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Abstract 

 

In this paper, we introduce and study the notion of nearly 

boundedness on arbitrary L sets in L topological spaces by using the notion of 

 upper limit of  nets. Several characterizations of nearly  boundedness 

in terms of convergence theory of  constant α-nets, α-ideals are obtained. We 

prove that the notion is good extension, productive and topologically invariant. 
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 cluster points,   nets, constant  nets,  filters,  ideals, nearly 

compact and nearly  bounded sets 

 

1. Introduction 
 

 Boundedness, as a natural generalization of relative compactness was 

considered by several authors (see [12] and [13]). In depth analysis of 

boundedness and its various weaker forms was done by Lamprinos in [13] and 

[14]. A subset A of a space X is said to be bounded if every open cover of X has a 

finite subfamily which covers A. In 1997 Georgiou and Papadopoulos [7]  

introduced the  notion of  nearly  compact, nearly (α,β)-compact topological 

and fuzzy topological spaces, nearly  bounded, nearly (α,β)-bounded sets and 

fuzzy sets. Then he give the characterizations of nearly compact topological and 

fuzzy topological spaces of weakly  upper limit and fuzzy weakly  upper 

limit of nets and fuzzy nets. Finally he give the characterizations of the nearly 

bounded sets and fuzzy sets of weakly  upper limit and fuzzy weakly  upper 

limit of nets and fuzzy nets. In 1997 Georgiou and Papadopoulos [8] gave 

characterizations of fuzzy nearly compactness by used the notion of fuzzy weakly 

 upper limit of fuzzy nets. Also, he studied new fuzzy compactness and fuzzy 

boundedness in fuzzy topological spaces. In 2000 Georgiou and Papadopoulos  
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[10] introduced and studied fuzzy boundedness by used the notion of fuzzy upper 

limit of fuzzy nets. 

Recently, Georgiou and Papadopoulos in [9] and [10] extended be the concept 

of bounded set to fuzzy topology and introduced the notion of fuzzy boundedness 

using the fuzzy compactness given by Change [2], which is not good extension of 

ordinary compactness. Hence the notion of fuzzy boundedness in [9] is not good 

extension of ordinary bounded and so it is unsatisfactory.  

In This paper, we introduce and study the concept of nearly  boundedness 

on arbitrary L sets in L topological spaces along the line of nearly 

compactness defined by Georgiou and Papadopoulos [9] and remoted 

neighborhood due to Wang [18]. Then we give new characterizations and 

properties of nearly  boundedness in terms of convergence theory of constant 

α-nets, α-filters and α-ideals. We prove that the notion is good extension, 

productive and topologically invariant. 

 

2. Preliminaries  
 

 Through this paper ),,,(  LL  denotes a completely distributive 

complete lattice with a smallest element 0 and a largest element 1 (0 1) and with 

an order reversing involution on it. An L  is called a molecule of L  if 0  

and    implies    or    for all L , . The set of all molecules of 

L  is denoted by  )(LM . Let X  be a nonempty set. 
XL  denotes the family of all 

mappings from X  to L . The elements of 
XL  are called L –subsets on X . 

XL  

can be made into a lattice by inducing the order and involution from L . We 

denote the smallest element and the largest element of  
XL  by X0  and X1 , 

respectively. If L , then the constant mapping }{:  X   is L –subset [11]. 

An  L -point (or molecule on XL ), denoted by x , )(LM  is a L -subset 

which is defined by 









yx

yx
yx

:0

:
)(


 . 

 The family of all molecules of 
XL  is denoted by )( XLM  [19]. For XL

and L  we defined the set })(:{    xXxw , which it is called weak 

 -cut of  . The set })(:{    xXxs , it is called strong  -cut of   and 

}0)(:{)(  xXxSupp   is called support of    [15]. For any XL and 

)(LM  with   , we have   ww )()(  . For 
XL , we define 

)(2 
 

bythe set }:{  ofsubfamilyfiniteis . An L -topology on X is a 

subfamily  of 
XL  closed under arbitrary unions and finite intersections. The pair 

),( XL  is called an L –topological space (or L –ts, for short) [20]. If ),( XL  is an 

L –ts, then for each   
XL , )(cl , )int(  and   will denote the closure, 

interior and complement of  . A mapping 
YX LLf : is said to be an L -valued  
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Zadeh function induced by a mapping YXf : , iff 

})(:)({))(( yxfxyf   for every XL and every Yy [19]. An L -ts 

),( XL  is called fully stratified if for each L ,    [15]. If  ),( XL  is an L

-ts, then the family of all crisp open sets in  is denoted by ][  i.e., ])[,( X  is a 

crisp topological space [16].    

 

 Definition 2.1 [17]: If ),( XL  is L -ts, then  XL  is called regular 

open set  iff  ))(int(  cl .   The  family  of  all  regular  open  sets  is  denoted  

by 

 ),( XLRO . The complement of the regular open set is called regular closed set 

and satisfy ))(int( cl . The family of all regular closed sets is denoted by 

),( XLRC . 

