Pure Mathematical Sciences, Vol. 10, 2021, no. 1, 57 - 66
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988 /pms.2021.91277

Hypernormal Matrices
Bob Roohparvar

Batteroo, 2075 De La Cruz Suite 205
Santa Clara CA 95050, USA

Farzan Roohparvar

Department of Computer Science
California State University, East Bay
Hayward, CA 94542, USA

Massoud Malek

Department of Mathematics
California State University, East Bay
Hayward, CA 94542, USA

This article is distributed under the Creative Commons by-nc-nd Attribution License.
Copyright (C) 2021 Hikari Ltd.

Abstract

An n x n real matrix A is hypernormalif AP At = AP A, for all
permutation matrices P. We shall explain how to construct hypernor-
mal matrices.

Keywords: Hypernormal, permutation, doubly stochastic, normal, sym-
metric, skew-symmetric, mmhermitian,and ske-hermitian matrices. The Eu-
clidean norm of a vector and a matrix. Birkhoff’s theorem. Eigenvalues and
eigenvectors. The trace of a matrix.

Introduction

The set of all n x n real matrices is denoted by M, (R ). In all that fol-
lows, we assume that the matrix A € M, (R). The zero column vector and
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zero matrix are denoted by 6 and 7, respectively. A permutation matrix P
is obtained from the identity matrix I, by interchanging some of its rows or
columns. We denote the set of all n x n permutation matrices by P,,. The
fact that there are n! permutation matrices in M,(R), we conclude that
P, is a subspace of M, (R) of dimension n! of M,(R).

A matrix A is said to be normal, if A A" = A* A. It is also characterized by
the fact that both A and A? share the same eigenvectors, i.e., if Av = Av,
then A*v = Av. The spectral theorem states that a matrix is normal if and
only if it is unitarily similar to a diagonal matrix. This implies that a non-
symmetric normal matrix has complex eigenvalues.

The matrix A is called hypernormal, if AP A* = A'P A for all permuta-
tion matrices P . Since the identity matrix [,, is a permutation matrix, we
conclude that hypernormal matrices are normal. Clearly any symmetric or
skew-symmetric matrix is hypernormal.

For any matrix A € M,(R) we define the following subspace of M, (R) :
H,(A)={X e M,(R) : AXA'=A'XA}.

If A is hypernormal, then P,, is a subspace of H,(A ) and if A is symmetric
or skew-symmetric, then H,(A )= M,(R).

A complex matrix H is said to be hermitian if it is equal to its conjugate
transpose, i.e., H* = H . The diagonal entries of hermitian matrices are all
real .

The trace of A is the sum of its diagonal entries and is denoted by tr(A). It
is well known that the trace of A equals the sum of all its eigenvalues. The
sum of all the entries of the matrix A = (a;;) is denoted by o (A).

2:|Uz‘|2
1/2 '
ZI%-IZ] =V tr(4AY).
i

1
Let e, = (1,1,...,1)! and define the matrix J, = —e, e’,. The matrix A
n

with non-negative entries is said to be doubly stochastic, if Ae, = Ate, =e¢,.

1/2

The Euclidean norm of a vector v = (v1,v9,...,v,)"is [|v]] =

The Euclidean norm A = (a;;) is || A|| =

The set of all n x n doubly stochastic matrices is denoted by €2, .

In [1] Birkhoff proved that every doubly stochastic matrix is a convex combi-
nation of permutation matrices. This means that they are linear combinations
of permutation matrices, where the scalar coefficients are non-negative and
their sums equal one.
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A matrix A € M, (R) is said to be a generalized doubly stochastic matrix, if

Ae, = Ale, or AJ,=J,A.

~

The set of all n x n generalized doubly stochastic matrices is denoted by £2,, .
This set can be partitioned into

Qu(s)={SeM,:SJ,=J,S=sJ,}.

Let B = (by;) € Q,(s), with by = min{b,;}. If by > 0, then the ma-
nlag|J, + B

1
trix C' = — B is doubly stochastic; otherwise, the matrix B =
s nlag|+s

is doubly stochastic.

Hence by Birkhoft’s theorem C' is a convex combination of permutation matri-
ces. Since Jj is doubly dtochastic, we conclude that B is a linear combination
of permutation matrixes. Thus if A is hypernermal, then 2, C H,(A).

Results

Note that the matrix S=A—o0(A)J, is skew-symmetric if and only if
A+ At=20(A)J,.

Theorem 1. If A is a non-symmetric hypernormal matriz, then S = A —
o (A)J, is skew-symmetric.

Proof. If A is skew-symmetric, then 0 (A) = 0. Hence S = A is skew-
symmetric.

Suppose now that A is not skew-symmetric. Let A = a+bi be a complex
eigenvalue of A.
Define the hermitian matrix

1 ¢ v o4 (a+bi) o, (a—bi)  a, .
with

J(BA):%J(At—A)Jro(AtnLA):0+J(At+A):2a(A).

