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Abstract 

The purpose of this paper is to give estimates for Cauchy Transform of weighted 

Dirichlet space norm of weight 0.5; that is find an estimate for ‖𝐾̂‖
0.5

, where 𝐾̂ is 

the Cauchy Transform. In general, Estimate ‖𝐾̂‖
𝛼

, 𝛼 > 0 is instrumental for 

proving the Coronal problems in weighted Dirichlet spaces; [KT], [TT1] and [TT2].  

 

1. Preliminaries  

 

Notations, in this paper: 

• 𝔻, denotes the open unit disc 

• 𝐻𝑜𝑙(𝔻), denotes the set holomorphic functions on 𝔻 

• 𝔻1+𝜖 = {𝑧 ∈ ℂ: |𝑧| ≤ 1 + 𝜖} 

• 𝐶2(𝔻1+𝜖) the space of functions on 𝔻1+𝜖 whose first and second derivatives 

are continuous. 

• 𝒟0.5(𝔻) or 𝒟0.5 , weighted Dirichlet space of weight 0.5 

• ‖𝐾̂‖
0.5

= ‖𝐾̂‖
𝒟0.5(𝔻)
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Definition 1.1. (Integral operator): Suppose (𝑋, 𝜇) is a measure space and K is a 

function on X ×  X, then  𝑇𝑓(𝑥) = ∫ 𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝜇(𝑦)
X

 is an integral operator 

with kernel K.  

 

Theorem 1.1. (Shur’s Theorem)  

Suppose K is a non-negative measurable function on X ×  X. Let T be the integral 

operator with kernel K and 1 < 𝑝 < ∞, 𝑤𝑖𝑡ℎ 
1

𝑝
+

1

𝑞
= 1. If there are positive 

constants 𝐶1, 𝐶2 and positive measurable functions h and l on X such that 

∫ 𝐾(𝑥, 𝑦)[ℎ(𝑦)]𝑞𝑑𝜇(𝑦)
X

≤ 𝐶1[𝑙(𝑥)]𝑞 𝑎. 𝑒 𝑥 ∈ X  

and  

∫ 𝐾(𝑥, 𝑦)[𝑙(𝑥)]𝑝𝑑𝜇(𝑥)
X

≤ 𝐶2[ℎ(𝑦)]𝑝 𝑎. 𝑒 𝑦 ∈ X   

then T is a bounded linear operator on 𝐿𝑝(X, 𝑑𝜇) with norm ≤ 𝐶1
1 𝑞⁄

 𝐶2
1 𝑝⁄

. 

Proof: [KZ] ∎ 

 

Lemma 1.1. Suppose 𝑧 ∈ 𝔻, 𝑐 ∈ ℝ, 𝑡 > −1, and 𝐼𝑐,𝑡(𝑧) = ∫
(1−|𝑤|2)

𝑡

|1−𝑧 𝑤̅|2+𝑡+𝑐𝔻
𝑑𝐴(𝑤), 

then the following hold: 

i. If 𝑐 < 0, then the function 𝐼𝑐,𝑡(𝑧) is bounded from above and below on 𝔻. 

ii. If 𝑐 > 0, then 𝐼𝑐,𝑡(𝑧)~
1

(1−|𝑧|2)𝑐  , |𝑧| → 1−  

Proof: [HKZ] ∎ 

 

Lemma 1.2. If 𝑐 > 0 and |𝑧| → 1−, then ∑ 𝑛𝑐−1|𝑧|2𝑛∞
1 ~

1

(1−|𝑧|2)𝑐.  

Proof: [KZ] 

 

Theorem 1.2. (Pompeiu’s Formula).  

Let Ω be a bounded domain. If 𝑓 ∈ 𝐶1(Ω̅) and 𝑤 ∈ Ω, then 

𝑓(𝑤) =
1

2𝜋𝑖
∫

𝑓(𝑧)

𝑧−𝑤
𝑑𝑧

𝜕Ω
−

1

𝜋
∫

𝜕𝑓

𝜕𝑢̅
(𝑢)

𝑑𝐴(𝑢)

𝑢−𝑤Ω
  

Proof: [AN] ∎ 

 

Lemma 1.3. Let 𝜑 ∈ 𝐶2(𝔻1+𝜖), then 

𝜑(𝑧) =
1

2𝜋𝑖
∫

𝜑(𝑢)

𝑢−𝑧
𝑑𝑢

𝜕𝔻
−

1

𝜋
∫

𝜕𝜑 𝜕𝑢̅⁄

𝑢−𝑤
 𝑑𝐴(𝑢)

