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Abstract

Let U be an initial universe set and let S be an ordered semigroup. The con-
cepts of int-soft left, int-soft right ideals, int-soft quasi-ideal and int soft bi-ideal
on S were introduced in [5]. In this paper, we study these ideas by providing an
equivalent definition of soft right, soft left ideals and soft quasi-ideals. Based on
this idea, we show that S is regular if and only if (a0 3,5) = (am 3,S) for ev-
ery soft right ideal (o, S) and every soft left ideal (3, S) over U, and the soft right
and the soft left ideals over U are idempotent and for each soft right ideal («, S)
and each soft left ideal (3, .S) over U, the soft set (ao/3,.5) is a soft quasi-ideal over U.

Mathematics Subject Classifications: 40H05, 46A45

Keywords: Soft int-groups, normal soft int-groups, soft isomorphism the-
orems

1. INTRODUCTION

Many theories, fuzzy set theory, rough set theory and others, were intro-
duced as tools to model the uncertainty in phenomena without sharp bound-
aries. In this direction, Molodtsov developed the theory of soft sets in [12]. In
[11], some operations of soft sets and their properties studied by Mayji et al.
Because of having a lot of parameters to deal with uncertainty, the soft sets
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have been applied in a wide variety of fields. In the field of algebra theory,
Aktas and Cagman|1] explained the notion of soft groups as a parametrized
family of subgroups of a group. Following this definition, many researchers
([2],[4]-[7],[10],][16]) studied the algebraic properties of soft sets. Cagman et al.
[3] introduced a different group structure on a soft set based on the inclusion
relation and intersection of sets. The new groups are called soft int-groups
[8, 13, 14]. Based on soft int-semigroup, Song et al [15] gave a soft description
of Ideal theory in semigroups. Hamouda introduced the concepts of int-soft
left, int-soft right ideals, int-soft quasi-ideal and int soft bi-ideal on an ordered
semigroup in [5]. In this paper, We continued to study these concepts by set-
ting equivalent definitions of soft left (resp., right) ideals, soft quasi-ideal in
ordered semigroups are introduced. We prove two main results. First: An
ordered semigroup (5, ., <) is regular if and only if

(o f,5) = (amp,Ss)

for every soft right ideal (o, S) and every soft left ideal (5, .S) over U.

Second: S is regular if and only if the soft right and soft left ideals over
U are idempotent and for each soft right ideal (o, .S). For each soft left ideal
(8,5) over U, the soft set (awo 3,5) is a soft quasi-ideal over U.

2. PRELIMINARIES

In this section, We denote by (5,.,<) an ordered semigroup, that is, a
semigroup (.5, .) with a simple order < which satisfies the following condition:
for x,y,z € S, v <y implies that zz < yz and zx < zy.

For A,B C S, we denote (A] = {t € S : t < h forsomeh € A} and
AB ={ab:a € A;be B}. AC S is called a subsemigroup of S'if AAC A. A
nonempty subset A of S is called a left (right) ideal of S'if (i) SA C A(AS C A)
and (i1) a € A;55b<a =be A AC S is called a two-sided ideal (or
simply ideal) of S if it is both left and right ideals of S. A non-empty subset
Q of an ordered groupoid S is called a quasi-ideal of S if (1) (QS]N (SQ] C Q
and (2)a € @Q;952b<a = beqQ.

Let U be an initial universe set and P(U) the power set of U.

Definition 2.1. [15] A soft set («, S) over U is defined to be the set of ordered
pairs (o, S) = {(z,a(x)) : x € S,a(z) € P(U)}, where a : S — P(U) is a
set-valued mapping.

The notation Soft(S, U) stands for the set of all soft sets over U.

Definition 2.2. [15] Let («, S) and (5, 5) be two soft sets. Then, («,5) is a
soft subset of (8, 5), denoted by («, S) € (5,95), if a(z) C f(z) for all z € S
and («, S); (B,5) are called soft equal, denoted by («, S) = (3, 5), if and only
if a(z) = p(x) for all z € S.
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Definition 2.3. [15] Let (a,S) and (5,5) be two soft sets. Then, union
(a, A)U (B, S) and intersection (a, S) M (5, A) are defined by

(U f)(r) = alz) U B(x),
(am B)(x) = alz) N B(x),

«
(%

respectively.

Definition 2.4. [15] Let S be a semigroup and («,S) € Soft(S, U). Then,
(e, S) is called an int- soft semigroup of S over U (or simply soft semigroup)
if it satisfies

a(zy) 2 alz) Naly) for all z,y € S.
We denote by Ssem(S,U) to the set of all soft semigroups over U.

