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Abstract

In this paper, based on the L, Minkowski problem for p > 1, we
define the general L, Blaschke addition and general L,, Blaschke bodies,
reapectively, and obtain the extremal values of their volume and L,
affine surface area. Further, as the applications, we study two negative
forms of the Shephard problems.
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1 Introduction

Let K™ denote the set of convex bodies (compact, convex subsets with nonempty
interiors) in Euclidean space R™. For the set of convex bodies containing the
origin, the set of convex bodies containing the origin in their interiors and
the set of origin-symmetric convex bodies in R", we write K, IC?O) and K.,
respectively. Fj denotes the set of all bodies in Kfj) which have a positive
continuous curvature function. S denotes the set of star bodies (about the
origin) in R". Let S"! denote the unit sphere in R", and let V(K denote
the n-dimensional volume of a body K. Let B denote the standard Euclidean

unit ball in R" and write w,, = V/(B) for its volume.
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A convex body is uniquely determined by its support function. The support
function of K € K", h(K,+), is defined on S"~! by

MK,u) =max{u-z: z € K}. (1.1)

Let ¢ denote the Hausdorff metric on K"; i.e., for K,L € K", §(K,L) =
|hi — hpleo, Where | - | denotes the sup-norm on the space of continuous
functions, C(S™71).

Based on the classical Minkowski problem, the Blaschke sum S(K+#L, )
(Usually when working with Blaschke sum, translations do not matter) of
K, L € K™ is defined by (see [21])

S(K#L, ) = S(K,-) + S(L, ), (1.2)

where S(K,-) denotes the surface area of K.
In [4], the Blaschke body of K € K™ is defined by

1 1
S(VK,-) = §S(K,-)—|—§S(—K,-). (1.3)
With respect to the Blaschke body VK, Firey get the following inequality
in [3]:
Theorem 1.A. If K € K7, then

V(VK) = V(K),

with equality holds if and only if K is origin-symmetric.

Similarly, in [18] Petty also get a corresponding result for affine surface
area as follows:
Theorem 1.B. If K € K7, then

QVK) > Q(K),

with equality holds if and only if K is origin-symmetric.

The notion of L, Blaschke additon was given by Lutwak (see [15]). For
K, L € IC?OS), n # p > 1, L, Blaschke additon, K#,L € IC?OS), of K and L is
defined by

SP(K#Z?L7') = SP(K?')+SP(L7')7 (14)

where S,(K, -) denotes the L,-surface area measure of K € K7.

The L, Minkowski problem for p > 1 with even case was proved by Lutwak
in [15]. In the general case, non-even case, the following results was proved
by Chou and Wang [1] and Hug, Lutwak, Yang and Zhang [10], with different
methods, respectively (also see [21]).
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Theorem 1.C. Letn # p > 1. Let ¢ be a finite Borel measure on S™ 1
which is positive on each open hemisphere of S"~'. Then there exists a unique
convexr body K € K such that

dp = hy PdS(K,-).

More over, if ¢ is discrete, then K is a polytope in IC?O), and for general ¢, if
p>n, then K € Kf,,.

Combining with the definition of L, Blaschke combination, Lutwak in [15]
gave the concept of L, Blaschke body as follows: For K € Kf, the Blaschke
body V,K € K7, is given by

SH(V,) = S, ) + S, ). (15)

Lutwak [15] also get the following result:
Theorem 1.D. If K € K, n#p > 1, then

V(V,K) = V(K),

with equality holds if and only if K is origin-symmetric.

Combining with the Theorem 1.C and (1.2), we define the general L,
Blaschke addition as follows: For K,L € K7, p > 1, the general L, Blaschke
addition, K'#,L € K7, is defined by

Sp(KtpL, ) = Sp(K, ) + 5p(L, ), (1.6)

where S, (K, -) denotes the L,-surface area measure of K € K.

