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Abstract

In this paper, we define a family of subgroups in an arbitrarily chosen com-
mutative and unitary ring. These families obey a certain compatibility and are
called axis-quasi-graduations of ring which are in general not quasi-graduations
and filtrations. We will extend the concept of analytic width to this notion
of axis-quasi-graduation of ring through the notion of analytically independent
elements.This leads us to the study of three weakened notions of J—independence
that we will use in this document to introduce new extensions of the analytic
spread with respect to axis-quasi-graduations. The last part of our manuscript will
be devoted to studying these new extensions in order to give some properties that
characterize these new notions and those that already exist.
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1. INTRODUCTION

All rings used in our work are assumed to be commutative and unitary, and
an ideal of a ring is different from the ring itself. The study of weakened prop-
erties of analytic independence and extensions of analytic spread is a subject
of much thought in commutative algebra due to its richness. This concept
represents a rich and complex area in filtration theory since its introduction
by Northcott and Rees in [7] to ideals and then extended to filtrations a few
years later by J. S. Okon in [8] . In 2002 Youssouf M. Diagana became the
first African author to introduce this notion to quasi-graduations in [5] . Many
other authors have made important extensions of the analytic spread following
several approaches and have obtained very good results which are related to
certain characteristics of commutative algebra and to applications in algebraic
geometry.

In [2] Brou and Diagana used the concepts of weakened analytic indepen-
dence of quasi-graduations which are a generalization of filtrations and this
allowed to obtain important results on the extensions of the analytic spread.
In this work, we focus on axis-quasi-graduations of ring defined as families
which also respect three compatibility properties like quasi-graduations, but
the big difference between these two notions (quasi-graduation and axis-quasi-
graduation) is at the level of the third property, which makes axis-quasi-
graduation a superb generalization of quasi-graduations.

We also highlight the implications of these concepts on the characteristics
of commutative algebra such as Krull dimension, transcendence degree which
are essential elements in the analysis of algebraic structures. This paper aims
to establish new results on the analytic spread of order k, as well as its ex-
tensions with emphasis on the arithmetic and algebraic aspects of axis-quasi-
graduations. Through illustrative examples and rigorous demonstrations, we
hope to contribute to a better understanding of the dynamics underlying these
analytical properties established in this manuscript.

2. GENERALITY ON AXIS-QUASI-GRADUATIONS

2.1. Definitions.

Definition 2.1.1. Let B be a ring and g = (Gn)nEZU{+oo} be a family of
subgroups of B. We say that g is an axis-quasi-graduation of B if:

(1) Gy is a subring of B

(2) G = (0)
(3) G,G, C GoGpiq Vp,q€N.
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Example 2.1.1. Let B=R and g = (G,) be a family defined by:

Gn=17|yp| , if n<0;
Goo = (0);

G, = <q> JPZ, ifn>1
T

where p, q and r are pairwise distinct prime numbers. We can clearly see that
g = (Gy) is a family of subgroups of B. And we show that g is an axis-quasi-
graduation of B

Remark 2.1.1. By definition, any quasi-graduation of ring B is an axis-quasi-
graduation of this ring and through the example 2.1.1 we have:

Vi > 1, GoG, = (z 4 \/ﬁZ> (g) VPZ = Gy + GoG £ G

this shows that the azis-quasi-graduation are not necessarily quasi-graduations
because for a quasi-graduation ¥ n, GoG, = G,.

2.2. Other types of axis-quasi-ring graduation.

Definition 2.2.1. Let B be a ring, k € N* U {+oo}. We have the following
notions:

1-2-1) We say that g is an k-axis-quasi-filtration if g is k— decreasing,
that is: Vi Z 0, (G()Gn_;_zk) N (GOGn) Q (GOGn+k> N (G()Gn)

1-2-2) We say that g is an axe-quasi-filtration if the sequence
(GoGhn)pen- 5 decreasing.