 

Definition 2.2 [21]: Let ),( XL  be an L -ts and )( XLMx  . Then 

   is called an remoted neighborhood ( R-nbd, for short ) of  x  if  x . 

The set of all R-nbds of x  is called remoted neighborhood system and is denoted 

by 
x

R . 

  

 Definition 2.3 [21]: Let ),( XL  be an L -ts, XL  and )(LM . Then 

   is called an: 

(i)  -remoted neighborhood family of   , briefly  -RF of  , if for each         

L -point  x  there is  such that 


 xR .  

(ii)  -remoted neighborhood family of   , briefly  -RF of  , if  there 

exists )(   such that   is a  -RF  of   , where )()()( LM  , 

and )( denotes the union of all the minimal sets relative to . 

 

Definition 2.4 [5]: Let ),( XL  be an L -ts, XL  and )(LM . Then 

),( XLRC  is called an  -regular closed remoted neighborhood family of  

 , briefly  -RCRF of  , if for each  L -point  x  there is  such that 


 xR .  

 

Definition 2.5 [18]: Let ),( XL  be an L -ts, 
XL and )(LM . An

-RF  }:{ Jjj    of   is called:  

(i) Directed if 21 ,  there is 3  such that 213   . 

(ii) Regular if : 

(a) For each Jj  there is }1{\),( X

X

j LRO    such that 

jj   . 
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(b) The family }:)({ Jjcl j   is  -RF  of  . 

 

Definition 2.6 [3]: Let ),( D  be a directed set. Then the mapping  
XLDS :  and denoted by }:{ DnS n    is called a net of L -subsets in X . 

Specially, the mapping )(: XLMDS   is said to be a molecular net in XL . If 
XL  and for each Dn , S  then S  is called a net in  . 

 

Remark 2.7 [10]: We denote by    a class of directed sets. Let

}:{ DnS n    be a net of L -subsets in XL . If  D , then this net is called 

 net. 

 

Definition 2.8 [21]: Let ),( XL  be an L -ts  and }:)({ DnnSS  be a 

molecular net in XL . S is called an molecular  -net ( )(LM ), if for each 

)(  there exists Dn  such that  ))(( mS whenever nm  , where 

))(( mS is the height of the molecular )(mS . If   ))(( mS  for each Dm , 

then }:)({ DmmS   is called constant molecular  -net. 

 

Definition 2.9 [21]: Let }:)({ DnnSS   and }:)({ EmmTT   be a  

be molecular nets in ),( XL . Then T  is said to be is a molecular subnet of S  if 

there is  a mapping DEf :  satisfies the following conditions: 

 (i) fST   

 (ii) For each  Dn  there is  Em  such that  nlf )(  for each El , 

ml  . 

 

Definition 2.10 [3]: Let ),( XL  be an L -ts and }:{ Dnn    be a net 

of L -subsets in ),( XL  and )( XLMx  . 

 Then: 

(i)  x  is called a  limit point of  , in symbols 

 x  if for each 


 xR there is an Dm  such that ))(int( cln   for all Dn , mn  . The 

union of all  limit points of   are denoted by  )lim(.  .   

(ii)  x  is called a  cluster (  adherent) point of  , in symbols 





x  if for each 


 xR and for each Dn  there is an Dm  such that nm   

and ))(int( cln  . The union of all  cluster points of   are denoted by 

)lim(.  .    

If )lim(.  = )lim(.  = , then we say that   is  limit of  , or we 

say that    converges to  , in symbol  )lim(. . 
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The  limit and  cluster points of a molecular net are defined 

similarly in [21]. 

 

Definition 2.11 [10]: Let ),( XL  be an L -ts,  XL . Then   is called 

nearly  compact (or ..N compact) set in ),( XL  if every  -net 

}:{ Dnn   of  closed L -subsets in XL  such that   ))((lim. xn  for each 

Xx  there exists Dn   for which Xn 0 , for every Dn , nn  . 

 

Definition 2.12 [6]: An L -ts ),( XL  is said to be : 

(i) 2LR space (regular space) iff for all )(LM , Xx  and for each 


 xR  there is 


 xR ,     such that X1   and X0  . 

(ii) 2LSR space (semi regular space) iff for all )( XLMx   
and for each 


 xR  there is 


 xR   such that ))(int( cl . 

 

Theorem 2.13 [17]: If ),( XL   is 2LR space, then it is 2LSR space 

 

Definition 2.14 [23]: The nonempty family  𝓕 XL  is called an L -filter 

if the following conditions satisfies, for each XL21 ,  

 (i) X0 𝓕 

(ii) If 21   and 1 𝓕, then 2 𝓕. 

 (iii) If 21 , 𝓕, then  21  𝓕. 