Now, by combining with the definition of general L, Blaschke additon and
Theorem 1.C, we define the general L, Blaschke bodies as follows: For K € K7,
p > 1land 7 € [~1,1], the general L, Blaschke body, V7 K, of K is defined by

SP(V;KJ) - fl(T)SP(Kf) +f2(T)SP(_K7')7 (17)
where L+ -
W) =5+ )= (L)
If p=1, we denote V'K = V7K and (1.7) is
S(V'K, ") = 1‘575(1(,-) + 1575(-&-). (1.9)
From (1.8), we have that
fi(T) + fo(1) =14 (1.10)

fi(=7) = fo(),  fo(=7) = fi(7). (1.11)
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From (1.7), it easily follows that
Vol = fi(7) - Kipfa(T) - (=K. (1.12)

Besides, by (1.5), (1.7) and (1.8), we see that if 7 = 0, then V)K = V,K;
if 7 = £1, then V;lK =K, V;lK =K.

The main results of this paper can be stated as follows: First, we give the
extremal values of the volume of general L, Blaschke bodies.
Theorem 1.1. I[f K € K, n>p>1, 1€ [-1,1], then

V(V,K) > V(VIK) > V(K). (1.13)

If T # 0, equality holds in the left inequality if and only if K is origin-
symmetric, if T # +1, then equality holds in the right inequality if and only if
K is also origin-symmetric.

Moreover, based on the L, affine surface area (see (2.2)), we give another
class of extremal values for general L, Blaschke bodies.
Theorem 1.2. I[f K € K", n>p>1, 1€ [-1,1], then

Q,(V,K) > Q,(VIK) > Q,(K). (1.14)

If 7 # 0, equality holds in the left inequality if and only if K is origin-
symmetric, if T # £1, then equality holds in the right inequality if and only if
K is also origin-symmetric.

Theorems 1.1-1.2 belong to part of a new and rapidly evolving asymmetric
L, Brunn-Minkowski theory that has its origins in the work of Ludwig, Haberl
and Schuster (see [5, 6, 7, 8, 13, 14]). For the studies of asymmetric L, Brunn-
Minkowski theory, also see [2, 9, 19].

The notion of L,-projection body was introduced by Lutwak, Yang and
Zhang [17]. For each K € K and p > 1, the L,-projection body, IL,K, of K
is the origin-symmetric convex body whose support function is given by

1
hiy, i (1) = M/Sn_l | u-v [P dS,(K,v), (1.15)
for all uw € S"!, and
_ Wty
Cpp = ——".
WoldpWp—1

Here S,(K,-) denotes the L,-surface area measure of K € K. Lutwak [10]
showed that the measure S,(K, -) is absolutely continuous with respect to the
classical surface area measure S(K, -) of K, and has Radon-Nikodym derivative

dS,(K,-)

_ 31-p
IS(K,)
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The unusual normalization of definition (1.15) is chosen so that for the unit
ball, B, we have II,B = B. In particular, for p = 1, the convex body II; K is
a dilate of the classical projection body IIK of K and II; B = B.

For further results on L,-projection bodies, see also [11, 12, 20].

As the application of Theorem 1.1, we extend the scope of negative solutions
of Shephard problems from origin-symmetric star bodies to star bodies.
Theorem 1.3. Let K € K} and p > 1, if K is not origin-symmetric, then
there exists L € K} such that

M,L C I, K,

but
V(L) > V(K).

Let p — 1 in Theorem 1.3, we have that
Corollary 1.1. Let K € K}, if K is not origin-symmetric, then there exists
L € K} such that

IIL C IIK,

but
V(L) > V(K).

Remark 1.1. For the Shephard problems, Petty (see [18]) gave that negative
solution L € K7,. Obviously, Corollary 1.1 extend Petty’s result.

Similarly, applying Theorem 1.2, we get the form of L, affine surface areas
for the negative solutions of Shephard problems.
Theorem 1.4. For K € K, p > 1, if K s not origin-symmetric, then there
exists L € K, such that

II,L CII,K,
but
Q,(L) > Q,(K).

Let p — 1 in Theorem 1.4, we have that
Corollary 1.2. Let K € K}, if K is not origin-symmetric, then there exists
L € K} such that

IIL C IIK,

but
Q(L) > QK).

Remark 1.2. For the Shephard problems for affine surface area, Petty (see
[18]) gave that negative solution L € K. Obviously, Corollary 1.2 extend
Petty’s result.