𝔻
. (1.3.1) 

And if 𝜑1(𝑧) =
1

2𝜋𝑖
∫

𝜑(𝑢)

𝑢−𝑧
𝑑𝑢

𝜕𝔻
 and 𝜑2(𝑧) =

1

𝜋
∫

𝜕𝜑 𝜕𝑢̅⁄

𝑢 − 𝑧
 𝑑𝐴(𝑢)

𝔻
, then 

𝜑1(𝑒𝑖𝑡) = ∑ 𝜑𝑛𝑒𝑖𝑛𝑡∞
0 , where 𝜑𝑛 = ∫ 𝜑(𝑒𝑖𝑡)𝑒−𝑖𝑛𝑡𝑑𝜎(𝑡)

𝜋

−𝜋
=  〈𝜑, 𝑒𝑖𝑛𝑡〉 (1.3.2) 

and  
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𝜑2(𝑒𝑖𝑡) = ∑ 𝜑−𝑛𝑒−𝑖𝑛𝑡∞
1 , where 𝜑−𝑛 = ∫ 𝜑(𝑒𝑖𝑡)𝑒𝑖𝑛𝑡𝑑𝜎(𝑡)

𝜋

−𝜋
 (1.3.3). 

Proof: (1.3.1) follows from Theorem 1.2.  

To prove (1.3.2), let 𝑢 = 𝑒𝑖𝑡, then  

𝜑1(𝑧) =
1

2𝜋𝑖
∫

𝜑(𝑒𝑖𝑡)

𝑒𝑖𝑡−𝑧
𝑖𝑒𝑡𝑑𝑡

𝜋

−𝜋
  

= ∫
𝜑(𝑒𝑖𝑡)

1−𝑧𝑒−𝑖𝑡 𝑑𝜎
𝜋

−𝜋
, where  𝑑𝜎 = 𝑑𝑡 2𝜋⁄   

= ∑ ∫ [𝜑(𝑒𝑖𝑡)𝑒−𝑖𝑛𝑡𝑑𝜎(𝑡)]𝑧𝑛𝜋

−𝜋
∞
0   

= ∑ 𝜑𝑛𝑧𝑛∞
0 , where  𝜑𝑛 = ∫ 𝜑(𝑒𝑖𝑡)𝑒−𝑖𝑛𝑡𝑑𝜎(𝑡)

𝜋

−𝜋
= 〈𝜑, 𝑒𝑖𝑛𝑡〉.  

To prove (1.3.3), note 𝜑 ∈ 𝐶2(𝔻1+𝜖) has Fourier series representation.  

𝜑(𝑒𝑖𝜃) = ∑ 𝜑𝑛𝑒𝑖𝑛𝜃∞
−∞   

= ∑ 𝜑𝑛𝑒𝑖𝑛𝜃∞
0 + ∑ 𝜑−𝑛𝑒−𝑖𝑛𝜃∞

1   

= 𝜑1(𝑒𝑖𝜃) +  ∑ 𝜑−𝑛𝑒−𝑖𝑛𝜃∞
1   

Thus, 

−
1

𝜋
∫

𝜕𝜑 𝜕𝑢̅⁄

𝑢 − 𝑒−𝑖𝜃  𝑑𝐴(𝑢)
𝔻

= 𝜑2(𝑒𝑖𝜃)  

= ∑ 𝜑−𝑛𝑒−𝑖𝑛𝜃∞
1 , where 𝜑−𝑛 = ∫ 𝜑(𝑒𝑖𝑡)𝑒𝑖𝑛𝑡𝑑𝜎(𝑡)

𝜋

−𝜋
.  ∎ 

 

2. ‖𝐾̂‖
0.5

 Estimate (Bound)  

 

Definition 2.1. Let 𝑧 ∈ 𝔻, and 𝐾 smooth on 𝔻̅. Then the Cauchy transform 𝐾̂ is 

defined by 𝐾̂(𝑧) = ∫
𝑘(𝑤)

𝑧−𝑤
𝑑𝐴(𝑤)

𝔻
, where 𝑑𝐴(𝑤) =

1

𝜋
𝑑𝑚. 

 

Theorem 2.1. 𝜕𝑧̅𝐾̂ = 𝑘 𝑖𝑛 𝔻. 

Proof: [AM] ∎  

 

Corollary 2.1.1. In Lemma 1.3. 
𝜕̅𝜑

𝜕𝑢

̂
(𝑒𝑖𝜃) = ∑ 𝜑−𝑛𝑒−𝑖𝑛𝜃∞

1 .  