Let v = (v1, v, ..., v,)" be an eigenvector of A, corresponding to the
complex eigenvalue N\ = a + bi. From the equality A'PA = AP A, we
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conclude that

biByPv=(AA"-XA)Pv=(A'"P)(Av) — (AP)(\v) =
A'P(Av) — AP (A)=(A'PA—-—APAYv=Zv=4.

This implies that for any permutation matrix P, the vectors Pv and w =
v — Puv are eigenvectors of the matrix B, corresponding to the eigenvalue
Zero.

For i # j, define the permutation matrix F;;, obtain from interchanging the
t and j rows of the identity matrix I,, .

Clearly all the components of the complex eigenvectors v cannot be the same,
thus for some i # j, the eigenvector w = v — P, ;v of B, associated to
its zero eigenvalue has exactly two nonzero components w; = — w,. For any
permutation matrix P, the vector Pw is also an eigenvector of B) associated
with its zero eigenvalue. Hence all the columns of the hermitian matrix B)
are equal. Since the diagonal entries of hermitian matrices are real; it follows
that A must be real. Thus By = A"+ A =20 (A)J, and a = 0, which
makes S = A—o (A) J, skew-symmetric and the complex eigenvalue A pure
imaginary. ]
Next we obtain some equivalent conditions, whenever the matrix
S=A—-0(A)J, is skew-symmetric.

Theorem 2. Suppose o (A) # 0 but the matriz S =A— o (A)J, is skew-
symmetric. Then the following conditions are equivalent:

(i) A is normal;

(i) AeQ,;

(iii) Q, C H, (A);

(iv) A is hypernormal.

Proof. If A is normal, then since S is skew-symmetric
(ie., A+ A'=20(A)J, ), we have
20(A)AJ,=A(20(A)J,) =A(A+AY) = (A+AYA=(20(A)J,) A=
20(A)J,A.
The fact that o (A) # 0 implies that A € Q.
If Ac ﬁn, then since both A and o (A)J, are members of Qn, we
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conclude that S € ﬁn. Now, for all X € Q,,, we have

AXA'=(S+a(A)J)X(S+a(A)],)!
= SXS—0(A)J.XS+0(A)SX Jp+0(A)>T,X ]y
=-SXS+0(A)*],;
A'XA=(S+0(A)J)'X(S+o(A)J,)
=-SXS—0(A)SXJ,+0(A)J, XS+0c(A)PT,XJ,
=-SXS+o(A)?J,.

Thus AXA'=A'X A.

If (4ii) holds, then (iv) follows from the fact that any permutation matrix is
doubly stochastic.

If (iv) holds, then (i) follows from the fact that any hypernormal matrix is
normal. -
Note that, if A € Qn, then S € ﬁn;

Combining the results of Theorem 1 and Theorem 2, we obtain the following
result :

Corollary 1. If A is a non-symmetric hypernormal matrix with o (A) #0,
then A € Q,,.

Corollary 2. A hypernormal matrix A is either symmetric or has at most
one nonzero real eigenvalues.

Proof. Suppose A is not symmetric, then by Theorem 1, the matrix
S=A—-0(A)J, isskew-symmetric, therefore all its nonzero eigenvalues are
pure imaginary. If A is not skew-symmetric, then by Theorem 2, A € (AZn.
This implies that A and A — A\y.J,, can be simultaneously diagonalized by
the same unitary matrix. Therefore any eigenvalue \; # o (A) of A is also
an eigenvalue of the skew-symmetric matrix S with nonzero pure imaginary
eigenvalues. -
Remark 1. Since the rank of a normal matrix is the number of its nonzero
eigenvalues, then according to Corollary 2, a hypernormal matrix of even rank
is either symmetric or skew-symmetric. Also, according to the previous results,
if A= (a;;)is an x n non-symmetric hypernormal matrix, then for all
k=1,--- ,n, wehave Ay, =20 (A), and tr (A) =n.

Corollary 3. If a normal matrix A is hypernormal, then A? is symmetric.
Proof. If A € H, is not symmetric, then by Theorem 2, A+ A' = 2\gJ,,.
Hence

A2 = (20 (A)J, — AN =40 (A)J, — 40 (A)J, + (A")? = (A"
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0 —1 0
Remark 3. Consider the non-symmetric normal matrix A =1 0 0
0 0 1

010
and the permutation matrix P = |0 0 1. Although A with a unique
1 00

nonzero real eigenvalue is the direct sum of two hypernormal matrices, and

A? is symmetric, but A1y = a9 # asz, 1 =trA# o (A) = %, and

0 0 -1 0 0 1
APA*=[-1 0 0 ]| #|-1 0 0| =A'PA
0 1 O 0 -1 0

According to Corollary 1, The only hypernormal matrices of order n < 2 are
either symmetric or skew-symmetric. In the next theorem and its corollaries we
study the set H,,(A), where A is a non-symmetric and non-skew-symmetric
hypernormal matrix of order grater than or equal to three.
Theorem 3. Let A be n x n hypernormal matrix where n > 3, 0 (A) # 0
and the matrix S = A — o (A)J, is skew-symmetric. Then