Remark 2.2.1. Any decreasing axis-pregraduation is an axis-quasi-filtration.

3. GENERALIZED ANALYTICAL INDEPENDENCE AND EXTENSIONS OF
ANALYTIC SPREAD

3.1. Concept of J—independence.

Definition 3.1.1. Let B be a ring, g = (Gn)nGZU{Jroo} an axis-quasi-graduation
of B, k € N*U{+oc}, J an ideal of Gy and ay, ..., a, elements of B. We have
the following definitions:
2-0-1) Suppose that J + (GoGy) N Gy # Go, the elements aq,...,a, are
J—independent of order k with respect to g if the following assertions are
verified:

i) ay,...,a, € AGy,

i1) For any homogeneous polynomial P € Go[X,..., X,] of degree s, the
relation P(ayq, ...,a,) € JGs + (GoGsyr) implies that P € (J + GoGy).
2-0-2) The elements aq,...,a, are reqularly J— independent of order
k with respect to g if there exists a natural number p > 1 such that
J 4+ (GoGpr) NGy # Gy and ay,...,a, are J—independent of order k with
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respect to ¢®). From the previous definitions, we pose:

o) We call J—analytic spread of order k of g the number:

reN: Jday,..a. € J,J — independnt }

li(g, k) = SUP{ of order 'k with respect g

o) We call J—regular analytic spread of order k of g the number:

a reN : daq,...a, € J reqularly J — independent
£5(g, k) = sup { ' J i b }

of order k with respect to g
o) supJ = sup{ reN: day,...a, € J,J — independents }
3.2. Weakened notions of J—independence.

Definition 3.2.1. Let B be a ring, g = (Gn),cpuq 00 @0 axis-quasi-graduation
of B, k € N*U{+o0}, J an ideal of Gy and ay, ..., a, the elements of B. We
have the following definitions :
2-2-1) The elements ay,...,a, are additively J—independent of order
k with respect to g if there exists a strictly increasing sequence of inte-
9ers ([n)pezufooy SUch as po = 0, pog = +00, J + (GoGy,) N Go # Go
and G, tppytotimm = Guplipotr toms VD1, 0 Dm € N with ay, ..., a,
J—independent of order k with respect (G,,,).
2-2-2) The elements ay, ..., a, are quasi J—independent of order k with re-
spect to g if there exists a strictly increasing sequence of integers (lu")nEZU{oo}
such as jig = 0, fie = +00, J + (GoG ) N Go # Go and G, 4+t S
GoGrp pos o tpms VD1, oy P € N with ay, ..., a, J—independent of order k
with respect to (G,,,). Under these conditions, we have:

GZLP C GoGmy, € GoGy,,,, VP EZ et Vm € N.
2-2-3) The elements ay, ..., a, are weakly J—independent of order k with
respect to g if there exists a strictly increasing sequence of integers Wn)neZu{oo}
such that po = 0, s = +00, J + (GoG,,) N Gy # Go and G,,G,, C
GoG,.y) VD0,q € Z, with ay,...,a, J—independent of order k with respect to
(Gu,). Note that: G} C GoGl,,,, Vp € Z et Vm € N.
These defined notions lead to the following extensions of the analytic spread of
an axis-quasi-graduation :

o) We call J—additive analytic spread of order k of g the number:

g-}-(g’ k) = sup{ re N : Jday,...a, € J additively J — independent }

textoforder k with respect to g
o) We call quasi J— analytic spread of order k of g the number:

(g, k) = Sup{ reN : daq,...a, € J quasi J — independent }

of order k with respect to g
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o) We call J— weak analytic spread of order k of g the number:

@@mzm{

Proposition 3.2.1. Let B be a ring and g = (Gr),,cz,(100y b€ an azis-quasi-

graduation of B. Let k € N* and J be an ideal of Gy. We have the following
inequalities :

reN: Jday,...a, € J weakly J — independent
of order 'k with respect to g

1) EJ (ga k) S 63 (97 k:) S E}_ (g7k) S EqJ (gv k) S g‘*] (ga k)