Example 2.1. Let S = {a,b,c,d} be a semigroup with the following Cayley
table:

*la b ¢ d
ala a a a
bla b a a
clec ¢ ¢ ¢
dlc ¢ ¢ d

Let (o, S) be a soft set over U ={1,2,3,4,5,6,7,8,9,10} defined as follows:

U7 ifl':a7
2,4,6,8,10}, ifz=b
Oé:S—)P(U)’ T — {7’77 }, Zfl' s
{37679}7 fo =c,
(26,10}, ifo—d

Then (a, S) is not a soft semigroup over U since
a(dxb) = alc) = {3,6,9} 2 {2,6,10} = a(d) N a(b).
The soft set (B,S) over U which is given by
U, if v =a,
B:8—PU), z+—<{3,6,9}, ifx=c,
{6}, if x € {b,d}.
1S a soft semigroup over U.

For a € S, set A, = {(z,y) € S xS : a < xy}. The soft product of
(e, 5), (6, 5) € Soft(S,U) is a soft set (o [3,5) over U such that

U(r,y)eAa {a(Qj) N B(y)}v if Aa 7é Cba

o, otherwise.

(aopB)(a) = {
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Proposition 2.1. [5] Let (S, ., <) be an ordered groupoid, («;, S) and (B;,S),i €
{1,2} are soft sets over U such that
(ahS) € (ﬂlas) (QQaS) & (627S>
Then (o 0 az, S) € (1 0 B2, S).
For an ordered semigroup S, let (6,5) € Soft(S,U) defined by 0(x) = U
for all x € S. It is clear from Proposition 2.1 that the set Soft(S,U) with the

multiplication o and the order € is an ordered groupoid and the soft set (6, 5)
is the greatest element in (Soft(S,U), €).

Definition 2.5. [5] Let (.5, ., <) be an ordered semigroup. A soft set (a,.S) is
called a soft left ideal (resp. soft right ideal) over U if

(1) a(zy) D a(x)(resp. alzy) 2 aly) for every x,y € S,

(2) z <y = alz) 2 ay).

Definition 2.6. [5] Let (.5, ., <) be an ordered semigroup. A soft set (a, S) is
called a soft quasi- ideal over U if

(1) (0, S)Ym(Boa,S) € (a,S5),
(2) v <y = a(z) 2 ay).

3. A CHARACTERIZATION OF S BY SOFT LEFT (RIGHT)IDEALS

The main goal of this section is to prove that an ordered semigroup (S, ., <)
is regular if and only if

(o 3,8) = (amp,s)
for every soft right ideal (a, S) and every soft left ideal (3,.5) over U.

For ¢ # A C S, define a map x4 : S — P(U) as follows:

U, ifzeA,
xa(z) =

¢, otherwise.
Then (x4, S) € Soft(S,U) is called the characteristic soft set[15].

Proposition 3.1. Let S be an ordered semigroup. Then (a, S) € Soft(S,U)
1s a soft right ideal over U if and only if

(i) (@08, 8) e (a,S),
(ii) 2 <y = afz) 2 aly).

Proof. Suppose («, S) is a soft right ideal over U. Let z € S. If A, = ¢,
then (o 0)(x) = ¢ C a(x). In case A, # ¢, then

(@of)@)= |J {awno)}= J faw)}

(y,2)EAz (y,2)€EA



Soft characterisations of regular ordered semigroups 13

However, for all (y, z) € A,, wehavex < yz and a(x) 2 a(yz) 2 a(y). Hence
(o #)(x) C a(x). Therefore, we have (a06,5) € (a,S). Conversely, assume
that (i) is hold. By lemma 3.11 in [15], we get a(xy) 2 (a0 8)(xy) 2 a(z) for
all z,y € S.

O

Similarly, we prove the following result.

Proposition 3.2. Let S be an ordered semigroup. Then (3,5) € Soft(S,U)
s a soft left ideal over U if and only if

(i) (00 p,5) € (B,9),
(i) z <y = B(z) 2 B(y).

An ordered semigroup S is called regular if for every a € S there exists
z € S such that a < aza [9].

Theorem 3.1. Let S be a regular ordered semigroup and («,S) a soft right
ideal over U. Then (ao «, S) = (a, S)

Proof. Let (a, S) be a soft right ideal over U. By prop. we have (aoa, S) €
(vo0b,S) € (a,5). Now let x € S. : Since S is regular, there exists a € S
such that (za,x) € A, 7é ¢. Thus for all (y, z) € Ay,

(aoa)(z)= |J {aly)na(=)} 2 {aly)nal2)}.

(y,2)€EAL
Since (za,x) € A, and («, S) is a soft right ideal over U, then (oo «a)(z) D
a(za) Na(x) O a(zx), that is (e o a, S) 3 (o, 5).
0J

Proposition 3.3. Let ¢ # A C S. Then A is an ideal of S if and only if
(xa,S) is a soft ideal over U.