 

 Definition 2.15 [23]: A filter  𝓕  in XL  is called an  -filter ( )(LM ), 

if for every  𝓕,  


)(x
Xx

. 

 

Definition 2.16 [23]: Let ),( XL   be  an L -ts and 𝓕 be an L - filter in  
XL . Then )( XLMx   is called  cluster point of  𝓕, in symbol  𝓕 

 x  if for 

each  𝓕 and each 


 xR , ))(int( cl . The union of all  cluster points 

of  𝓕 are denoted by adh. (𝓕)    

 

Definition 2.17 [22]: The nonempty family 
XLI   is called an ideal if 

the following conditions satisfies, for each XL21 ,  

 (i) IX 1  

(ii)  If 21   and I2 , then I1 . 

 (iii) If I21 , , then I 21  . 
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Definition 2.18 [22]: Let I be an ideal in an L -ts ),( XL  and )(LM . 

Then I  is said to be an -ideal, if  


)(x
Xx  

for each I . 

 

Definition 2.19 [22] : Let I  be an ideal in an L -ts ),( XL  and  

)(LM . Then )( XLMx   is called  cluster point of I , in symbol 
 xI   

if for each I  and each 


 xR , Xcl 1))(int(   . The union of all 

cluster points of I  are denoted by )(. Iadh . 

 

Theorem 2.20 [4]: Let 𝓕 be an L -filter in an L -ts ),( XL  and S (𝓕)  be 

the L -molecular net induced by 𝓕. Then adh. (𝓕) Sadh(. (𝓕)) . 

 

Theorem 2.21 [4]: Suppose that S  is an L -net in an L -ts ),( XL  and 𝓕(

S ) is the L -filter induced by S . Then adh. ( S ) adh. (𝓕( S )) .  
 

Theorem 2.22 [4]: Suppose that I  is an ideal in an L -ts ),( XL  and 

)(IS  is the L -molecular net induced by I . Then ))((.)(. ISadhIadh   ).  

 

 

3. Nearly  Boundedness in L -topological spaces 
  

 In this section, we introduce the concept of nearly  -bounded sets in L -

topological spaces. Then we obtain several characterizations of nearly  -

bounded sets. 

 

Definition 3.1. Let ),( XL  be an L -ts, XL  and )(LM , then 
XL  is called Nearly  -bounded (or, ..N bounded) set in ),( XL  if every 

 -net }:{ Dnn 
 
of  closed L -subsets in 

XL  such that   ))((lim. xn  for 

each Xx  there exists Dn   for which Xn 0 , for every Dn , nn  . 

 

Remark 3.2. We note that every  -net of L -subsets of X  is a net of L -

subsets of X . But if   is the class of all directed sets, then  -net and a net  of          
L -subsets of X  are equivalent.   

 

The following example show that the converse is not true in general. 

 

Example 3.3. Let ]1,0[ XL  and let },1,0{  XX , where 
XL  

such that   












0:0

0:
3

1

)(

x

x
x  
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Clearly, the pair ),( XL  is L -ts. Let }:{ NnS n     such that 25.xn   for 

every Nn . Then S is a net of L -subsets of X . But S  is not  -net, since 

ND   is not class of all directed sets. 

 

Theorem 3.4. Let ),( XL  be an L-ts. If XL  is  -bounded [1], then 

  is ..N bounded set. 

 

Proof. Let XL  be an  -bounded set and let }:{ Dnn   be an  -net 

of  closed L -subsets in XL  such that   ))((lim. xn  for each Xx , then for 

each Xx  there is 


 xR  and there is Dm   such that ))(int( cln   for all 

mn  , since  ))(int(cl , then   n . Since   is  -bounded set, then there 

exists Dn   for which Xn 0 , for every Dn , nn  . Hence   is 

..N bounded set. 

 

Example 3.5. Let ]1,0[L , NX   and let }1,,0{ 5. XX x . Then 

),( XL   is L -ts.  Let }:{ 5. XxxS   be an  net, then X1  is not 

bounded set. Now, let  },:{ LXxxS    be an  net, then X1   is  ..N

bounded set.  

  

 Definition 3.6. Let ),( XL  be an L -ts and )( XLMx  . If XL  is 

closed and ..N bounded set, then   is called BN remoted neighborhood of 

x
            

( BRN nbd, for short) of x if  x . The set of all BRN nbds 

of x is denoted by 
x

BRN . 

We note that  
 xxx RBRNBR  . 

 

Example 3.7.  By Example 3.5., let }:{ 3. XxxS   be an  net, then 

4.x  is not  bounded set. Now, let  }4.,:{   XxxS  be an  net, 

then    is  ..N bounded set.  