In this paper, the proofs of Theorems 1.1-1.4 will be given in Section 4. In
Section 3, we obtain some properties of general L, Blaschke bodies.
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2 Preliminary Notes

2.1 L, Mixed Volume Let K;, Ky € Kj,p > 1, and A, Ay > 0 (not both 0).
The L, Minkowski addition A; - K7 4+, A2 - K3 is a convex body whose support
function is given by (see [21])

h()\l : K1 +p )\2 . KQ, _)p = Alh(Kl, _)p + )\Qh(KQ, _)p‘

For p > 1, the L,-mixed volume V,(K, L) of K,L € K, can be defined by

e—0t €

2VP(K,L): lim V(K—l—peL)—V(K).
p

In [15], Lutwak has shown that for p > 1, and each K € K, there exists
a positive Borel measure S,(K,-) on S"!, such that the L,-mixed volume

V,(K, L) has the following integral representation:

1
Vy(K, L) = - /S 1P (L, u)dS, (K, u),

n

for all L € K. The L,-Minkowski inequality states that for K, L € K} and
p=>1
V(K L) > V(K) "Dy Ly, (2.1)
with equality for p = 1 if and only if K and L are homothetic, for p > 1 if and
only if K and L are dilates.
2.2 L, Affine Surface Area

In [16], Lutwak defined the L,-affine surface area €2,(K) by using the
Brunn-Minkowski-Fiery theory as follows:

n+

n"nQ,(K) = inf{nV,(K,Q*)V(Q)

ya
n

:QeS) ) (2.2)
Here E* is the polar set of a non-empty set F which be defined by (see [21])

E'={xeR":xz-y<lforalyeFE}.
Lemmal! 2.1. For K € K", p > 1 then
2,(¢K) = Qp(K)

for all ¢ € SL(n).
An immediate consequence of Lemma 2.1 is

Q) (=K) = Q(K).
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A convex body K € K7 is said to have a L,-curvature function [16] f, (K, -) :
Sm~1 — R, if its L,-surface area measure S, (K, -) is absolutely continuous with
respect to spherical Lebesgue measure S, and

dS,(K,-)

! (2.3)

In [16], Lutwak proved that if K € F' and p > 1, then the L,-affine surface
area of K have the integral representation

Q) = [ fE 0TS ). (24)

Wang and Leng in [22] defined the ith L,-mixed affine surface area as
follows: For K, L € F}, p > 1 and real ¢, the ith L, -mixed affine surface area,
Q,:(K,L), of K and L is defined by

Q,i(K, L) = /S (K 0) % £y (L) dS (u). (2.5)
In the case i = —p, we write 2, _,(K, L) = Q_,(K, L) and see by (2.11) that

Q (K, L) = [ oK u)fy(L w) 5 dS (). (2.6)

Sn— 1
Obviously,
O (K. K) = 0, (K). (2.7)

For the ith L,-mixed affine surface area, Wang and Leng in [22] proved the
following Minkowski inequality. Theorem 2.A. If K, L € F),p> 1,1 € R,
then fori <0 ori > n,

Qpi(K, L) > Qp(K)" (L)' (2.8)
for 0 < i < n, inequality (2.8) is reversed. In every case, equality holds for

p =1 if and only if K and L are homothetic, for n # p > 1 if and only if K
and L are dilates. Fori =0 ori=mn, (2.8) is an identity.

For i = —p in (2.8), we get that of K, L € FJ), p > 1, then
(K, L)" > Q,(K)" 70, (L) 7, (29)

with equality for p = 1 if and only if K and L are homothetic, forn #p > 1
if and only if K and L are dilates.
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3 Some Properties of General L, Blaschke Bod-
ies

In this section, we give some properties of general L, Blaschke bodies.
Theorem 3.1. I[f K € K", p>1 and T € [—1,1], then

V,"K =V (~K) = ~V]K.

Proof. From (1.10) and (1.11), we obtain that for p > 1 and 7 € [—1, 1], we
have that for any u € S"!,

SP(V;TKﬂu) - fl(_T)SP<K7u)+f2(_T)Sp<_K7u>
= fa(T)Sp(K u) + f1(7)Sp(— K, u)
= 5p(Vy(=K),u)

Hence, we get
V,"K = V;(—K).