Proof. Let A be an ideal of S, then item(1) of definition 2.5 is satisfied
for (xa,S) by Theorem 7 in [15]. For z,y € S such that = < y, we have
Xa(y) 2 xa(). In fact, if y ¢ A then xa(y) = ¢ and xa(z) 2 xa(y) = ¢. If
y € A then xa(y) = U. Since A is an ideal of S and S > = < y, then z € A,
so xa(x) = U. Conversely, assume that (x4,95) is a soft ideal over U, then
SA C A and AS C A by Theorem 7 in [15]. Let y € A,S 3 x < y, then
xa(z) 2 xa(y). Thus xa(z) = U, and so x € A.

O

Lemma 3.1. Assume (S,.,<) is an ordered groupoid, (a,S) is a soft right
ideal and (3,S) is a soft left ideal over U, then (a0 3,S) € (am f3,.5).

Proof. Let x € S. If A, = ¢, then (a0 f)(z) = ¢ C (amf)(x). In case
A, # ¢, we have
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(o B)(@) =Uymea, {aly)NB()}
Since (a, S) is a soft right ideal over U and = < yz then a(x) 2 a(yz) 2
a(y) 2 a(y) N B(z) for every (y,z) € A,. Hence

)2 U {aw)nBz)} = (aop)().
(y,2)€EA:
Similarly, we get
> U {a)nBz)} = (aop)(a).
(y,2)EAL
So we have (ao f)(x) C (am B)(x).
0
The following example shows that the inclusion (am 3,S5) € (a0 ,S5) in

the lemma above does not hold in general.

Example 3.1. Let S = {0,a,b,c} be the ordered semigroup defined by the
multiplication and the order below:
*

0 a b ¢
010 0 0 0
al0 0 0 0
b0 0 a 0
cl0 0 a a

= {<070)7 (aa a)a (b7 b)? (Ca C)v (Ca 0)}

Let (o, S) be a soft set over U ={1,2,3,4,5,6} defined as follows:

U7 Zf{E :O;
OCSHP(U), T — {7 76}7 Zfl‘ a,
{276}7 Zf.il: :b7
{2}7 Zfﬂ? = C.

Then (a, S) is a soft ideal over U. It is easy to check that (cvoar)(z) C (
for every x € S. But the converse is not true because (™ a)(b) =

¢ = (aoa)(b).

Theorem 3.2. If (S,.,<) is a reqular ordered semigroup, then
(€08,9) = (an ,5)

for every soft right ideal (cv,S) and every soft left ideal (3,S) over U.

Proof. By lemma 3.1, we have (a0 3,5) € (amf3,S). Let z € S. Since
S is regular then there exists a € S such that z < zax. Then (za,x) €
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A, # ¢. Since (a,S) is a soft right ideal over U then a(za) O «a(z). Hence
a(x) N p(z) € a(xa) N B(x). This implies that

(amB)(x) =alx)Npx) Ca(@a)npz) € | {aly)NB(2)} = (a0 p) ().
(y,2)€Ax
Therefore, we get (am 3,5) € (a0 j3,5).
O]

Now, we give a soft characterization of regular ordered semigroups in terms
of soft right(left) ideals over U.

Theorem 3.3. An ordered semigroup (5, ., <) is reqular if and only if
(3.1) (@0 fB,5)=(amp,s)
for every soft right ideal (cv,S) and every soft left ideal (3,5) over U,

Proof. Assume that (S, ., <) is regular. Then (a0 3,5) = (am 3,S5) by
Theorem 3.2. Suppose (1) is verified for every soft right ideal and every soft
left ideal over U. For every xinS there exists a € S such that x < xax and so
S is regular. Indeed, since R, is a right ideal of S, x g, is a soft right ideal over
U by Proposition 3.3. Also xr, is a soft left ideal over U. Since x € R, N L,
then

(Xr, © X2,)(2) = (X&, M XL ) (%) = X8, (¥) O XL, (¥) = U.
This means that there exists at least an element (y,z) € A, where xg,(y) N
Xr.(2) = U. As a result, we have xg,(y) =U =y € R, and x,(2) =U =
z € R,. Thus y = xa,z = bx for some a,b € S. Then z < yz = (za)(bzx) =
x(ab)x. Therefore, S is regular.

O

4. A CHARACTERIZATION OF S BY SOFT QUASI IDEALS

The main goal in this section is to show that (S, ., <) is regular if and only
if the soft right and the soft left ideals over U are idempotent and for each soft
right and left ideals («, S) and (3, S) respectively over U, the soft set (a0 3, 5)
is a soft quasi-ideal over U.

