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Abstract 

 

In [BK] and [KT], the Weighted Dirichlet Spaces of weight 𝛼 ∈ (0, 1), 𝒟𝛼(𝔻), were 

discussed.  

In this paper, we discuss containment relations between analytic spaces on 𝔻, in 

general, and presents special cases of materials covered on [BK]. We make particular 

emphases on the weighted Dirichlet space of weight 0.5. We produce an example of 

the containment relationships between the multiplier algebras of the weighted Dirichlet 

space of weight 0.5, and the space of bounded holomorphic functions on the open unit 

disc.   

 

1. Preliminaries 

 

1.1. Weighted Analytic Spaces 

Notation: In this paper 

 𝔻 denotes the open unit disc  

 𝒟0.5 or 𝒟1 2⁄  denotes the weighted Dirichlet space of weight 0.5. 

 𝐻∞(𝔻), the space of bounded holomorphic on the open unit disc. 

 𝑀𝜑
∗ , conjugate operator of the multiplier 𝑀𝜑 

 ℬ(𝒟𝛼), the space of bounded linear operators on 𝒟𝛼(𝔻), 𝛼 ∈ (0, 1) 

Definition 1.1.1: Weighted Analytic Spaces of weight 𝛼 

Let 𝛼 𝜖 ℝ; 𝒜𝛼(𝔻) or simply 𝒜𝛼   will denote a weighted analytic space of weight 𝛼 

on the open unit disc 𝔻, and is defined by: 
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𝒜𝛼(𝔻) = {𝑓𝜖 𝐻𝑜𝑙(𝔻) ∶ 𝑓(𝑧) = ∑ 𝑓𝑛𝑧𝑛∞
𝑛=0  and  ∑ (𝑛 + 1)𝛼|𝑓𝑛|2 < ∞∞

𝑛=0 }   
For 𝑓 ∈ 𝒜𝛼(𝔻), the square of the norm, ‖𝑓‖𝒜𝛼

2  is defined by: 

‖𝑓‖𝒜𝛼

2 = ∑ (𝑛 + 1)𝛼|𝑓𝑛|2∞
𝑛=0 . 

 

Note:  If 𝛼 = −1, 𝒜−1 = 𝒜  is Bergman space 

 If 𝛼 < 0, 𝒜𝛼  is weighted Bergman space 

 If 𝛼 = 0, 𝒜0 = 𝐻2(𝔻) is Hardy space 

 If 𝛼 = 1, 𝒜1 = 𝒟(𝔻) = 𝒟 is Dirichlet space 

 If 𝛼 > 0, 𝒜𝛼 = 𝒟𝛼(𝔻) = 𝒟𝛼  is weighted Dirichlet space 

 

Fact 1.1.2: Let 𝛼 and 𝛽 ∈ ℝ, such that 𝛼 < 𝛽, then it holds that (𝑛 + 1)𝛽−𝛼 > 1, 

for 𝑛 = 1, 2, 3, …. This implies that 

(𝑛 + 1)𝛼|𝑓𝑛|2 <  (𝑛 + 1)𝛽|𝑓𝑛|2,  

consequently  

𝒜𝛽(𝔻) ⊆ 𝒜𝛼(𝔻).   

 

Definition 1.1.3:  Weighted Dirichlet space of weight 𝛼 = 0.5,  

The weighted Dirichlet space of weight 𝛼 = 0.5 is denoted by 𝒟0.5(𝔻) or 

simply  𝒟0.5 or 𝒟1 2⁄  is defined as  

𝒟0.5(𝔻) = {𝑓𝜖 𝐻𝑜𝑙(𝔻): 𝑓(𝑧) = ∑ 𝑓𝑛𝑧𝑛∞
𝑛=0  and ∑ (𝑛 + 1)1/2|𝑓𝑛|2 < ∞∞

𝑛=0 }  

If  𝑓 ∈ 𝒟0.5(𝔻), then the square of the norm, ‖𝑓‖𝒟0.5

2  is defined by: 

‖𝑓‖𝒟0.5

2 = ∑ (𝑛 + 1)1/2|𝑓𝑛|2∞
𝑛=0   

 

 

2. Multiplier Algebras 
 

Definition 2.1. (Multiplier)  

Let fix  𝜑 𝜖 𝒟0.5(𝔻). Define 𝑀𝜑 on 𝒟0.5 by, 

𝑀𝜑(𝑓) = 𝜑𝑓, ∀ 𝑓 𝜖  𝒟0.5(𝔻) .  