 

Theorem 2.2. Let 𝑘 ∈ 𝐶2(𝔻1+𝜖) and 𝐾̂(𝑧) = ∫
𝑘(𝑤)

𝑧−𝑤
𝑑𝐴(𝑤)

𝔻
, where 𝑧 ∈ 𝔻 and 

𝑑𝐴(𝑤) =
1

𝜋
𝑑𝑚. Then  

‖𝑘̂‖
0.5

2
~ ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅  

1

(1−𝑤 𝑧̅)1.5𝔻
𝑑𝐴(𝑤)𝑑𝐴(𝑧)

𝔻
  

Proof: First note that ∫ 𝑒𝑖(𝑛−1−𝑘)𝑡𝑑𝜎(𝑡)
𝜋

−𝜋
= {

0, 𝑘 ≠ 𝑛 − 1
1, 𝑘 = 𝑛 − 1

 

 𝐾̂(𝑒𝑖𝜃) = ∑ 𝐾̂−𝑛𝑒−𝑖𝑛𝜃∞
1 , where 𝐾̂−𝑛 = ∫ 𝐾̂(𝑒𝑖𝑡)𝑒𝑖𝑛𝑡𝑑𝜎(𝑡)

𝜋

−𝜋
= 〈𝐾̂, 𝑒−𝑖𝑛𝑡〉 

∫ 𝐾̂(𝑒𝑖𝑡)𝑒𝑖𝑛𝑡𝑑𝜎(𝑡)
𝜋

−𝜋
= ∫ (− ∫

𝑘(𝑤)

𝑤−𝑒𝑖𝑡 𝑑𝐴(𝑤)
𝔻

) 𝑒𝑖𝑛𝑡𝑑𝜎(𝑡)
𝜋

−𝜋
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= ∫ (∫
𝑒𝑖(𝑛−1)𝑡

1−𝑤𝑒−𝑖𝑡 𝑑𝜎(𝑡)
𝜋

−𝜋
)

𝔻
𝑘(𝑤)𝑑𝐴(𝑤)  

= ∫ (∫ ∑ 𝑒𝑖(𝑛−1)𝑡∞
𝑘=0 𝑒−𝑖𝑘𝑡𝑤𝑘𝑑𝜎(𝑡)

𝜋

−𝜋
)

𝔻
𝑘(𝑤)𝑑𝐴(𝑤)  

= ∫ ∑ ∫ 𝑒𝑖(𝑛−1−𝑘)𝑡𝜋

−𝜋
∞
𝑘=0 𝑑𝜎(𝑡)𝑤𝑘𝑘(𝑤)𝑑𝐴(𝑤)

𝔻
  

= ∫ 𝑘(𝑤)𝑤𝑛−1𝑑𝐴(𝑤)
𝔻

  

On the other hand, for 𝑧 ∈ 𝜕𝔻, the weighted Dirichlet norm for 𝐾̂ is ([KB], [KT]) 

‖𝐾̂‖
0.5

2
= ∑ (|−𝑛| + 1)0.5|𝐾̂−𝑛|

2∞
1    

= ∑ (𝑛 + 1)0.5 |∫ 𝑘(𝑤)𝑤𝑛−1𝑑𝐴(𝑤)
𝔻

|
2

∞
1   

= ∑ (𝑛 + 1)0.5 ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅  𝑤𝑛−1𝑧̅𝑛−1𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻𝔻

∞
1   

By Stirling’s formula: 

∑ (𝑛 + 1)0.5∞
1 ~ ∑

Γ(𝑛+1.5)

Γ(1.5)Γ(𝑛+1)
∞
1   

Thus, 

‖𝐾̂‖
0.5

2
~ ∑

Γ(𝑛+1.5)

Γ(1.5)Γ(𝑛+1)
∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅  𝑤𝑛−1𝑧̅𝑛−1𝑑𝐴(𝑤)𝑑𝐴(𝑧)

𝔻𝔻
∞
1   

And  

∑
Γ(𝑛+1.5)

Γ(1.5)Γ(𝑛+1)
∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅  𝑤𝑛−1𝑧𝑛−1𝑑𝐴(𝑤)𝑑𝐴(𝑧)

𝔻𝔻
∞
1   

= ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅
𝔻

(∑
Γ(𝑛+1.5)

Γ(1.5)Γ(𝑛+1)
(𝑤𝑧̅)𝑛−1∞

1 ) 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

  

= ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅
𝔻

 
1

(1−𝑤𝑧̅)1.5 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

  