   

 Definition 3.8. Let ),( XL  be an L -ts and
XL . Then

 
)( XLMx   is 

called N -bounded adherent point of   and write )(.  clNx   iff   for 

each 


 xBRN . If )(.  clN , then   is called N -closed L subset. The 

family of all N -closed L subsets is denoted by ),( XLCN  and its 

complement is called the family of all N -open L subsets and denoted by

),( XLON . 
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Theorem 3.9. Let ),( XL  be an L-ts  and let XL . Then the following 

statements are true::  

(i)  )(.)(  clNcl    and )(.)(.  clclN  . 

(ii) If XL  and    then )(.)(.  clNclN  . 

(iii) )(.))(.(.  clNclNclN  . 

(iv) }),,.(:{)(.   XX LCNLclN . 

Proof. (i) Let )( XLMx  such that )(.  clNx   , then there exists 


 xBRN  such that   . Since 

 xx RBRN   and so 


 xR  and hence     

)( clx  . Thus )(.)(  clNcl  .   

(ii) Let )( XLMx   such that )(.  clNx   , then there exists 


 xBRN  

such that   . Since   , then    and so )(.  clNx  . Thus 

)(.)(.  clNclN  . 

(iii) Suppose )( XLMx   such that ))(.(.  clNclNx  . According to 

Definition 3.8. we have   )(.clN  for each 


 xBRN . Hence, there exists 

)( XLMy   such that )(.  clNy    with  y and so   , that is, 

)(.  clNx  . This shows that  )(.))(.(.  clNclNclN  . On other hand,

)(.  clN  follows from (i) and so  ))(.(.)(.  clNclNclN  . Therefore, 

)(.))(.(.  clNclNclN  . 

(iv) On account of (i) and (iii). )(. clN  is an N -closed set containing  , and 

so }),,.(:{)(.   XX LCNLclN . Conversely, in case 

)( XLMx   sand )(.  clNx  , then    for each 


 xBRN . Hence, if 

  is an N -closed set containing  , then   , and then   )(.clNx . 

This implies that }),,.(:{)(.   XX LCNLclN . Hence 

                                       }),,.(:{)(.   XX LCNLclN      

From Theorem 3.9., one can see that every N -closed L subset is closed L

subset, but the inverse is not true since every closed L subset is not N -

bounded set in general as the following example shows. 

 

Example 3.10. By Example 3.5., let 5.x , then   is closed L subset 

because    where }1,,0{ 5. XX x . Now,   is not ..N bounded. In fact, 

we suppose that  net }:{ 5. XxxS  , then    is not ..N bounded set.  

 

Definition 3.11. Let ),( XL  be an L -ts and S  be a molecular net in 
XL . 

Then )( XLMx   is called N -bounded limit point of S , (or S  N -

converges to x ) in symbol xS
N

  if for every 


 xBRN   there is an Dn  

such that  



Nearly  boundedness in L -  topological space                                                  9 

 

 

Dm  and nm  we have )(mS . The union of all N -bounded limit points 

of S  is denoted by  )lim(. SN .  

 

 Definition 3.12. Let ),( XL  be an L -ts and S  be a molecular net in XL . 

Then )( XLMx   is called N -bounded cluster point of S , in symbol

xS N  if for every 


 xBRN  and every Dn  there is an Dm  such that

nm   and )(mS . The union of all N -bounded cluster points of S  is 

denoted by  )(. SadhN .   

 

Theorem 3.13. (The goodness of N -boundedness) Let ))(,( TL L

X i   be 

the induced L-ts by the ordinary space ),( TX , )(LM  and XL . Then   

is              ..N bounded  in ))(,( TL L

X i   iff })(:{   xXx  is 

..N bounded in ),( TX . 

Proof. Let XL  be an ..N bounded and
 

}:{ Dnkn   be an  -net of 

closed subsets in X  such that  ))((lim. xkn  for each Xx . Then the family 

}:1{ Dn
nk   is  -net of  closed L -subsets in XL  such that 

  Xk x
n

0))(1(lim. for each Xx , since   is ..N bounded, there is 

Dn   for which 
Xkn

01    for every Dn , nn  and so 

   nkk k
nn
)1()1(  for every Dn ,  nn  . Thus    

is ..N bounded in ),( TX .  

Conversely, suppose that    is ..N bounded for any )(LM  and

}:{ Dnn   is an  -net  of  closed L -subsets in 
XL  such that  ))((lim. xn  

for each Xx . Then the family }:){( Dnn   is  -net of closed subsets in 

X  such that   )(lim. n  for each Xx . Since   is N -bounded for 

any )(LM  there is Dn   for which   )( n  for every Dn ,  

nn   therefore Xn 0  for every Dn ,  nn  . Thus   is ..N

bounded in ))(,( TL L

X i  . 

 

Theorem 3.14. Let ),( XL  be an L-ts  and let 
XL . Then:  

(i) If   is ..N compact, then    is ..N bounded . 

(ii) If   is closed and ..N bounded, then    is ..N compact.  

(iii) If   is ..N bounded and   , then    is ..N bounded. 

(iv) If   is ..N compact and   , then    is ..N bounded. 

