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Abstract

This article generally studies a new class of families not necessarily nested with
subgroups obeying a certain compatibility, or from two axis-quasi-graduations of an
arbitrarily chosen ring we give properties of binary relations and classical operations
obtained from two rings axis-quasi-graduations. The main results obtained will be
used to study and characterize certain concepts of commutative algebra.
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1. Introduction

All rings are assumed to be commutative and unitary. The following no-
tions: good, Noetherian, strongly Noetherian, approximately power
etc.... have been the subject of several research works in the asymptotic theory
of ideals and filtrations through several results obtained in relation to other
notions of commutative algebra. Hence the richness of these notions which
have had a great impact in the theory of filtrations through the inspiration of
certain researchers. As part of our research we will consider two axis-quasi-
graduations of the same ring, presented some properties taken from binary
relations in [2] and important properties on the notions good, Noetherian,
strongly Noetherian, approximately power etc... presented in [3] for the
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ring quasi-graduations which have been introduced and studied since 2002 by
Youssouf DIAGANA in [6] and author of several publications, other researchers
such as Deval Béché and Brou Kouadjo have also worked on this notion which
today makes it possible to give several extensions of the very important con-
cepts of commutative algebra. These different properties obtained will allow
us to establish several characterizations of the aforementioned notions.

2. Generality on the axis-quasi-graduations of ring

2.1. Definitions.

Definition 2.1.1. Let R be a ring and g = (Gn)n∈Z∪{+∞} a family of subgroups
of R. We say that g is a quasi-graduation of R if :

(1) A = G0 un subring of R
(2) G∞ = (0)
(3) GpGq ⊆ Gp+q ∀ p, q ∈ N.

Example 2.1.1. (i) Let f = (Fn)n∈Z be a ring filtration A. By posing F∞ =
(0) and f∞ = (Fn)n∈Z∪{+∞}, f∞ is a quasi-graduation of the ring A .

(ii) Let A = ⊕
n∈Z

An a graduated ring . So by posing A∞ = (0) and g =
(An)n∈Z∪{+∞}, it’s clear that g is a quasi-graduation of the ring A.

(iii) Let p a prime number. Let’s pose R = R ; A = Z ; I = √pZ and g =
(Gn)n∈Z∪{+∞} the family defined by: Gn = √pnZ , ∀n ≥ 1 ; Gn = (0) , ∀n <
0 ; G0 = Z et G∞ = (0). it’s clear that g is a family of subgroups of R and g
is a quasi-graduation of the ring R.

Definition 2.1.2. Let R be a ring and g = (Gn)n∈Z∪{+∞} a family of subgroups
of R. We say that g is a axis-quasi-graduation of R if :

(1) A = G0 a subring of R
(2) G∞ = (0)
(3) GpGq ⊆ G0Gp+q ∀ p, q ∈ N.

Example 2.1.2. Let’s pose R = R and g = (Gn) a sequence defined by :
Gn = Z

[√
p
]

, if n ≤ 0 ;
G∞ = (0) ;
Gn =

(
q

r

)n√
pn+1Z , if n ≥ 1

Or p, q and r are pairwise distinct prime numbers. We rigorously show that g
is a axis-quasi graduation of R

Example 2.1.3. Put R = C, Let p be a prime number . Let g = (Gn)n∈Z∪{+∞}
the family defined by :

G+∞ = (0) , G0 = Z[i] and Gn =
{

(0) , if n < 0 ;
in√pnZ , if n ≥ 1 .

with i2 = −1



On the axis-quasi-graduations 7

It is easily shown that , g is an axis-quasi-graduation of C which isn’t a
quasi-graduation of C.
Notation 2.1.1. We denote respectively AQG(R) and QG(R) AQG(R) the set
of axis-quasi-graduations and the quasi-graduations of the ring R. these sets
are ordered by the relation ( ≤), defined by g = (Gn) ≤ f = (Fn) if and only
if Gn ⊆ Fn,∀n ∈ Z.
2.2. Algebraic structure of AQG(R) and QG(R).

Lemma 2.2.1. The sets
(
AQG(R), +

)
,
(
AQG(R),×

)
,
(
QG(R), +

)
and(

QG(R),×
)

are abelian semi-groups.

Proof. Let us show that
(
AQG(R), +

)
,
(
AQG(R),×

)
are abelian semigroups.

