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Abstract
The purpose of this paper is to give estimates for Cauchy Transform of weighted
Dirichlet space norm of weight 0.5; that is find an estimate for ||I? ||0 o where K is

the Cauchy Transform. In general, Estimate ||K ||a, a > 0 is instrumental for

proving the Coronal problems in weighted Dirichlet spaces; [KT], [TT1] and [TT2].
1. Preliminaries

Notations, in this paper:
e D, denotes the open unit disc
e Hol(ID), denotes the set holomorphic functions on D
e D, ={z€C|z|<1+¢€}
e (?(D,,.) the space of functions on D .. whose first and second derivatives
are continuous.
e D,:(D)orD,s, weighted Dirichlet space of weight 0.5

o N&ls = 1Kl )
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Definition 1.1. (Integral operator): Suppose (X, i) is a measure space and K is a

function on X X X, then Tf(x) = fx K(x,y)f(y)du(y) is an integral operator
with kernel K.

Theorem 1.1. (Shur’s Theorem)
Suppose K is a non-negative measurable function on X X X. Let T be the integral

operator with kernel K and 1 < p < oo, with % + % = 1. If there are positive
constants C;, C, and positive measurable functions h and 1 on X such that

fe KGohM]9du(y) < G [1(x)]9 a.e x € X
and

f K NLE)Pdux) < C[h()]P a.ey € X
then T is a bounded linear operator on LP (X, du) with norm < C;
Proof: [KZ] m

1/q Cl/p

—1wl2)t
Lemma 1.1. Suppose z € D,c € R,t > —1, and I.,(2) = [ mdA(w),

D |1—Z V—V|2+t+C
then the following hold:
i. Ifc <0, then the function /. ,(z) is bounded from above and below on ID.

.. 1 -
11. Ifc > 0, then cht(Z)Nm , |Z| -1
Proof: [HKZ] m

1
(1-|z|»)¢

Lemma 1.2.If ¢ > 0 and |z| —» 17, then Y. n¢~1|z|?" ~
Proof: [KZ]

Theorem 1.2. (Pompeiu’s Formula).
Let Qbea bounded domain. If f € C1(Q) and w € Q, then

f(Z) _ 1 dA(u)
f(W) 2mi faﬂz W Q au( )
Proof: [AN] =

Lemma 1.3. Let ¢ € C?>(ID;,.), then
R /a
0(2) = o= [ip T du—~ [ P dA(w). (1.3.1)
Andif @,(2) = _fam) o) ~du and ¢,(z) = —f a<p/au dA(u), then

p1(e™) = X§ ppe™, where on=1J"_o(e")e" ”‘tda(t) = (p,e™) (1.3.2)
and
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po(e") = X7 p_ne ™, where p_, = f_”n p(et)e™do(t) (1.3.3).
Proof: (1.3.1) follows from Theorem 1.2.
To prove (1.3.2), let u = e't, then

p1(z )—z_mffnq:g: Z)le dt
= f” e(e) do, where do = dt/2n

Zze—it
= 20 _n[(P(elt)e_mtdO'(t)]zn
= 280 (Pnzn, where @, = f_nn(P(eit)e_intdO'(t) — (w’eint).
To prove (1 3. 3) note % € C?(IDy4,) has Fourier series representation.
= Zgo Pne en? + Zio (p_ne—ine
= 0,(e®) + TP p_pe
Thus,
1 dp/o0u .
_;le) _o-i0 dA(u) = (pz(ele)

u
= Zio P_neé

—in6

, where @_,, = ffncp(eit)ei"tda(t). n
2. ||k ||0. . Estimate (Bound)

Definition 2.1. Let z € D, and K smooth on D. Then the Cauchy transform K is
defined by K(2) = [ :(_—M;SdA(W), where dA(w) = %dm.

Theorem 2.1. 9,K = k in D.
Proof: [AM] m

Corollary 2.1.1. In Lemma 1.3. Z—Z (') = XY p_ne™ 0.

Theorem 2.2. Let k € C?(D,,,) and K(z) = Jp I;(_—Mx dA(w), where z € D and
dA(w) = ldm Then

(1 kWK G AAWIAAR)

0, k+#n—-1
1L,Lk=n-—-1
K(e®) =X7 K e ™ where K_, = f” R(e)e™da(t) = (K, e )

ffﬂk"(eit)eintdo.(t) — f:-[ (_ f]D) k(W) dA(W)) Lntdo.(t)

Proof: First note that f_n e‘("_l_k)tda(t) = {
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in—-1)t

fy (/" S do () k(w)dAw)
Jp 2, TR '™ D e twkda (1)) k(w)dA(w)
= Jp Zieo [ e Pt do(Owkk(w)dAW)
= fD k(w)w™ 1dA(w)
On the other hand, for z € I, the weighted Dirichlet norm for K is ([KB], [KT])
IR, = Z2U-nl + D°5|R_,|*
=Y+ 1)°° |f1n> k(w)w"_ldA(W)|2
=3P+ 10 [ [ k(w)k(@) w 12" 1dA(W)dA(2)

By Stirling’s formula:

0 0.5 _ y'00 F(n+1.5)
Yr(n+1) 21 [(1.5)(n+1)
Thus,

—~ '(n+1.5)
”K”0.5~ X3 r(1.5)(n+1)

And

o T .5 — _ _
Pt EH ([ k)R w2 dAW)AA()

= Jy Jy kW@ (37 2D (z)m1) dA(w)dA(2)

1 r(1.5)rn+1)
=y Jp kWk(@) 5 _)15dA(w)dA(z)

Jo Jp k(W)k(z) w1z 1dA(w)dA(2)

Hence
RN .~ fy Jy kW@ Gz dAW)AA(2) ®

Definition 2.2. Define the norm ||K ||2
IRIl, s = fy Sy kK@ 5 _)15dA(w)dA(z)

Lemma 2.1. Let k(z) be smooth on D, and L(z) = k(2)(1 — |z|?)B/2, where
1

B € (0, 2) Let K(Z, W) = (1—|W|2)B/2(1—|Z|2)B/2(1—WZ_)1'5 and

TL(w) = f |L(z)|K(z,w)dA(z). If there is a positive function P such that

fD P(2)K(z,w)dA(z) < CyP(w) for some constant C,, then the integral
operator T is bounded with ||T|| < C,.
Proof: Immediate consequence of Shur’s Theorem
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Theorem 2.3. Let K be as in Theorem 2.2. Then there is a constant C, such that

IRIC . < Co f, k@A — 121452 dA2)

Proof: |[R||,; = iy fo kKOWkE) 5oz dAW)A(2)

_WZ—)I.S

_ kw)(1-w2)? k@) (1-1212)°
- fD f]D) (1-w|®)B  (1-|z|>)B(1-wz)L5 dA(W)dA(Z)

Let

1

P2 (2P L) and L(z) = k(2)(1 — |z|?)P/?

K(z,w) =

Then
IR . = f, Jy LWL K(zw)dAw)dA(2)
< fp ILUW| [ IL(2)| K (2, w)dA(z)dA(w)
< Co [ IL(2)|?dA(2) (2.3.1)
To prove (2.3.1) define

Tfw) = [, f(@)K(z,w)dA(2)

Then

=112

IR . < fy L] f; 1L(2)| K (2, w)dA(2)dA(w)

< Jp ILMITALW)NAAW) =(IL], T(LD),
< IITINLI?

< ITIlf IL(2)|*dA(2)
Then by Lemma 2.1.

IR < Co fy IL(2)I?dA(2). m
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