2) Suppose that Vi > 0,J 2 (GoGivr) N Gy, we have :
i) Ly (g.k) < L5 (g.k) < €5 (g.k) <5 (g,k) <supJ
If moreover Gy is Noetherian and if P € Spec(Gy) on J, then :
Cy(g, k) < 05(g,k) < €5 (g, k) < % (g9,k) <supJ < ht(J) < dim(Gy)p <
+00
i) £ (9,k) < €5 (0, ) < 3 (9,k) < €5 (9, ) < 05 (g, k) < sup.J
If moreover Gy is Noetherian and if P € Spec(Gg) on J, then :
Lr(g.k) < 05(g,k) < CF(g.k) < 65(gk) < 65(gk) < supd < ht(]) <
dim (Go) p < +00

Proof 3.2.1. The first inequality follows from the previous definitions. 2) In
this section, we will assume that Vi >0, J 2 (GoGisx) N Gy.

i) Let us show that (% (g, k) < sup J.

Let us assume that the elements aq, ..., a, are quasi J— independent of order
k with respect to g, then:

o) There exists a strictly increasing sequence of integers (sy)nezu{+oo} SuCh
that So = 0, Soo = +00, J+ (GOGSk) N Go 7é Go,

00) Gy, vspytotspn © GoGs, i s VD1, Doy o, D € N, with ay, ... ay
J—independent of order k with respect to (Gs,). For any homogeneous poly-
nomial F € Gy [ X1, ..., X;], the relation F(ay,...,a,) =0 (resp. F(ay,...,a,) €
JI¢ 4+ I3 ) with d = deg F and I = (ay, ..., a,)q, the sub—Go—module of B
(and of GG, ) generated by the elements ay, ...,a, . Let us sett = F(aq, ..., a,),
so we have ,

t € [JGL + GoGEMF NG = t € JG., + Gy [Guainsty N Gy, |. Since the
elements ay, ...,a, are J—independent of order k relatively to (Gs,) then all
the coefficients of F are in J + <G0G5k+>\) N Gy, by hypothesis it results that:
J+ (GoGap) NGo = J = J 4 (GoGrin) N Go = J + 1" N Gy C J + "
for all X € {(n — 1)k, ...,+o0}. By following (% (g,k) < supJ and using 1) we
obtain i) .

If in addition the ring Gy is Noetherian and if P is an ideal of Gy prime over
J then, sup J < htJ < dim(Gy)p = htP < +o0.

it) Let us show that €% (g, k) < supJ.

For this we will assume that the elements aq, ..., a, are weakly J—independent
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of order k relative to g if there exists a strictly increasing sequence of inte-
9ers (Sn) ey SUCh that so = 0, s = +00, J + (GoGs,) N Gy # Go and
G,,Gs, C GoGs,,,, YD,q € Z, with ay,...,a, J—independent of order k rel-
ative to (G,,). For any homogeneous polynomial F € Go[Xi,...,X,|, the
relation F(ai,...,a,) = 0 (resp. Flay,...,a,) € JI*+ I9%) with d = deg F
and I = (ay, ...,a,)g, the sub—Go—module of B (and of GoGs,) generated by
the elements ay, ...,a,. Let us set t = F(aq,...,a,), so we have ,

te [JG;Q + Gongk} N G;?l =>te JG,,+ Gy {Gs(d%) N Gsd} therefore,

F e (J+(GoGo) N Go) (X1, ... Xo] or J + (GoGo,) N Go = J = J + I N Gy
Which proves that we actually have r elements J—independent (resp. of order
k). From where 0% (g, k) < supJ and according to inequality 1) we have:

0y (g.k) < €9 (g.k) < € (9, k) < €5 (9, k) < £ (g,k) < sup J.
If furthermore the ring Gy is Noetherian and if P is an ideal of Gy prime over
J then, sup J < htJ < dim(Gy)p = htP < +o00. Hence the desired result.