Let f = (Fn), g = (Gn), h = (Hn) ∈ AQG(R) .

i) f + g =
(

n∑
i=0

FiGn−i

)
n

=
(

n∑
j=0

GjFn−j

)
n

= g + f ∈ AQG(R) . Therefore

(AQG(R), +) is an abelian semigroup.
Likewise we check that (AQG(R),×), (QG( mathcalB), +) and (QG(R),×) are
also abelian semigroups. �

Remark 2.2.1. 1. The sets
(
AQG(R), +

)
,
(
AQG(B),×

)
,
(
QG(R), +

)

and
(
QG(R),×

)
are abelian monoids. Indeed : In

(
AQG(R), +

)
and(

QG(R), +
)

we have, g + g∞ = g (where g∞ = (0)) is the element neutral

for addition.

In
(
QG(R),×

)
we have, g.g∗ = g ( where g∗ = G0) is the neutral element

for multiplication.

2.
(
QG(R), +

)
is a submonoid of

(
AQG(R), +

)
.

Remark 2.2.2. By definition, any quasi-graduation of a ring R is an axis-
quasi-graduation of this ring and through previous examples and we see
that all axis-quasi-graduations aren’t necessarily quasi-graduations. We have :

(1) If g is an axis-quasi-graduation of R and AGm = Gm for all m ∈ Z,
then g is called a quasi-graduation of R.

(2) If g is an axis-quasi-graduation of R, we say that g is an axis-
filtration of R if for all n ∈ Z, AGn+1 ⊆ AGn.
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Definition 2.2.1. Let R be a ring and g = (Gn)n∈Z∪{+∞} an axis-quasi-
graduation of R. We pose A = G0 et R(A, g) = ⊕

n∈N
AGnXn ; R(A, g) =⊕

n∈Z
AGnXn. R(A, g) et R(A, g) are respectively called Rees ring and general-

ized Rees ring of g.
Definition 2.2.2. Let g = (Gn)n∈Z∪{+∞} be an axis-quasi-graduation of R
and I a subgroup of (R, +) such as IG0 = I. We say that g is I−good if :

i) ∀n ∈ N : IGn ⊆ Gn+1 .
ii) ∃n0 ∈ N : ∀n ≥ n0 , IGn = Gn+1 .

Consequence 2.2.1. (1) InGn0 = Gn+n0 , ∀n ∈ N,
(2) g is I−good ⇒ g is G1−good ,
(3) In ⊆ G0Gn, ∀n ∈ N

Definition 2.2.3. Let g = (Gn)n∈Z∪{+∞} be an axis-quasi-graduation of R.
1) we say that g is Approximately Power of subgroups of (R, +) (abbreviated
AP ) if there exets a sequence (kn)n∈N of naturals integers non-zero such that :

i) lim
n→+∞

kn

n
= 1

ii) ∀m, n ∈ N, Gknm ⊆ G0G
m
n

2) We say that g is strongly AP if there exets m ≥ 1 checking :
Gn+1

m ⊆ G0Gmn+j ⊆ G0G
n
m, ∀n ≥ 0 an ∀ j ∈ {0, 1, ..., m− 1}

Definition 2.2.4. Let g = (Gn)n∈Z∪{+∞} be an axis-quasi-graduation of R.
We say that g is k−regular if there exets a non-zero integer k such as G0g

(k) =
g(G0Gk) that’s to say g̃(k) = g̃Gk

.
Remark 2.2.3. If g is strongly AP , so there exets k ≥ 1 such as g is k−regular
Proposition 2.2.1. Let g = (Gn)n∈Z∪{+∞} be an axis-quasi-graduation of R.

1) g I−adic ⇒ g I−good ⇒ g k−regular .
2) g strongly AP ⇒ g AP

Proof 2.2.1. See [3] .
Definition 2.2.5. We say g is an axis-quasi-filtration of R if the sequence
(Gn)n∈N∗ is decreasing .

For this guy of the axis-quasi-graduation, we defined the class of the axis-
quasi-filtrations noetherian :
Definition 2.2.6. Let g = (Gn)n∈Z∪{+∞} be an axis-quasi-filtration of R.
1) We say that g is noetherian if :

i) G0 is noetherian ,
ii) R(G0, G0g) is noetherian .

