑘𝑥, 𝑘𝑦〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

iv. |〈𝑘𝑦, 𝑘𝑥〉| ≤ ‖𝑘𝑥‖ ‖𝑘𝑦‖ and ‖𝑘𝑥‖2 = 〈𝑘𝑥, 𝑘𝑥〉  ∎ 

 

Property 2.1.3: Suppose ℋ is a RKHS on set E with reproducing kernel K(𝑥, 𝑦). 

Let {𝑒𝑛}0
∞ be an orthonormal basis of ℋ. Then for each 𝑦 ∈ E, 𝑘𝑦 ∈ ℋ and it 

follows that 

i. 𝑘𝑦 = ∑ 𝛼𝑛𝑒𝑛
∞
0 , where ∑ |𝛼𝑛|2∞

0 < ∞  

ii. 〈𝑒𝑛, 𝑘𝑦〉 = 𝛼𝑛̅̅̅̅  ↔ 𝛼𝑛 = 〈𝑘𝑦, 𝑒𝑛〉 

iii. ∑ |𝑒𝑛(𝑦)|2∞
0 < ∞ 

 

Proof 

i. {𝑒𝑛}0
∞ is an orthonormal basis for the Hilbert space ℋ 

ii. 〈𝑒𝑛, 𝑘𝑦〉 = 〈𝑒𝑛, ∑ 𝛼𝑗𝑒𝑗
∞
0 〉 = 𝛼𝑛̅̅̅̅    

iii. 𝛼𝑛 = 〈𝑒𝑛, 𝑘𝑦〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑒𝑛(𝑦)̅̅ ̅̅ ̅̅ ̅    ∎ 

 

Property 2.1.4: Suppose ℋ is a Hilbert space of functions on E with orthonormal 

basis {𝑒𝑛}0
∞. If  ∀𝑦 ∈ E, ∑ |𝑒𝑛(𝑦)|2∞

0 < ∞, then ℋ is a reproducing RKHS with 

reproducing kernel given by: K(𝑥, 𝑦) = ∑ 𝑒𝑛(𝑥) 𝑒𝑛(𝑦)̅̅ ̅̅ ̅̅ ̅∞
0 .  

 

Proof: Converse of Property 2.1.3 

Let 𝑦 ∈ E and define: ℎ𝑦 =  ∑ 𝑒𝑛(𝑦)̅̅ ̅̅ ̅̅ ̅ 𝑒𝑛
∞
0 , clearly ℎ𝑦 ∈ ℋ. 

Let 𝑓 ∈ ℋ, then 𝑓 = ∑ 〈𝑓, 𝑒𝑛〉𝑒𝑛
∞
0  and 

〈𝑓, ℎ𝑦〉 = 〈 ∑ 〈𝑓, 𝑒𝑛〉𝑒𝑛
∞
0 , ∑ 𝑒𝑗(𝑦)̅̅ ̅̅ ̅̅ ̅ 𝑒𝑗

∞
0  〉  

= ∑ 〈𝑓, 𝑒𝑛〉 𝑒𝑛(𝑦)∞
0   

≤ ‖𝑓‖‖ℎ𝑦‖   

 

That means evaluation at y is a bounded linear functional; hence ℋ is a RKHS 

with reproducing kernel at y, ℎ𝑦 = 𝑘𝑦 (by uniquiness). ∎ 



 

 

4                                                                          Berhanu Kidane and Abebaw Tadesse 

 

 

3. RKHS on the Unit Circle, 𝔻 

 

Definition 3.1: Consider the sequence of positive real numbers {𝛼𝑛}0
∞ such that 

liminf
𝑛 → ∞ 

 (𝛼𝑛)1 𝑛⁄ = 1, then define 𝐻𝛼𝑛
(𝔻) by:  

𝐻𝛼𝑛
(𝔻) = { 𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞

0  and ∑ |𝑓𝑛|2𝛼𝑛
∞
0 < ∞}  

If 𝑓 and 𝑔 are in, 𝐻𝛼𝑛
(𝔻) then define 〈𝑓, 𝑔〉 = ∑ 𝑓𝑛 𝑔𝑛̅̅ ̅ 𝛼𝑛

∞
0  and the norm, ‖𝑓‖𝛼𝑛

2  

by  

‖𝑓‖𝛼𝑛
2 = ∑ |𝑓𝑛|2𝛼𝑛

∞
0   

 

Property 3.2: 𝐻𝛼𝑛
(𝔻) is a RKHS on 𝔻. 

Proof: Let 𝑧 ∈ 𝔻  and  𝑒𝑛(𝑧) =
1

√𝛼𝑛
𝑧𝑛.  

Then {𝑒𝑛}0
𝑛 forms an orthonormal basis for 𝐻𝛼𝑛

(𝔻) and  

 ∑ |𝑒𝑛(𝑧)|2∞
0 = ∑

1

𝛼𝑛
|𝑧|2𝑛∞

0 < ∞.  