(v) If m ,...,, 21  are ..N bounded sets, then  i

m

i


1

 is ..N bounded . 
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 Proof. (i) Let   be an ..N compact and let }:{ Dnn  be an  -net  of  

closed  L -subsets such that  ))((lim. xn  for each Xx . Then for every 

)( XLMx    there exists 


 xx R  and an element Dnx 


 such that  

))(int(


 nء cl  for each Dn , 
x

nn  . Clearly, the family 

)}(:))(int({ X

x LMxcl  
  is an  -RF of  . Since   is   ..N compact, 

then there exists Dn   for which Xn 0  for every Dn , nn  . Thus 

Xءcl 0))(int(  


 and hence Xn 0  for every Dn , nn  . Hence   

is ..N bounded.  

(ii) Let   be an ..N bounded and let }:{ Dnn 
 
be an  -net  of  closed  L -

subsets such that  ))((lim. xn  for each Xx . Since   is ..N bounded, 

then there is Dn   such that Xn 0 for every Dn , nn  . Since   is 

closed, then Xn 0  and so Xn 0 . Hence   is   ..N compact.  

(iii) Let   be an ..N bounded and let }:{ Dnn 
 
be an  -net  of  closed  L -

subsets such that  ))((lim. xn  for each Xx . Since   is ..N bounded, 

then there is Dn   such that Xn 0  for every Dn , nn  . Since  

,then Xn 0  for every Dn , nn  . Hence   is   ..N bounded.  

(iv) Let   be an ..N compact and let }:{ Dnn   be an  -net  of  closed  L -

subsets such that  ))((lim. xn  for each Xx . Since   is ..N compact, 

then there is Dn   such that Xn 0 for every Dn , nn   and so 

Xn 0 . Since   ,then Xn 0  for every Dn , nn  . Hence   

is   ..N bounded. 

(v) Let n ,...,, 21  be an ..N bounded sets and let
 

}:{ Dnn 
 
be an  -net  

of  closed  L -subsets such that  ))((lim. xn  for each Xx . Since i  is 

..N bounded for each mi ,...,2,1 , then there exists Dn   such that 

Xn 01   , Xn 02   ,…, Xmn 0  for every Dn , nn  . Thus 

there is Dn   such that Xi

m

i
n 0)(

1

 


  for every Dn , nn  . Hence i

m

i


1

 

is ..N bounded. 

 

 Example 3.15. Let }{xX  , ]1,0[L  and let },,1,0{
9

8

4

1 xxXX . Then 

),( XL  is L-ts , we suppose that }
2

1
,:{   XxxS  is   -net, then by  
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remark 3.2, we have  )(
2

1

XLMx   is ..N bounded set but is not ..N

compact set. 

 

Theorem 3.16. Let ),( XL  be an L-ts, XY    and XL . If    is 

..N bounded set in ),( XL , then   is  ..N bounded set in ),( Y

YL  . 

 Proof. Let    be an ..N bounded set in ),( XL  and XY  . Let  

}:{ Dnn   be an  -net of closed L -subsets in Y such that  ))((lim. yn , 

for each Yy . Then },:{ XinsubsetsLclosedisDnY nnn   . Hence 

}:{ Dnn 
 
is an  -net of  closed L -subsets in X  such that   ))((lim. xn , 

for each Xx . Since   is ..N bounded set in ),( XL , then there exists 

Dn   for which Xn 0  , for every Dn , nn    and so   

Yn Y 0)(   . Hence  Yn 0    and so     is   ..N bounded set in 

),( Y

YL  .  

 

Theorem 3.17. Let }:{ Dnn   be a net of closed L -subsets in XL such 

that 
21 nn    then }:{)(lim. Dnnn    iff 12 nn  .  

 

Proof. Let  )(lim. nx    and let }:{ Dnx n   . Hence there exists 

Dn    such that  
nx   . Let  

n  , then 


 xR . Since )(lim. nx    

and 


 xR  , there is Dn  , nn   such that  
nn

, i.e., ))(int( cln 

. This contradicts the hypothesis that )(lim. nx   . Thus }:{ Dnx n   . 

 

Theorem 3.18. Let ),( XL  be an L-ts  and XL . Then   is ..N

bounded set iff  for each -RF   of X1 , there exists )(2   such that   is 

an     -RCRF of  . 

 

Proof. Let 
XL   be an ..N bounded set and  let     be an  -

RF of X1 . Let 
)(2 D  be the set of all finite subsets of    directed by inclusion 

and let }:{ D  be a net of closed L -subsets in 
XL  such that 

}:))(int({   cl Obviously, 
21    iff 12  . Hence by Theorem 

3.17. it follows that }:{)(lim. D   .  

So    )})(:))(int({()})(:{( xclxD  for each Xx .Thus 

  )(lim.  for each Xx . Since   is  ..N bounded set, then there exists 

an element D  for which X0  for every D ,  . By the  
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above we have 
X0 


and so for each  x  there is  ))(int(cl  

such that 


 xRcl ))(int( . Thus )(2   is an  -RCRF  of   . 