2) We say that g is strongly Noetherian if :
i) G0 is noetherian ,
ii) ∃ k ≥ 1 such as ∀m, n ≥ k, G0GmGn = G0Gm+n .

In other words g is strongly Noetherian if only if the quasi-graduation from g
is strongly Noetherian .
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3. Classical operations on ring axis-quasi-graduations

Definition 3.0.7. Let f = (Fn)n∈Z∪{+∞} and g = (Gn)n∈Z∪{+∞} are two axis-
quasi-graduations of the same ring R. We have the following relations:
1) The total sum f + g = (Tm)m∈Z∪{+∞}, defined by:

T∞ = (0), Tm = (0) , ∀m < 0 et Tm = F0G0

m∑
r=0

FrGm−r, ∀ m ≥ 0 .

2) The axial sum f ᵀ g = (Sn)n∈Z∪{+∞}, defined by:

S+∞ = (0), Sn = (0) , ∀n < 0 et Sn = F0G0(Fn + Gn), ∀n ≥ 0 .

3) We say that f is less than or equal to g and we note f ≤ g
if, ∀n ∈ N, Fn ⊆ Gn.

4) We say that f is thinner than g and we note f - g if:
∀m, n ∈ N, FmGn ⊆ F0Gm+n .

5) We say that f est axially g−adic and we note f ∼ g if,
∀m, n ∈ N, FmGn = F0Gm+n.

Remark 3.0.4. Let R be a ring and f = (Fn)n∈Z∪{+∞} and g = (Gn)n∈Z∪{+∞}
two axis-quasi-graduations (resp. two quasi-graduations) of the ring R. So :

(1) The following families are the axis-quasi-graduations
(resp. the quasi-graduations) of the ring R: fg and f + g.

(2) Si f - g, so the sum axial f ᵀ g = F0g and is an axis-quasi-graduation
(resp. une quasi-graduation) of the ring B, F0f ᵀg and f ᵀG0g are also
axis-quasi-graduations (resp. the quasi-graduations) of the ring R.

Proposition 3.0.2. Let f = (Fn)n∈Z∪{+∞} and g = (Gn)n∈Z∪{+∞} are two
axis-quasi-graduations (resp. two quasi-graduations) of the ring R such as
f ∼ g . We have,

(1) F0Gn+1 = F n
1 G1, ∀n ∈ N∗ ;

(2) If more F0 = G0, f̃ = g̃ (resp. f = g) .

4. Some properties of Characterization of the notion of good
axis-quasi-graduations

Theorem 4.0.1. Let R be a ring and f = (Fn)n∈Z∪{+∞} and g =
(Gm)m∈Z∪{+∞} are two axis-quasi-graduations of R. Let I et J of subgroups of
(R, +) such as IF0 = I and JG0 = J .

Suppose that f and g are respectively I−good et J−good .

So, f + g is (I + J)− good and fg is (IJ)− good

Proof 4.0.2. Suppose that f is I−good and that g is J−good . Let’s show
that f + g is (I + J)− good.
f and g being respectively J−good and I−good, so we have :
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i) ∀n ∈ N IFn ⊆ Fn+1 and JGn ⊆ Gn+1 .

(I + J)Tn = F0G0

(
n∑

i=0
IFiGn−i +

n∑
i=0

FiJGn−i

)

⊆ F0G0

n∑
i=0

Fi+1Gn−i + F0G0

n∑
i=0

FiGn−i+1

= F0G0

(
n∑

i=0
Fi+1Gn−i +

n∑
i=0

FiGn−i+1

)

⊆ F0G0

n+1∑
i=0

FiGn+1−i

⊆ Tn+1

ii) ∃n0 ∈ N : ∀n ≥ n0 , IFn = Fn+1 and JGn = Gn+1 and we have,

Tn+1 = F0G0

n+1∑
i=0

FiGn+1−i

= F0G0 (F0Gn+1 + F1Gn + F2Gn−1 + ... + Fn−1G2 + FnG1 + Fn+1G0)

= F0G0

(
n∑

i=0
Fi+1Gn−i +

n∑
i=0

FiGn−i+1

)
= (I + J)Tn

As a result (f + g) is (I + J)−good .

Corollary 4.0.1. Let R be a ring and f = (Fn)n∈Z∪{+∞} and g =
(Gm)m∈Z∪{+∞} are two axis-quasi-graduations of R. Let I and J the subgroups
of (R, +) such as IF0 = I = IG0.