Hence 

‖𝐾̂‖
0.5

2
~ ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅

𝔻
 

1

(1−𝑤𝑧̅)1.5 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

 ∎   

 

Definition 2.2. Define the norm ‖𝐾̂‖
0.5

2
 by: 

 ‖𝐾̂‖
0.5

2
= ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅

𝔻
 

1

(1−𝑤𝑧̅)1.5 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

  

 

Lemma 2.1. Let 𝑘(𝑧) be smooth on 𝔻1+𝜖 and  𝐿(𝑧) = 𝑘(𝑧)(1 − |𝑧|2)𝛽 2⁄ , where 

𝛽 ∈ (0, 2). Let 𝐾(𝑧, 𝑤) =
1

(1−|𝑤|2)𝛽 2⁄ (1−|𝑧|2)𝛽 2⁄ (1−𝑤𝑧̅)1.5  and 

   T𝐿(𝑤) = ∫ |𝐿(𝑧)|𝐾(𝑧, 𝑤)𝑑𝐴(𝑧)
𝔻

. If there is a positive function P such that 

∫ 𝑃(𝑧)𝐾(𝑧, 𝑤)𝑑𝐴(𝑧)
𝔻

≤ 𝐶0𝑃(𝑤) for some constant 𝐶0, then the integral 

operator T is bounded with ‖T‖ ≤ 𝐶0. 

Proof: Immediate consequence of Shur’s Theorem 
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Theorem 2.3. Let K̂ be as in Theorem 2.2. Then there is a constant 𝐶0 such that 

‖𝐾̂‖
0.5

2
≤ 𝐶0 ∫ |𝑘(𝑧)(1 − |𝑧|2)1.5 2⁄ |

2
𝑑𝐴(𝑧)

𝔻
   

Proof: ‖𝐾̂‖
0.5

2
= ∫ ∫ 𝑘(𝑤)𝑘(𝑧)̅̅ ̅̅ ̅̅

𝔻
 

1

(1−𝑤𝑧̅)1.5 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

 

= ∫ ∫
𝑘(𝑤)(1−|𝑤|2)

𝛽
 

(1−|𝑤|2)𝛽𝔻

𝑘(𝑧) ̅̅ ̅̅ ̅̅ ̅ (1−|𝑧|2)
𝛽

(1−|𝑧|2)𝛽(1−𝑤𝑧̅)1.5 𝑑𝐴(𝑤)𝑑𝐴(𝑧)
𝔻

  

Let  

𝐾(𝑧, 𝑤) =
1

(1−|𝑤|2)𝛽 2⁄ (1−|𝑧|2)𝛽 2⁄ (1−𝑤𝑧̅)1.5  and 𝐿(𝑧) = 𝑘(𝑧)(1 − |𝑧|2)𝛽 2⁄   

Then 

‖𝐾̂‖
0.5

2
= ∫ ∫ 𝐿(𝑤)𝐿(𝑧)̅̅ ̅̅ ̅̅

𝔻
 𝐾(𝑧, 𝑤)𝑑𝐴(𝑤)𝑑𝐴(𝑧)

𝔻
  

≤ ∫ |𝐿(𝑤)| ∫ |𝐿(𝑧)|
𝔻

𝐾(𝑧, 𝑤)𝑑𝐴(𝑧)𝑑𝐴(𝑤)
𝔻

  

≤ 𝐶0 ∫ |𝐿(𝑧)|2𝑑𝐴(𝑧)
𝔻

     (2.3.1) 

To prove (2.3.1) define 

𝑇𝑓(𝑤) = ∫ 𝑓(𝑧)𝐾(𝑧, 𝑤)𝑑𝐴(𝑧)
𝔻

  

Then 

‖𝐾̂‖
0.5

2
≤ ∫ |𝐿(𝑤)| ∫ |𝐿(𝑧)|

𝔻
𝐾(𝑧, 𝑤)𝑑𝐴(𝑧)𝑑𝐴(𝑤)

𝔻
  

≤ ∫ |𝐿(𝑤)|𝑇(|𝐿(𝑤)|)𝑑𝐴(𝑤)
𝔻

= 〈|𝐿|, 𝑇(|𝐿|)〉2   

≤ ‖𝑇‖‖𝐿‖2  

≤  ‖𝑇‖ ∫ |𝐿(𝑧)|2𝑑𝐴(𝑧)
𝔻

  

Then by Lemma 2.1. 

 ‖𝐾̂‖
0.5

2
≤ 𝐶0 ∫ |𝐿(𝑧)|2𝑑𝐴(𝑧)

𝔻
. ∎  
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