4. WEAKENED PROPERTIES OF J-INDEPENDENCE

4.1. Some Arithmetic Properties on Axis-Quasi-Graduation.

Proposition 4.1.1. Let B be a ring, k € N*, g = (Gp)nezuitoo} be a quasi-
graduation axis of B. Let u,v be two natural numbers such that u divides v
and P be a prime ideal of G

(3.1.2) P 2 G NGy, Vn > 1 = P D (GoGy) N Gy, so if there In > 1
such that P O Gy, NGy then P O (GoGy) NGy .

(8.1.3) If k # o0 and Vi > 1, we have: P O Gy NGy = P O (GoGx) NGy.

(8.1.4) If we assume that Gy, N Gy C Gy N Go, then we have the following
equivalences:
(GoGi) NGy, Vi > 0.

4.2. Weakening and comparison.

Theorem 4.2.1. Let B be a ring, k € N*, g = (Gy)nezuitoo} be a azis-quasi-
graduation of B and J be a strict ideal of Gj.
1- We have :

i) If g is an k—azis-quasi-graduation and if J 2O (GoGy) NGy ( in particular
if k is infinite), then:
(g™ k) < (g™ k) < (k) < Gk < gk <
% (g, k), Vn,p e N*.

it) Let P be an ideal of Gy prime over J. The relation J O (GoGivx) N Gy
(in particular if k is infinite) implies the following inequalities:
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05 (g, k) <supJ <supP. If moreover Gy is Noetherian then:

Cr (9" k) < 65(9,k) < € (9,k) < €5(g,k) < £5(g,k) < supJ < sup P <
htP < +o00, Vn,p € N*.

iii) We assume that for all i > 1, Gy NGy € G N Go, let P be an ideal of
Go prime over J + (GoGy) N Gy (in particular if k is infinite) and P be an
ideal of Gy prime over J, then we have: (% (g,k) < sup J. Moreover if Gy is
Noetherian then for all Vn € N*, then:

05 (9™, k) < €3 (g.k) < €5 (9,k) < £(9.k) < £5(9.k) < supJ < sup P <
htP < 4o00.
i) If Gy is Noetherian and if P is a mazimal ideal of Gy, then:
0% (g, k) <sup P < htP < 400, thus Vn € N* we have:
Cr (9™ k) < €5(9,k) < €5 (g,k) < 6 (9,k) < €5 (g, k) < +o0.
2- We assume that the following conditions are met:
Cl . J 2 (GOGz‘—i-k:) N Go, Vl Z 0
Co ¢ (Grgie N Gr)~g 15 decreasing Vn > 0. So we have:
i) Iky € N* such that 0% (g, k) = £, (g(”ko), k:) ,Vn e N*.

ii) €4(g,k) = sup {£,(g™ k), n € N*} = (3(g, k) = €} (g, k).
iii) €5(g, k) = €5(g", k), Vp € N*

Proof 4.2.1. (1)-

i-(a) Ly (g, k) < Ly (g(p),k) , Vp > 1, indeed if r elements ay, ..., a, of J are J—
independent of order k with respect to g, VP € Go Xy, ..., X,] homogeneous
polynomial of degree d, the relation:

P(af, ...,GI;) S Jde + GOde+pk — ,P(CLIE,...,CL{Z) € Jde +
Go (G(dp+pk) N de> ] C JGap + Gy (G(dp+k) N de> as a result, we have:

P e (J + (GoGpr N G0)> [Xl, ...,X,ql. So the r elements da¥,...,al are J—

independent of order k with respect to g®).

i-(b) Let n > 1, suppose that elements ay,...,a, of J are J— independent of
order k with respect to g™ then it is clear that they are reqularly J— inde-
pendent of order k with respect to g and we have: % (g,k) > r, consequently

eJ (g(n)7 k) S 63 (ga k)