So, f and g I − good ⇒ f + g is I − good ⇒ f + g is k − regular.

Proof 4.0.3. See Theorem 4.0.1

Proposition 4.0.3. Let R be a ring and f = (Fn)n∈Z∪{+∞} and g =
(Gn)n∈N∪{+∞} are two axis-quasi-graduations of R such as f - g and F0 ⊆ G0.
Let I be a subgroup of (R, +) such as IG0 = I . Then

i) g̃ I − good ⇐⇒ f + g I − good ⇐⇒ f ᵀ g I − good

ii) g I − good ⇒ f + g I − good ⇒ f ᵀ g I − good

Proof 4.0.4. Suppose that f - g so FmGn ⊆ F0Gm+n , ∀m, n ≥ 0
i) Let’s show that g I − good ⇐⇒ f + g I − good ⇐⇒ f ᵀ g I −

good . Suppose that g est I−good , so IGn ⊆ Gn+1 , ∀n ∈ N and there ∃n0 ∈
N such as IGn = Gn+1 , ∀n ≥ n0 .

ITn = I(F0Gn) = F0(IGn) ⊆ F0Gn+1 = Tn+1, ∀n ∈ N (1) .
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∀n ≥ n0, Tn+1 = F0Gn+1 = F0(IGn) = I(F0Gn) = ITn (2) . From (1)
and (2) it is clear that f + g is I−good . Suppose that f + g is I−good, so
ITn ⊆ Tn+1 , ∀n ∈ N and there ∃n0 ∈ N such as ITn = Tn+1 , ∀n ≥ n0 .

∀n ∈ N, IGn ⊆ I(F0Gn)
⊆ ITn

⊆ Tn+1

⊆ F0Gn+1

⊆ G0Gn+1

Let n ≥ n0, Gn+1 ⊆ F0Gn+1

⊆ Tn+1

⊆ ITn

⊆ F0(IGn)
⊆ IG0Gn

as a result I(G0Gn) = G0Gn+1 , ∀n ≥ n0 . Then g̃ is I−good . Therefore
g̃ I − good ⇐⇒ f + g I − good ⇐⇒ f ᵀ g I − good .

ii) Immediate

Proposition 4.0.4. Let R be a ring and f = (In)n∈Z∪{+∞} and g =
(Gm)m∈Z∪{+∞} two axis-quasi-graduations of R such as f ∼ g and G0 = I0 .
Let I be a subgroup of (R, +) such us IG0 = I. We have

i) g̃ I−good ⇔ f̃ I−good ⇔ f + g I−good .
ii) g̃ AP ⇔ f̃ AP ⇔ f + g is AP.
iii) g̃ k− regular⇔ f̃ k− regular ⇔ f + g is regular.

Proof 4.0.5. Trivial

5. Around a Characterization of the Noetherian
axis-quasi-filtrations

5.1. Characterization of an axis-quasi-Noetherian filtration.

Theorem 5.1.1. Let R be a ring and g = (Gn)n∈N∗ be an axis-quasi-filtration
of R such as G0 is a ring noetherian, then the following assertions are equiv-
alent :

i) g is noetherian
ii) R(G0, g) is noetherian
iii) R(G0, g) is noetherian
iv) R(G0, g) is an G0−algebra finished type
v) R(G0, g) is an G0−algebra finished type
vi) ∃ k ≥ 1 such as g(k) = gGk

vii) ∃ k ≥ 1 such as (R (G0, g))(k) ' R(G0, Gk)
viii) ∃ k ≥ 1 such as (R (G0, g))(k) is noetherian
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ix) ∃ k ≥ 1 such as ∀ j ≥ k , G0Gk+j = G0GkGj

Proof 5.1.1. See [3] .
Remark 5.1.1. Let R be a ring and g = (Gn)n∈N∗ be an axis-quasi-filtration of
R such as G0 is a noetherian ring and I a subgroup of (R, +) such as IG0 = I.
So we have : g I−good ⇒ g is strongly noetherian ⇒ g is noetherian .
5.2. Characterization of Noetherian axis-quasi-Filtrations.