If  𝜑𝑓 𝜖 𝒟0.5(𝔻)  ∀𝑓 𝜖 𝒟0.5(𝔻), then 𝜑 or 𝑀𝜑 is called a multiplier for the 

space 𝒟0.5(𝔻). 

 

Definition 2.2. (Multiplier Algebras) 

We denote the multiplier algebra of operators on 𝒟0.5(𝔻) by, ℳ(𝒟0.5) and  

M(𝒟0.5),  and define each as follows: 

ℳ(𝒟0.5)  = {𝜑 𝜖 𝒟0.5 ∶ 𝑔𝜑 𝜖 𝒟0.5, ∀𝑔 𝜖 𝒟0.5 }   
M(𝒟0.5) = {𝑀𝜑: 𝒟0.5  →  𝒟0.5: 𝑀𝜑(𝑓) = 𝜑𝑓, ∀𝑓 𝜖 𝒟0.5}  
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Fact 2.3. 𝒟0.5(𝔻) is a reproducing kernel Hilbert space (RKHS), thus ∀𝑥 ∈ 𝔻, by 

Riesz Representation Theorem, there is a unique vector (function) 𝑘𝑥 ∈ 𝒟0.5 such 

that  𝑓(𝑥) = 〈𝑓, 𝑘𝑥〉, ∀𝑓 ∈ 𝒟0.5. 

 

Definition 2.4. (Reproducing Kernel)   

The function 𝑘𝑥 ∈ 𝒟0.5 is called the Reproducing Kernel for the point x. The two-

variable function 𝐾(𝑦, 𝑥), defined by 𝐾(𝑦, 𝑥) = 𝑘𝑥(𝑦) is called the reproducing kernel 

for 𝒟0.5(𝔻). 

 

Theorem 2.5.  (Criterion for closedness) 

Let X, Y be normed spaces. The mapping T: X → Y  is a closed linear operator if and 

only if for every sequence {𝑥𝑛} ∈ X whenever 𝑥𝑛 → 𝑥 and T(𝑥𝑛) → 𝑦 𝜖 Y, we have 

that  𝑥 ∈ X  and  T(𝑥) = 𝑦. 

 

Theorem 2.6. 𝑀𝜑 is a closed linear operator on 𝒟0.5(𝔻) 

Proof: First note that 𝒟1/2(𝔻) is a Hilbert space. 

That  𝑀𝜑 linear is clear. To prove 𝑀𝜑 is closed: 

Let 𝑓𝑛 be a sequence in 𝒟1/2(𝔻), that converges to 𝑓 ∈ 𝒟1/2(𝔻), then  

‖𝑀𝜑𝑓𝑛 − 𝑀𝜑𝑓‖ =  ‖𝑀𝜑(𝑓𝑛 − 𝑓)‖ ≤ ‖𝑀𝜑‖‖𝑓𝑛 − 𝑓‖. 

Hence, 𝑀𝜑 is closed 

 

Theorem 2.7. (Closed Graph Theorem) 

Let X and Y be Banach spaces and 𝑇: 𝑋 → 𝑌 a closed linear operator. If X is closed, 

then T is bounded. 

 

Corollary 2.7.1. Since 𝒟0.5(𝔻) is a Hilbert space, by the Closed Graph Theorem the 

multiplier operator 𝑀𝜑: 𝒟0.5(𝔻)  →  𝒟0.5(𝔻)  is a bounded linear operator; that is, 

𝑀𝜑 ∈ ℬ(𝒟0.5), space of bounded linear operators on 𝒟0.5(𝔻). 