 Conversely, suppose that XL  satisfies the condition. We prove that   

is  ..N bounded set. Let }:{ Dnn   be a net of closed L -subsets in XL  such 

that  ))((lim. xn , for each Xx . Then for every molecular )( XLMx   

there exists 


 xx R  and Dnx   such that ))(int( xn cl    for every Dn , 

xnn  . Since 


 xx R for every Xx , then the family 

)}(:{ LMandXxx    is an  -RF of X1 . By assumption there exist 
)(2},...,2,1:))(int({  kicl ix

  such that   is an  -RCRF of   . Put 

ix

k

i


1
 , then 


 xRcl ))(int( . Since D  is a directed set, there is Dn   such 

that ix
nn   for every ki ,...,2,1 . Then for every Dn , nn  we have 

))(int( cln  , whenever nn  . Since Xcl 0))(int(   , then Xn 0 
 

for every Dn , nn  . Thus   is  ..N bounded set. 

 

Corollary 3.19.  An L -ts ),( XL  is ..N compact iff  for each -RF 

  of X1 , there exists )(2   such that   is an  -RCRF  of  X1 . 

 

Proof. Let ),( XL  be an ..N compact. Then X1  is ..N compact.  let  

   be an  -RF of X1 . Let 
)(2 D  be the set of all finite subsets of    

directed by inclusion and let }:{ D  be a net of closed L -subsets in 
XL  

such that }:))(int({   cl . Obviously, 
21     iff 12  . Hence 

by Theorem 3.17. it follows that }:{)(lim. D   . Hence

   )})(:))(int({()})(:{( xclxD  for all Xx . Thus 

  )(lim.  for all Xx . Since X1  is an ..N compact, then there exists an 

element D  for which X0  for every D ,  . By the above we 

have X0
   and so }:))(int({ 

   clx  for each  )( XLMx 

and hence 
)(2   is an  -RCRF  of  X1 . 

 Conversely, suppose that X1  satisfies the condition. We prove that X1  is 

..N compact. Let }:{ Dnn   be a net of closed L -subsets in 
XL  such that 

 ))((lim. xn , for each Xx . Then for every molecular )( XLMx   there 

exists 


 xx R  and Dnx   such that ))(int( xn cl    for every Dn , xnn  . 

Since 


 xx R for every Xx , then the family 
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)}(:{ LMandXxx    is an  -RF of X1 . By assumption there exist 
)(2},...,2,1:))(int({  kicl ix

  such that   is an  -RCRF of X1 . Then 

)( Xx ),))(int(( kicl ix
  )))(int((


 xx

Rcl i  . Put ix

k

i


1
 , then  


 xRcl ))(int( . Since D  is a directed set, there is Dn   such that ix

nn   for 

every ki ,...,2,1 . Hence for every Dn , nn  we have ))(int(
1

ix

k

i
n cl 




 
and so ))(int( cln  , whenever nn  . Since Xcl 0))(int(  , then Xn 0  

for every Dn , nn  .Hence X1  is ..N compact. 

 

Theorem 3.20. Let ),( XL  be an L -ts and XL  is ..N bounded 

set. Then   is   bounded set if ),( XL  is 2LR space. 

 

Proof. Let XL  be an ..N bounded and let and let 

  }:{ Jjj
 be an  -RF of X1 . Then for each )( XLMx   there is 

  such that 


 xR . Since ),( XL  is 2LR space, then by Theorem 2.13 

we have ),(  XLRC  . Since   is ..N bounded set, then there is )(2   

such that   is an  -RCRF of  , since ),(  XLRC , then   is an  -RF of 
 . This shows that   is   bounded set 

 

 

4.  -Nets characterizations of .N Boundedness 
 

 In this section we give several characterizations of .N Boundedness in 

terms of both  upper limit of  -nets of L -subsets and  cluster points of 

constant molecular  -nets. 

 

Theorem 4.1.  Let ),( XL  be an L -ts , )(LM  and 
XL . Then   

is .N bounded iff for each constant  molecular  -net S contained in   has  

 cluster point in X  with height  . 

Proof. Suppose that   is .N bounded, )(LM  and 

}:)({ DnnSS  is a constant  molecular  -net in  . If  S  does not have any 

 cluster point in X  with height  . Then for all )( XLMx  , x  is not 

cluster point of S and so there exists 


 xx R  and Dnx   such that 

))(int()( xclmS   for every Dm  and xnm  . Put 

)}(:))(int({ LMandXxcl x   , then   is an  -RF of X1 . Since   is 

.N bounded, then by Theorem 3.18. there exist 
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)(2},...,2,1:))(int({  kicl ix

 such that   is an  -RCRF of  . Hence, 

for each ki   we have Dn ix
  when ix

nm  , ))(int()( ix
clmS  . Since D  is a 

directed set, then there is Dn   such that ix
nn  ),...,2,1( ki  . Hence 

))(int(...))(int())(int()( 21 kxxx
clclclmS    whenever nm  . This means 

that )(mS  not have -RCRF in   and so   is not   -RCRF of  . This 

contradicts the hypothesis that   is .N bounded. Thus S  has a  cluster 

point in X  with height  . 