Proposition 4.1. Let S be an ordered semigroup, A, B C S. Then

(1) AC B iff (xa,5) € (x5,95),
(2) A= B iff (xa,5) = (x5, 9),

Proof. Straightforward.
O

Proposition 4.2. Let S be a groupoid and {A; : i € I} a family of subsets of
S. Then we have (xn,_, 4;,S) = Mier(xa,,S)
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Proof. 'We need to prove that xn,_, a,(z) = (e xa,(x) for all z € S.
If 2 € (e; Ai, then xn,_, 4,(z) = U. Since x € A; for each i € I, then
Xa;(z) = U, and so [;c; xa,(z) = U. Now consider the case = ¢ (,.; 4,
it follows that xn,_, 4,(z) = ¢. Since x ¢ A; for all i € I, then x4,(z) = ¢,
consequently (,c; x4,(z) = ¢.

0

Proposition 4.3. Let (S,.,<) be an ordered semigroup, A,B C S. Then
(xa©0xB,5) = (x@n),5)-

Proof. we only need to prove that (x4 o x5)(z) = x(ans)(z). Let x € (AB],
then z < ab for some a € A and b € B. Hence (a,b) € A, # ¢. Thus

(xa o xa)( U Ixay) N xs(2)} 2 xala) N xp(b) =U
(y,2)€EAL
Therefore, we have (x4 o xg)(z) = xp(z) = U. Suppose z ¢ (AB], then
xp(x) = ¢. If A, = ¢, then (xa 0o xB)(x) = ¢ = xn/(x). However, if
A, # ¢ then
(x40 xB)( U {xaly) Nxp(2)}-
(y,2)€Az

We claim that x4(y) Nxp(z) = ¢ for all (y,z) € A,. Indeed, since (y, z) € A,,
we have < yz. Because x € (AB], theny ¢ Aorz ¢ B. Ify ¢ A, XA( ) = o,
and so xa(y) N xB(z) = ¢. In addition, we get the same result in the case of
z ¢ B. Therefore, we conclude that x4(y) N x5(z) = ¢ for all (y, z) € A,.

O

Theorem 4.1. Let (S,.,<) be an ordered semigroup, then Q@ C S is a quasi-
ideal of S if and only if (xq,S) is a soft quasi-ideal over U.

Proof. Let @) be a quasi-ideal of S, then (xq,S) is a soft quasi-ideal over U
because

(X@©o0,5)m(0oxq,S) = (xqoxs,5) M(xsoxq:S)

X(@s):S) M (X(sq): S)

(X@sinesa: S)

(Xq:5)

Moreover, for z,y € S such that z < y, we have x¢o(y) 2 xg(x). In fact, if

y ¢ Q then xq(y) = ¢ and xq(z) 2 xq(y) = ¢. If y € Q, then xq(y) = U.
Since @ is a quasi-ideal of S and S 3 x <y, then x € @, so xg(x) = U. Thus
xo(x) 2 xq(y). Conversely, assume that (xg,S) is a soft Quasi-ideal over U,
then (xqof, S)M(foxq, S) € (xq@,S5) = (xgoxs, S)M(xsoxq,; S) € (xq,S). By
proposition 4.2, we have (x(gs),S) M (x(sq:S) € (x0,5) = (X©@snsq);S) €
(xg,S). By Proposition 4.1, we get (SQ]N(QS] C Q. Let y € Q,5 3z <y,

(Xe
= (
=
& (
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then xg(x) 2 xo(y) = U. Thus xg(z) = U, and so x € ). This completes
the proof.

OJ

Proposition 4.4. Let S be an ordered groupoid. A soft right (left) ideal (v, S)
over U is idempotent if and only if (o, S) € (o, S).

Proof. Suppose («,S) is idempotent, that is, (a,5) = (@ o a,S). Then
(a,S) € (aoa,S). Conversely, let (a, 5) € (a0, S). Since («,5) € (o, 5)
and (o, 5) € (6,95), then (a0, 5) € (a00,S) € (o, S), by proposition 2.1.
Thus (o, S) = (a0 a, 5).

0

Theorem 4.2. [5] Let (S, .,<) be an ordered semigroup. A soft set (a,S) is
a soft quasi-ideal over U if and only if there exist a soft right ideal (5,S) and
a soft left ideal (v, S) over U such that (e, S) = (6 M~,S).

By theorem 4.2 and theorem 3.3, we have the following result.

Theorem 4.3. Let (S, ., <) be a reqular ordered semigroup, (o, S) a soft right
ideal over U and (,S) a soft left ideal over U. Then (oo (5,S) is a soft
quasi-ideal over U.

Finally, we give another soft characterization of regular ordered semigroups.

Theorem 4.4. Let (S, ., <) be an ordered semigroup, then S is reqular if and
only if the soft right and the soft left ideals over U are idempotent and for
each soft right ideal (v, S) and each soft left ideal (3,S) over U, the soft set
(o f3,S) is a soft quasi-ideal over U.

Proof. (=) This direction comes directly from theorem 3.2 and theorem 4.3.
(<) Directly from theorem 4.2 and theorem 3.3.

O
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