Further, we have that for any u € S"!,

Sp(=V K u) =

Hence, we get

Theorem 3.2. For K € K}, p > 1 and 7 € [-1,1], if 7 # 0, then V] K =
V, 7K if and only if K € K.
Proof. From (1.7), we get that for all u € S"*

Sp(Vo K, u) = fi(7)S, (K, u) + f2(7)Sp(— K, u), (3.1)
Sp(ngK7 u) = f?(T)Sp(K7 U) + fl(T)Sp(_K7 U) (32)
Hence, if K € K., i.e., K = —K. This combining with (3.1) and (3.2), we get

Sy(VIK,u) = S,(V; K, u).

Thus,
V,K=V,K.
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Conversely, if V] K = V7K, then together with (3.1) and (3.2) to yield

Lf1(7) = fo(D)]Sp (K, u) = [f1(7) — fo(7)]Sp(— K, ).
Since f1(7) — fo(7) # 0 when 7 # 0, thus it follows that S,(K, u) = S,(—K, u)
forallu € K" ie., K € K.

From Theorem 3.2, it immediately obtains the following corollary.
Corollary 3.1. For K € K, p > 1 and 7 € [-1,1], If K is not origin-
symmetric, then Vi, K =V 7K if and only if T = 0.

Theorem 3.3. IfK € ICOS, p>1and T € [—1,1], then
VK =K.
Proof. Since K € K7, i.e., K = —K, by (1.10), we know for any u € S"!
Sp(Vi K u) = fi(7)Sp(K u) + fo(7)Sp(— K, u) = Sp(K, u).
That is
VK =K.
Theorem 3.3. If K € K!', p>1andT € [-1,1], if € SL(n), then
V0K = ¢V K. (3.3)
Proof. From V,(K,Q) = V,(¢K, ¢Q) for any K,Q € K7 and ¢ € SL(n), we
have
V(oV, K, Q) = Vy(V; K, ¢7'Q)
= Vo(fi(r) - Ktpfol7) - (=K),¢7'Q)
= [A(MV(E,¢7'Q) + f2(T)V, (=K, 7' Q)
= filT)Vp(0K, Q) + fo(T)Vo(—0K, Q)
= Vo(hi(7) - 0Kt fo(7) - (—0K),67'Q)
= p(V;¢ )
So (3.3) is proved.

4 Proofs of Theorems

In this section, we complete the proofs of Theorems 1.1-1.4.
Proof of Theorem 1.1. By (1.10) and (1.12), we get for any 7 € [—1, 1] and
Qe Ky,
VWVIK.Q) = Vy(filr
[TV,
V(Q)
(@)

) Ktpfa(7) - (= K), Q)
(K, Q) + fa(T) V(= K, Q)
[fl() ( )"p+f2() V(-K)™]

v
S
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Let Q = Vi K

V(VIE)=" > V(K)+"

Therefore, we obtain for n > p > 1,
V(V,K) > V(K). (4.1)

This gives the right inequality of (1.13).

Clearly, equality holds in (4.1) if 7 = +1. Besides, if 7 # +1, then by the
condition of equality in (2.1), we see that equality holds in (4.1) if and only
if K and —K are dilates, this yields K = —K, i.e., K is an origin-symmetric
convex body. This means that if 7 #% +1, then equality holds in the right
inequality of (1.13) if and only if K is origin-symmetric.

Now, we prove the left inequality of (1.13). From (1.5) and (1.7), we know
that for any u € S"!,

Sp(VIK, u) + Sy(V, 7K, u) = fi(7)Sy(K, u) + f2(7)Sp(— K, u)
+f2(T>Sp(K’ u) + fl(T)SP(_K7 u)
= Sp<Ka u) + Sp<_K7 u)
= 25,(V,K,u)
= Sp(2-V,K, u).

So
Vo K4,V,"K =2-V,K.

By 2. V,K = 275V,K, we get
V(2 -V,K) " =2V (V,K)+.
For any 7 € [—1,1] and @ € K, we have

Vo(2-VK,Q) = Vi (Vi KLV, TK,Q)

= V(VpK, Q)+ Vi(V, 'K, Q)
(Q [V(VLE) =+ V(V,TK) ]
(@ [V(VpK) = +V(=V;K)=).