Thus, 𝐻𝛼𝑛
(𝔻) is a RKHS on 𝔻 with reproducing Kernel given by 

K(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

 = ∑ (1 𝛼𝑛⁄ )(𝑧𝑤̅)𝑛∞
0   ∎ 

 

Definition 3.2: let 𝛼 ∈ ℝ , 𝛼𝑛 = (𝑛 + 1), then define, the weighted holomorphic 

spaces of weight 𝛼,  𝒜𝛼(𝔻) or simply 𝒜𝛼, by 

𝒜𝛼(𝔻) = { 𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞
0  and ∑  (𝑛 + 1)𝛼|𝑓𝑛|2∞

0 < ∞}   

and the norm of 𝑓 ∈ 𝒜𝛼(𝔻) by 

‖𝑓‖𝒜𝛼

2 = ∑  (𝑛 + 1)𝛼|𝑓𝑛|2∞
0   

 

Examples 3.1: Special Classes of 𝒜𝛼(𝔻). 

i. Hardy Space, 𝐻2(𝔻): The case 𝛼 = 0 

𝐻2(𝔻) = {𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞
0  𝑎𝑛𝑑 ∑ |𝑓𝑛|2∞

0 < ∞}  

If 𝑓 ∈ 𝐻2(𝔻), then the norm ‖𝑓‖𝐻2(𝔻)
2 = ∑ |𝑓𝑛|2∞

0  

 {𝑒𝑛(𝑧)}0
∞ = {𝑧𝑛}0

∞ is an orthonormal basis for 𝐻2(𝔻); furthermore 

𝐻2(𝔻) is a RKHS with reproducing kernel 

𝐾(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

= ∑ (𝑧𝑤̅)𝑛∞
0   

= 1 (1 − 𝑧 𝑤̅)⁄   

ii. Bergman Space, 𝐴2(𝔻): The case 𝛼 = −1 

𝐴2(𝔻) = { 𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞
0  𝑎𝑛𝑑 ∑ |𝑓𝑛|2 (𝑛 + 1)⁄∞

0 < ∞}  

If 𝑓 ∈ 𝐴2(𝔻), then the norm ‖𝑓‖𝐴2(𝔻)
2 = ∑ |𝑓𝑛|2 (𝑛 + 1)⁄∞

0  
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{𝑒𝑛(𝑧)}0
∞ = {√𝑛 + 1 𝑧𝑛}

0

∞
 is an orthonormal basis for 𝐴2(𝔻); furthermore 

𝐴2(𝔻) is a RKHS with reproducing kernel 

𝐾(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

= ∑ (𝑛 + 1)(𝑧𝑤̅)𝑛∞
0    

= 1 (1 − 𝑧𝑤̅)2⁄   

 

iii. Dirichlet Space, 𝒟(𝔻): The case 𝛼 = 1 

𝒟(𝔻) = { 𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞
0  𝑎𝑛𝑑 ∑  (𝑛 + 1)|𝑓𝑛|2∞

0 < ∞}  

If 𝑓 ∈ 𝒟(𝔻), then the norm ‖𝑓‖𝒟 
2 = ∑ (𝑛 + 1)|𝑓𝑛|2∞

0  

{𝑒𝑛(𝑧)}0
∞ = {𝑧𝑛 √𝑛 + 1⁄ }

0

∞
 is an orthonormal basis for 𝒟(𝔻); 

furthermore𝒟(𝔻) is a RKHS with reproducing kernel 

𝐾(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

= ∑ (1 (𝑛 + 1)⁄ ) (𝑧𝑤̅)𝑛∞
0   

=
1

𝑤̅𝑧 
log(1 (1 − 𝑤̅𝑧)⁄ )  

 

iv. Weighted Bergman Spaces, 𝐴𝛼
2 (𝔻): The case 𝛼 < 0 

𝐴𝛼
2 (𝔻) = {𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞

0  𝑎𝑛𝑑 ∑
1

(𝑛 + 1)𝛼
|𝑓𝑛|2∞

0 < ∞}  

If 𝑓 ∈ 𝐴𝛼
2 (𝔻), then the norm ‖𝑓‖𝐴𝛼

2
2 = ∑

1

(𝑛 + 1)𝛼
|𝑓𝑛|2∞

0 , 𝛼 > 0 

{𝑒𝑛(𝑧)}0
∞ = {(𝑛 + 1)𝛼 2⁄  𝑧𝑛}

0

∞
 is an orthonormal basis for 𝐴𝛼

2 (𝔻); 

furthermore 𝐴𝛼
2 (𝔻) is a RKHS with reproducing kernel 

𝐾(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

= ∑ (𝑛 + 1)𝛼(𝑧𝑤̅)𝑛∞
0   

 

v. Weighted Dirichlet Spaces, 𝒟𝛼(𝔻): Thae case 𝛼 > 0 

𝒟𝛼(𝔻) = { 𝑓 ∈ 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛 𝑧𝑛∞
0 and ∑ |𝑓𝑛|2(𝑛 + 1)𝛼∞

0 < ∞}  

If 𝑓 ∈ 𝒟𝛼(𝔻), then the norm ‖𝑓‖𝒟𝛼 
2 = ∑ (𝑛 + 1)𝛼|𝑓𝑛|2∞

0  

{𝑒𝑛(𝑧)}0
∞ = {𝑧𝑛 √(𝑛 + 1)𝛼⁄ }

0

∞
 is an orthonormal basis for 𝒟𝛼(𝔻); 

furthermore 𝒟𝛼(𝔻) is a RKHS with reproducing kernel 

𝐾(𝑧, 𝑤) = ∑ 𝑒𝑛(𝑧) 𝑒𝑛(𝑤)̅̅ ̅̅ ̅̅ ̅̅∞
0   

 = ∑  (𝑛 + 1)−𝛼(𝑧𝑤̅)𝑛∞
0  
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