S0 05 (. ) < 65 ([97]" k) = € (k) < €5(9.8), Vp = 1. Ac-
cording to the Proposition 3.2.1 we have:
G(gm k) < (g™ k) < (k) < Gok) < k) <
% (g, k), Vn,p e N*.
(ii) If elements ay,...,a, of J are J— independent of order k with respect
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to (Gs,) with Gs,Gs, € GoGs, ., for all integers p and q, then they are J-
independent.
If P € Goy[Xy,...,X;] is a homogeneous polynomial with P (ay,...,a,) = 0,
then P has its coefficients in J + (GoGs,) N Gy = J because the sequence (s,)
is increasing. Thus €% (g, k) < sup J and we conclude with the Proposition
3.2.1 and the fact that if Go is Noetherian then sup P < htP < 4o00.
(iii) In the same way as before, if elements aq, ...,a, of J are J—independent
of order k with respect to (G, ) with G, G, € GoG.,,, for all integers p and
q, then they are P—independent. If P is a homogeneous polynomial with co-
efficients in Go and with r indeterminate with P (ay, ..., a,) = 0 which implies
that P has its coefficients in J + (GoGs,) NGy C P+ (GoGs,) N Gy.

o If k is infinite then J + (GoGs,) NGy = J C P,

o Otherwise like P O (GoGy) N Gy, according to Proposition 4.1.1 it
results that P O (GoGs,) N Gy = P + (GoGs,) N Gy = P.
Then 0% (g, k) < sup P and if Gy is Noetherian % (g, k) < sup P < htP < +oo0.

w) If P is a maximal ideal of Gy and if {3 (g, k) # 0, then there exist
elementsay, ..., a, of P ; P— independent of order k relative to (Gs,), with the
relation (Gsp) <G8q> C GoGs,,, for all p,q . The elements ay, ..., a, are also
P— independent: if P is a homogeneous polynomial, with coefficients in Gg
and with r indeterminate with P (a4, ...,a,) = 0,

then P € (P + (GoGs,) N G[)) (X1, ..., X;]. Since P+ (GoGs,) NGy # Gy

and in addition P is mazximal, it follows that P + (GG, ) N Gy = P. Conse-
quently 0% (g, k) < sup P and if Gy is Noetherian, we have: % (g,k) < sup P <
htP < +o0 2- Let us prove assertions i) and ii). According to the assertions
1— (i) and 1 — (i1) we have: €5 (g, k) < 0% (g, k) < 5 (g,k) <sup(J). Let us
assume that €% (g, k) # 0, or an integer r < % (g,k), then there exists a se-
quence of integers (sy,),, such that Gy, 1 s, C G, . . Vm,pi,...,pm € N*
and elements by, ....,b, € (GoGs,) N J, J— independent of order k with re-
spect to (Gs,). Do we have Yp > 1,0, ...,bF J—independent of order k

with respect to g1 = (Grpsi ) pen ! If F is a homogeneous polynomial of de-

gree d with coefficients in Gy with r indeterminate, we have: ]-"(bﬁ’, ,bﬁ,’) =
Biv.oie (W)™ o (B0)", let x = F (B, ... b2).
d

i1+t Fir=
xr e JGpsld + <G0Gp51(d+k)> =T E JGpsld + (Gpslderslk N Gpsld>; or

JGpsld + <Gp51d+p51k N Gp51d> Q JGpsld + GO <Gpsld+slk N Gpsld> therefore

x € JGspd+GO <Gspd+kaSpd> = 51‘1“_2'7" € J+GOGskﬂG0 =J= J—i-GoGpslkm

Go, indeed k < sj, and k < psik.Consequently (%(g, k) < £;(g®*). k) and 1—(3)
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entail the equality of (% (g, k) with all £;(g**V, k) as well as with (%(g, k) and
(5(9.k) .
Let us prove (iii). Referring to assertions 1 — (i) and 2 — (ii), we have:

(%(g, k) = sup {EJ(g(”), k);ne€ N*} < sup {Kj(g(p”), k);ne N*} < (g, k),
(3(g,k) = sup {£;(g®, k) n e N} = €4(g"™ k) et (3(g, k) = (3(g,k) =
(9. k)

Corollary 4.2.1. Let B be a ring, m € N*, k € N* and g = (Gn)nezu{+oo}
a axis-quasi-graduation of B. Assume that Go is Noetherian and that g is
m—reqular. Let J be a proper ideal of Gy such that J 2 (GoGiwx)NGo, Vi > 0.
If g is k—decreasing then we have:

Z) 5 (gu k) =5 (Gmm k) = é?f (9; k) , Vn e N* .

i1) Ip € N* multiple of m such that , (% (g,k) = 0% (Gpn, k), Y0 € N* .

i1i) 0% (g, k) =sup{l; (Gpn, k), Vn € N*}

iv) The sequence n v+ £j (Gmn, k) is increasing and converges to the integer
5 (g, k).

v) The sequence n — C; (G, k) converges to the integer €% (g, k).

REFERENCES

[1] Eugene Deval Béché, Youssouf M. Diagana and Pierre K. Brou, Independence on quasi-
bigraduation of rings and analytic spread, Annales Mathématiques Africaines, 7 (2018),
129-136.

[2] P. K. Brou and Y. M. Diagana, Indépendances analytiques affaiblies et extensions de la
largeur analytique d’une quasi-graduation, Annales Mathématiques Africaines, 4 (2013),
139-150.

[3] W. Bruns, On the number of elements independent with respect to an ideal, J. London
Math. Soc. (2), 22 (1980), 57-62. https://doi.org/10.1112/jlms/s2-22.1.57

[4] Y. M. Diagana, H. Dichi and D. Sangaré, Filtrations, generalized analytic indepedence,
analytic spread, Afrika Mathematika, serie 3, 4 (1994), 101-1016.

[6] Y. M. Diagana, Regular analytic independence and extensions of analytic spread,
Communications in Algebra, 30 (6) (2002), 2745-2761. https://doi.org/10.1081/agh-
120003986

[6] Y. M. Diagana, Quasi-graduations of rings, generalized analytic independence, extensions
of analytic spread, Afrika Mathematika, serie 3, 15 (2003), 93-108.
https://doi.org/10.1007/s13370-017-0517-5

[7] D. G. Northcott and D. Rees, Reductions of ideals in locals rings, Proc. Cambridge
Philos. Soc., 50 (1954), 145-158. https://doi.org/10.1017/s0305004100029194

[8] J.S. Okon, Prime divisors, analytic spread and filtrations, Pacific Journal of Mathemat-
ics, 113 (1984), no. 2, 451-462. https://doi.org/10.2140/pjm.1984.113.451

[9] L. J. Ratliff, Independent elements, integrally closed ideals asymptotic sequences, J.
Algebra, 78 (1982), 410-430. https://doi.org/10.1016,/0021-8693(82)90089-8

[10] G. Valla, Remarks on generalized analytic independence, Proc. Cambridge Philos. Soc.,
85 (1979), 281-289. https://doi.org/10.1017/s0305004100055699

Received: March 23, 2025; Published: July 3, 2025



	1. Introduction
	2. Generality on axis-quasi-graduations
	2.1. Definitions 
	2.2. Other types of axis-quasi-ring graduation 

	3. Generalized Analytical Independence and Extensions of Analytic Spread 
	3.1. Concept of J- independence
	3.2. Weakened notions of J- independence

	4. Weakened Properties of J-Independence 
	4.1. Some Arithmetic Properties on Axis-Quasi-Graduation 
	4.2. Weakening and comparison

	Bibliographie
	References