Let @ =2-V,K, This gives that for n > p > 1,

> V(Q)
V(@)

V(V,K) > V(V;K). (4.2)

This just the left inequality of (1.13).
Obviously, if 7 = 0, then equality holds in (4.2). If 7 # 0, according to
the equality condition of (2.1), we see that equality holds in (4.2) if and only
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if VK and V7K are dilates, this implies V) K = V 7K. Therefore, using
Corollary 3.1, we obtain that if K is not origin-symmetric body, then equality
holds in (4.2) if and only if 7 = 0. This shows that if 7 # 0, then equality
holds in the left inequality of (1.13) if and only if K is origin-symmetric.
Proof of Theorem 1.2. From definition (1.7) and (2.3), we have that

fP<V;K7 u) = fl(T)fP(Ka u) + f2(T)fP(_K= u)
By (2.6), we get

O(ViEQ) = [ BV Q) TdS()
= A0 [ B0 Q) dS W)

+(T) [ h(K ) f(Q ) ds(w)
= L0, (K,Q) + A1), (- K, Q).

By Lemma 2.1, we know ,(K) = Q,(—K). Let Q@ = V] K and combine with
(2.9), we know
Q,(VK) > Q,(K), (43)

i.e., the right inequality of (1.14) is obtained.

Clearly, equality holds in (4.3) if 7 = £1. If 7 # +1, equality of (4.3)
holds if and only if K and —K are dilates. This yields K = — K, thus K is an
origin-symmetric star body. Therefore, if 7 £ £1, equality holds in the right
inequality of (1.14) if and only if K is origin-symmetric.

Further, we complete proof of the left inequality of (1.14). From Theorem
3.1, we know that

V,’K = -V K.

Thus, (3.1) and (3.2) can be written as
1 . 1 _
VpK == § . VpKij§ . Vp K
Similar to the proof of inequality (4.3), we have

0,(2-V,K,Q) = Q,(VIKt,V, K,Q)

)

Q_p(
= QL(VIK,Q)+Q,(V, K.,Q)
Q_,(VIK, Q)+ Q_,(-VIK,Q)

Let @ =2- V,K and combine with (2.9), we know
Q,(V,pK) > Q,(V]K). (4.4)

This yields the left inequality of (1.14).
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Similar to the proof of equality in inequality (4.2), we easily know that
equality holds in (4.4) if and only if VI K = V7K when 7 # 0. Hence, if
T # 0, using Theorem 3.2 to get equality holds in the left inequality of (1.14)
if and only if K is origin-symmetric.

In order to prove Theorems 1.3-1.4, the following lemma is required.
Lemma 4.1. [f K € K, p>1 and 7 € [-1,1], then

I,(VIK) = LK.

Proof. From definition (1.10) and by (1.3), we have that

1 T
W oy = nwncn_“/s lu-v [P dS,(VIK, v)
1
_ - v |PdS, (K
fl(T) anCnflp /S"_l ‘ unv | p( ’U)

1
- - . p —
) [ e PSR
1
= ]01(7)7/5%1 | u-v [P dS,(K,v)

nNWnCn—2p

1
- .o P —
Halr) o — [ v 7 sy, —v)
1
= ——— [ Tu-v P dS(K.v) = ()

NWpCn—2p

ie.

IL,(V,K) =1I,K.
Proof of Theorem 1.3. Since K is not origin-symmetric convex body, thus
from Theorem 1.1, we know that if 7 # £1, then

V(V,K) > V(K).

Choose € > 0, such that V ((1 — 5)V;K) > V(K). Therefore, let L = (1 —
e)VIK (for 7 =0, L € KJ; for 7 #0, L € K7), then

V(L) > V(K).

But from Lemma 4.1, and notice that

n—p

I, (1 =e)K) = (1 —¢) 7 T K,

we can get

n—p

ML =10, (1-2)VjL) = (1—2) 7 I(V}K) = (1 —£) 7 IL,K C LK.
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Proof of Theorem 1.4. Since K is not origin-symmetric convex body, thus
by Theorem 1.2, we know that for 7 # +1,

Q,(VIK) > 0, (K).

Choose € > 0, such that €, ((1 —5)V;K) > Q,(K). Therefore, let L =
(1—¢)V,K, then L € K} and

Q,(L) > Q(K).

But, similar to the proof of Theorem 1.3, we may obtain II,L C II, K.
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