Theorem 5.2.1. Let R be a ring and f = (Fn)n∈N∗ and g = (Gn)n∈N∗ are two
axis-quasi-filtrations of R such as f ∼ g is F0 = G0. If F0 is noetherian, then
the following assertions are equivalent :

i) g is noetherian
ii) f is noetherian
iii) f + g is noetherian
iv) R(F0G0, f + g) is noetherian
v) R(F0G0, f + g) eis noetherian
vi) R(F0G0, f + g) is an F0G0−finite type algebra
vii) R(F0G0, f + g) is an F0G0−finite type algebra
viii) ∃ k ≥ 1 such as (f + g)(k) = (f + g)Tk

ix) ∃ k ≥ 1 such as (R (F0G0, f + g))(k) ' R(F0G0, Tk)
x) ∃ k ≥ 1 such as ∀ j ≥ k , Tk+j = TkTj

xi) ∃ k ≥ 1 such as ∀ j ≥ k , G0Gk+j = G0GkGj

xii) ∃ k ≥ 1 such as ∀ j ≥ k , F0Fk+j = F0FkFj

xiii) ∃ k ≥ 1 such as (R (F0G0, f + g))(k) is noetherian
Proof 5.2.1. Under the hypotheses of Theorem 5.2.1 , we have:
(i) g is noetherian ⇔ (xi) ∃ k ≥ 1 such as ∀ j ≥ k , Gk+j = G0GkGj. As
f ∼ g so for everything n ∈ N, G0Fn = G0Gn,So we have (xi) ⇔ F0Fk+j =
G0Gk+j = G0GkGj = (F0Fk)(F0Fj) = F0Fk+j ⇔ (xiii) ⇔ (ii) f is noetherian
⇔ (x) ∃ k ≥ 1 such as ∀ j ≥ k , Tk+j = T0Fk+j = T0FkFj = TkTj ⇔ (iii) f +g
is noetherian ⇔ iv) R(F0G0, f + g) is noetherian ⇔ (v) R(F0G0, f + g)
is noetherian ⇔ (vi) R(F0G0, f + g) is an F0G0−finite type algebra ⇔
(vii) R(F0G0, f + g) is a F0G0−finite type algebra.

(i) gis noetherian ⇔ ∃ k ≥ 1 such as Gnk = Gn
k , ∀n ∈ N

⇔ F0G0Gnk = (F0G0Gk)n

⇔ Tnk = T n
k

⇔ (f + g)(k) = (f + g)Tk

⇔ (viii)
⇔ (ix), according to the Theorem 5.1.1

Proposition 5.2.1. Let R be a ring and f = (Fn)n∈N∗ et g = (Gn)n∈N∗ are
two axis-quasi-filtrations of R such as f - g. If F0 et G0 are noetherians, then
the following assertions are equivalent:



On the axis-quasi-graduations 13

i) g is noetherian
ii) f + g is noetherian
iii) R(F0G0, f + g) is noetherian
iv) R(F0G0, f + g) is noetherian
v) R(F0G0, f + g) is a F0G0−finite type algebra
vi) R(F0G0, f + g) is a F0G0−finite type algebra
vii) ∃ k ≥ 1 such as (f + g)(k) = (f + g)Tk

viii) ∃ k ≥ 1 such as (R (F0G0, f + g))(k) ' R(F0G0, Tk)
ix) ∃ k ≥ 1 such as ∀ j ≥ k , Tk+j = TkTj

x) ∃ k ≥ 1 such as ∀ j ≥ k , G0Gk+j = G0GkGj

Proof 5.2.2. See Theorem 5.2.1

Proposition 5.2.2. Let R be a ring and f = (Fn)n∈N∗ and g = (Gn)n∈N∗

are two axis-quasi-filtrations dof R such as f ∼ g and F0 = G0. If F0 is
noetherian, then we have the following assertions :

g̃ is
I−good ⇒ g is strongly

noetherian ⇒ g is
noetherian

m m m
f̃ is
I−good ⇒ f is strongly

noetherian ⇒ f is
noetherian

m m m
f + g

is I-good
⇒ f + g is strongly noetherian ⇒ f + g is noetherian

Proof 5.2.3. Indications: Assume that f ∼ g and F0 = G0 so we have, f̃ =
g̃ and f + g = f̃ + g = F0g = G0f .