Conversely, suppose that   is not .N bounded. Then by Theorem 

3.18. there exist )(LM  and a family   which is an  -RF of X1 , but for any 

family )(2  , we have   is not -RCRF of  .  Then there exists molecule   

 x with height  such that for each ))(int(cl , 


 xRcl ))(int( we have 

x  and x  
is denoted by ))(( x . Since )(2 

 is a directed set with 

relation  , then }2:))({( )(  xS  is a constant  molecular  -net in  . 

Take an arbitrary point y
 
in X  with height  , since   is an  -RF of X1 , then 

there is   such that 


 yR . Hence for each )(2   such that 

))(int(cl  there is ))(int())((  clx   , i.e., ))(int(clS  . This 

shows that y  is not a  cluster point of S , which contradicts to the hypothesis. 

Thus   is .N bounded.   

 

Theorem 4.2. Let  },...,2,1:),{( miL i

X i  be an L -ts's  and i   be  an 

.N boundedset in ),( i

X iL   for each mi ,...,2,1 , then the product set





m

i

i

1

  is an .N bounded in the product space. 

 

Proof. Let iX

i L be an .N bounded set for each mi ,...,2,1  and let 

}:{ Dnn   be an  -net of  closed L -subsets in 
XL  such that  ))((lim. xn  

for each Xx . Therefore there is Dn 
1

 such that 
1

01 Xn   , for every 

Dn , 
1

nn  , there is Dn 
2

 such that 
2

02 Xn    for every Dn , 
2

nn 

, ..., there is Dn
m
  such that 

mXmn 0   for every Dn , 
m

nn  . Thus for 

each  -net }:{ Dnn   of  closed L -subsets in 
XL  there is Dn

i
  such that 

X

m

i

in 0)(
1

 


  for every Dn , 
h

nn  ,  },...,2,1{ mi  . Put 



m

i

i

1

  and 

therefore for each  -net }:{ Dnn   of  closed L -subsets in 
XL  there is  
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Dn   such that Xn 0   for every Dn , nn  . Hence 



m

i

i

1

  is 

.N bounded in XL . 

 

Theorem 4.3.  If ),(),(:  YX

L LLf   is almost continuous mapping and 
XL   is   .N bounded, then )(Lf  is .N bounded. 

 

 Proof. Suppose that XL is .N bounded and }:{ DnS n    is an 

 -net of  closed L -subsets in YL  such that  ))((lim. yn  for each Yy . 

Then ))(,( LMYy   )(


 yR )( Dm )))(int((  cln  )( mn  . 

Since Lf  is almost continuous mapping, then }:)({)( 11 DnfSf nLL     is an 

-net of  closed L -subsets in XL  such that ))(),(,( 1 LMyfxXx   

))(( 1


 xL Rf   )( Dm ))))((int()))(int(()(( 111    LLnL fclclff

)( mn   and so   )))(((lim. 1 xf nL  for each Xx . Now, since  is .N

bounded, then there is Dn   such that  
XnLf 0)(1    for each Dn , 

nn  . Thus 
YXLLnLLnLL ffffff 0)0()()())(( 11     and so 

YLn f 0)(   . Hence )(Lf  is .N bounded. 

 

Theorem 4.4.  If ),( XL  is L-ts , XL  and )( XLMx  , 

)(..  clNx  , then there exists a molecular net S  in   such that S  is N -

converges to x .  

 

 Proof.  Let )( XLMx   such that )(.  clNx  , then    for each


 xBRN . Since   , then there exists )(),( LM  such that 

 ),(x with  ),(x . The pair ),( 
x

BRN  is a directed set and so we can 

define a molecular net
 

)(: X

x LMBRNS 


 as follows ),()(  xS 
 
for each 


 xBRN  Hence S  is a molecular net in  . Now let 


 xBRN  such that  

  , so we have there exists    ),()( xS  and so    ),()( xS . 

Hence S  is N -converges to x . 

 

Theorem 4.5.  Let }:)({ DnnSS   and }:)({ DnnTT   be a 

molecular nets in an   L-ts ),( XL  such that )()( nSnT   for each Dn  and 

)( XLMx  . Then the following results are true : 

(i) S  is N -converges to x , then T  is N -converges to x .  

(ii)
 x  is N -cluster point of S , then x  is N -cluster point of  T .  
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Proof. (i)  Let )( XLMx   such that S  be N -converges to x , then 

for each 


 xBRN  there exists  Dn  such that for each Dm  and nm   

then )(mS . Since  )()( nSnT , and so for each 


 xBRN  there exists  

Dn  such that for each Dm  and nm   then )(mT . This shows that T  is 

N -converges to x .  