 

Theorem 2.8. If 𝑀𝜑 is a multiplier on 𝒟0.5, then 𝑀𝜑
∗ (𝑘𝜔) = 𝜑(𝜔)̅̅ ̅̅ ̅̅ ̅𝑘𝜔 

Proof: let  𝑓 ∈ 𝒟0.5 be any, then 

〈𝑓, 𝑀𝜙
∗ 𝑘𝜔〉 =  〈𝑀𝜙𝑓, 𝑘𝜔〉  

= 〈𝜙𝑓, 𝑘𝜔〉  
= 𝜙(𝜔)𝑓(𝜔)  

= 〈𝑓, 𝜙(𝜔)̅̅ ̅̅ ̅̅ ̅ 𝑘𝜔〉, ∀𝑓 ∈ 𝒟0.5  
 

Corollary 2.8.1: If 𝑀𝜑 is a multiplier on 𝒟1/2, then  |𝜑(𝜔)| ≤ ‖𝑀𝜑‖  ∀𝜔 𝜖 𝔻 

Proof:  ‖ 𝜑(𝜔)̅̅ ̅̅ ̅̅ ̅ 𝑘𝜔‖ = ‖𝑀𝜑
∗ (𝑘𝜔)‖ ≤ ‖𝑀𝜑

∗ ‖‖𝑘𝜔‖𝒟1/2
 

⇒ | 𝜑(𝜔)̅̅ ̅̅ ̅̅ ̅  |‖𝑘𝜔‖𝒟1/2
≤ ‖𝑀𝜑

∗ ‖‖𝑘𝜔‖𝒟1/2
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⇒ | 𝜑(𝜔) | ≤ ‖𝑀𝜑
∗ ‖   

⇒ | 𝜑(𝜔) | ≤ ‖𝑀𝜑‖  ∀𝜔 𝜖 𝔻  # 

A consequence of Corollary 2.8.1 is that: If 𝜑 is a multiplier on  𝒟0.5(𝔻), then 

 𝜑 ∈ 𝐻∞(𝔻)  
Giving 

 ℳ(𝒟0.5) ⊆ 𝐻∞(𝔻) 
 

Fact 2.9.: ℳ(𝒟0.5) is strictly contained in 𝐻∞(𝔻) 

proof: Consider the function 𝑔(𝑧) = ∑
𝑧𝑛11

𝑛3
∞ 
𝑛=0 , 𝑧 ∈ 𝔻   

| 𝑔(𝑧) | ≤ ∑
| 𝑧𝑛11

|

𝑛3
∞ 
𝑛=0 ≤ ∑

1

𝑛2
∞ 
𝑛=0 , ∀𝑧 ∈ 𝔻   

Implies that, 

𝑔 ∈ 𝐻∞(𝔻)  

Now we show that 𝑔 ∉ ℳ(𝒟0.5)  

Recall, if 𝑓 ∈ 𝒟0.5, then 𝑓(𝑧) = ∑ 𝑓𝑛𝑧𝑛∞
𝑛=0  and ∑ (𝑛 + 1)1/2|𝑓𝑛|2 < ∞∞

𝑛=0    

𝑔(𝑧) = ∑
𝑧𝑛11

𝑛3
∞ 
𝑛=1 = ∑ 𝑔𝑛𝑧𝑛∞

𝑛=0 , where 𝑔0 = 0 , but  

‖𝑔‖𝒟0.5
= ∑ (𝑛 + 1)

1

2|𝑔𝑛|2∞
𝑛=0   

= ∑ (𝑛11 + 1)
1

2 (
1

𝑛3)
2

∞
𝑛=1    

= ∑ (𝑛11 + 1)
1

2 (
1

𝑛12)
1/2

∞
𝑛=1   

= ∑ (
𝑛11+1

𝑛12 )

1

2∞
𝑛=1   

= ∑ (
1

𝑛
 +

1

𝑛12)

1

2∞
𝑛=1   

> ∑ (
1

𝑛
 )

1

2∞
𝑛=1   

This shows that 

 𝑔 ∉ ℳ(𝒟0.5) 

Hence, ℳ(𝒟0.5) is strictly contained in 𝐻∞(𝔻) 
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