5.3. Case of ring quasi-graduations.

Corollary 5.3.1. let R be a ring, f = (Fn)n∈N∗ and g = (Gm)m∈N∗ are two
quasi-filtrations of R such as f ∼ g and G0 ⊆ I0 . Let I a subgroup of (R, +)
such as IG0 ⊆ I. We have :

(1) g I − good =⇒ f strongly noetherian .
(2) g noetherian =⇒ f noetherian .
(3) g strongly noetherian =⇒ f strongly noetherian .
(4) g k − regular =⇒ f k − regular .

Proof 5.3.1. Let us verify the following assertions:
1) Let’s show that g I − good =⇒ f strongly noetherian .
Assume that g is I − good , so ∃n0 ≥ 1 : InGn0 = Gn+n0 and In ⊆

Gn , ∀n ≥ 0 . Let m, n ≥ k, let’s choose k = n0 , so ∃ r, s ∈ N : m =
r + k and n = s + k .
Fm+n = Fr+k+s+k ⊆ G0Fr+k+s+k ⊆ F0Gr+k+s+k = F0I

r+s+kGk = F0I
rGkIs+k,

since F0I
rGkIs+k ⊆ F0GmF0Gn = G0FmFn ⊆ FmFn, because G0 ⊆ F0 .
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Then, Fm+n = FmFn . Thus f is strongly Noetherian .
2. Let’s show that g noetherian =⇒ f noetherian .

Assume that g is noetherian , then there exets k ≥ 1 such that ∀ j ≥ k we
have, Gk+j = GkGj . Ik+j ⊆ G0Ik+j = I0Gk+j = I0GkGj = G0IkIj ⊆ IkIj .
Thus, Ik+j ⊆ IkIj ⊆ Ik+j =⇒ Ik+j = IkIj . Therefore f is noetherian .
3. Obvious .
4. Let’s show that g k − regular =⇒ f k − regular

Assume that g is k − regular , then there exets an integer k ≥ 1 such that
Gnk = Gn

k , and we have Ink ⊆ G0Ink = I0Gnk = I0G
n
k = (I0Gk)n = (G0Ik)n ⊆

In
k , thus Ink ⊆ In

k ⊆ Ink =⇒ Ink = In
k . So f is k − regular .

Corollary 5.3.2. Let R be a ring and f = (In)n∈Z∪{+∞} and g =
(Gm)m∈Z∪{+∞} are two quasi-graduations of the ring R such that f ∼ g and
G0 ⊆ I0 . Let I be a subgroup of (R, +) such that IG0 ⊆ I. We have

(1) g I−good =⇒ f I−good .
(2) g AP =⇒ f AP .
(3) g strongly AP =⇒ f strongly AP .
(4) g k−regular =⇒ f k−regular .

Proof 5.3.2. Let’s check the assertions above:
1. Let us show that g I−good =⇒ f I−good . Suppose g is I−good, then

(1) IGn ⊆ Gn+1 , ∀n ∈ N .
(2) ∃n0 ∈ N tel que IGn = Gn+1 , ∀n ≥ n0 .

IIn ⊆ I(G0In) = I(I0Gn) = I0(IGn) ⊆ I0Gn+1 = In+1 .
Let n ≥ n0, we have In+1 ⊆ G0In+1 = I0Gn+1 = I0(IGn) ⊆ IIn .
Hence f is I−good. Likewise we obtain the other assertions.

Corollary 5.3.3. Let R be a ring and f = (In)n∈Z∪{+∞} and g =
(Gm)m∈Z∪{+∞} are two quasi-graduations of R such that f - g and I0 ⊆ G0 .
Let I be a subgroup of (R, +) such that IG0 ⊆ I. We have

(1) g AP ⇐⇒ f + g AP .
(2) g k−regular ⇐⇒ f + g k−regular .

Proof 5.3.3. Let’s check the following assertions:
1. Let us show that g AP ⇐⇒ f + g AP .
Suppose that g est AP , then if there exets a sequence (wn)n∈N of non-zero
natural integers such that : lim

n−→+∞

wn

n
= 1 et ∀m, n ∈ N , Gwnm ⊆ Gm

n

Twnm = I0Gwnm ⊆ I0G
m
n = (I0Gn)m = T m

n . Therefore f + g is AP. The
converse is trivial.
2. Let us show that g k− regular ⇐⇒ f + g k− regular

Suppose g is k− regular, then there exets an integer k ≥ 1 such that g(k) =
gGk

. Let n ∈ N, Tkn = I0Gkn = I0G
n
k = (I0Gk)n = T n

k . The converse is
trivial.
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