(ii)  Let )( XLMx   such that x  is N -cluster point of S , then for 

each 


 xBRN  and each Dn  there exists Dm  such that nm   then 

)(mS . Since )()( nSnT   for each Dn , then  )()( nSnT . Thus for 

each 


 xBRN  and for each Dn  there exists Dm  such that nm   then 

)(mT . This shows that x  is N -cluster point of  T .  

 

Theorem 4.6.  Assume that  }:)({ DnnSS   is a molecular net in an   

L-ts ),( XL  and )( XLMx  . Then the following results are true : 

(i) x is N -cluster point of S  iff there exists a subnet T of S such that T  is 

N -converges to x .  

(ii) If x  is N -cluster point of  S , then T  is N -converges to x  for each 

subnet T of S .  

 

Proof. (i) Provided that }:)({ DnnSS  and x is N -cluster  point of 

S , then for each 


 xBRN  and each Dn  there is Dk  such that )(kS  

and nk  . Taking ),( ngk  , we get a mapping DBRNDg x 


:  with 

 )),(( ngS . Put 
x

BRNDE   and we define the relation   on E  as 

follows : ),(),( 2211  nn   iff  21 nn   and 21   , then ),( E  is a directed set. 

For each En ),(  , we choose )),((),(  ngSnT  , then 

}),(:),({ EnnTT    is a subnet of S . Because: 

(*) There exists mapping DEf :  define as follows nnf ),(   and 

fST  . 

(**) Let Dn 1 , then there exists En ),( 11   and Enn  ),(),( 2211   

iff  21 nn   and 21   , 1222 ),( nnnf  . Now we prove that  T  is N -

converges to x , let 


 xBRN  and Dn , so En ),(  . Therefore for each 

En ),(   and ),(),(  mn   then   )),((),( mgSmT  and   , so 

 ),(mT . Thus T  is N -converges to x .  

Conversely, it follows directly from Definition 2.9. 

(ii) It follows directly from Definition 2.9. 
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Theorem 4.7.  Let ),( XL  be an L -ts , )(LM  and XL . Then   

is ..N bounded iff every  -filter 𝓕 containing  as an element has a 

cluster point in X  with height  . 

Proof. Suppose that   is ..N bounded and 𝓕 is an -filter containing 

  as an element ( )(LM ), then λ 𝓕 for each λ 𝓕, hence

 


))((λ
Xx

x  for each λ 𝓕 and for each )( XLMx   there exists a 

molecule  ),(x with height . Put S (𝓕) )}(),(:{ ),( LMx  F . In 

𝓕 )(LM  we define the relation that ),(),( 2211    iff 21    and 21   . 

Then 𝓕 )(LM  is a directed set with this relation and S (𝓕) is a constant  

molecular  -net in  . Since   is ..N bounded, then by Theorem 4.1., S (𝓕)  

has a  cluster point in X  with height  , say x . So by Theorem 2.20, 𝓕 

cluster to x  as well.   

Conversely, suppose that the condition is satisfied and }:)({ DnnSS   

is a constant  molecular  -net in  . Let ))((λm nS  for each Dm , mn  . 

Since D  is a directed set, then the family }:{λm Dm can generate a filter 𝓕( S ). 

Since S  is a constant  molecular  -net, then for each )(LM )( Dn

),( nmDm  )))(((  mS , hence  )))((())((λm nSx , mn   and 

so  ))((λm x . Since 𝓕( S ) is produced by }:{λm Dm , then for each  𝓕(

S ) contains some m  and therefore  ))((λ x . Hence 𝓕( S ) is an  -filter. By 

assumption, 𝓕( S ) has a  cluster point in X  with height  , say x . Thus for 

each 


 xR  and for each       𝓕 ( S ). In particular, m  we have 

))(int( clm  , and by Theorem 2.21 We have S  has a  cluster point x and 

by Theorem 4.1. we have   is ..N bounded.  

 

Theorem 4.8.  If a set   in an L -ts ),( XL  is ..N bounded, then every 

 -ideal I  in
XL and I  has a  cluster point in X  with height  . 

Proof. Let I be an  -ideal in 
XL and XL be an ..N bounded with 

I . Then for each I  we have  


))((
Xx

x , and then for each )(LM  

there exists a molecule    ),(),( xS . Put )(ID

},:),{( ),(),(    xandIx . In )(ID  we define the relation that 

),(),( 2211    iff 21   . Then )),(( ID  is a directed set with this relation 

and )(IS )}(),(:),({ ),( IDxS     is a constant  molecular  -net in  . 

Since   is ..N bounded, then by Theorem 4.1., )(IS  has a  cluster point in 

X  with height  , say x , by Theorem 2.22., we have x  is also a  cluster 

point of  I .   
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