H,(A)={X : X, X" Z,9) }.
Proof. For any X € M, (IR), we have

AXA'=(S+0(A)T)(S+0o(A)],)"
=-8XS —0c(A)J, XS+ (A)SXJ,+0c (AT, XJ,
and A'XA=(S+c(A)J,)'X(S+a(A)J,)
=-SXS -0 (A)SXJ,+0(A), XS +0(A)PT, X,

Thus AXA! = A'X A if and only if J, XS = SXJ,,.
By Theorem 1 (v), S € ©,(0), so if J,XS = SX.J,, then
I XS =J,J, XS =J,5XJ, =72 =5XJ,. Hence
AXA'= A'X A, if and only if XS and SX are both in €,,(0).
Notice that X and X* are in Z,(S5), if and only if,
SXJ,=Z7and (J,XS)"'=-S(X"J,) =2

This clearly completes the proof. -
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Corollary 4. Let A be the matrix defined in Theorem 3. Then
rank S =n — 1 if and only if H,(A) = Q,.

Proof. Since J,, € Z,(5), the proof then follows from Theorem 3 and the
fact that the rank of a skew-symmetric matrix is the number of its nonzer
eigenvalues. -
Remark 3. According to this corollary, H3(A) = Q. Also if n is even, then
Q,, is strictly contained in H n(A).

Corollary 5. For any integer n > 3,

(] Ha(A

AcH,

Proof. Let S = P,— P/, where P,, = (p;;) is the full cycle permutation matrix
(i.e., 1 = pp1 = piiy1, for i =1,n —1). Then S € ¥'N ﬁn(()) and according
to Theorem 1, for any real A, the matrix A = S + A\.J,, is hypernormal. Let
X € M,(IR), such that X, X* € Z,(S)

(ie., SXJ,=(P—-PYXJ,=Zand SX'J,=(P—-PHX'J,=2).

This implies that X & ﬁn We conclude the proof by using Theorem 3. -
In the remaining part of this paper we use norms to characterize hypernormal
matrices.

Lemma 1. Let A€ M, (R), then A is symmetric (skew-symmetric) if and
only if ||A|]*> =tr A% (||A]]> = —tr A?).

Proof. Let A\, = a +iby, k =1,--- ,n, be the eigenvalues of the matrix A.
The Schur triangularization theorem states that there exists a unitary matrix
U such that U*AU = T is upper triangular and has the form

A otig ot
T 0 X
0 ........ )\.n
Note that
AP = 1T =D Il 4+ Y gl = Z (af +07) + Y [l
k=1 ij j>i ij >

Since all non-real eigenvalues of a real matrix come in conjugate pairs, it follows
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that

tr A* = Z A} = Z — by, + 2a,byi) = (az —b7) -
k=1 k=1

Now if ||A||* = |tr A?|, then every T} is zero; this way T becomes a diagonal

matrix and
n

> (ar +b7) = |§m: r—07) |

k=1 k=1

If ||A]]> = tr A% ( ||A]|*> = —tr A% ), then all the by’s ( a;’s) must be zero;
thus A is symmetric (skew-symmetric). The converse is obvious. -
Theorem 4. For any positive integer n ,

={AcM,(R) : ||[A—0c(A)J,|*=|tr A2 —0(A)*}.

Proof. Since tr (B+C) =tr B+tr C', tr(J,) =1, and

tr (AJ,) = tr (J,A) = % (Z (Z%)) = %(no(A)) —0(A),

j=1 \i=1
we have

tr (A—o (A)J,)? = tr (A*—~0 (A)AJ,—0 (A)J, A+c (A)2],) =tr A2—0 (A)%
Thus according to Lemma 1,

|A— o (A)J,|]> = tr A> = \}| ifandonlyif S=A—0(A)J, €N, UY.

The result then follows from Theorem 2 and the fact that the matrix S =
A—o(A)J, is symmetric if and only if A is symmetric. -
Our last result concerns nonskew-symmetric hypernormal matrices.
Corollary 6. Let A€ M,(R) with Ae, =e,. Then A is hypernormal if
and only if [|A — J,||* = |tr A% —1].

Proof. If A is hypernormal, then A is normal. Hence Ae, = Ale, = ¢,
ic., A€ Q,(1). Theorem 4 then implies that ||A — J,[|* = [trA2 — 1]
Conversely, if ||A — J,||* = |tr A> — 1], then by Lemma 1, A — J,, is either
symmetric or skew-symmetric; in both cases A becomes normal. Thus A €
Q,,(1) and by Theorem 4, A is hypernormal. .
We conclude this paper by constructing a hypernormal matrix A ¢ ¥, U’ .
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0 4 -1 -3
-4 0 3 1

— A0 :
Let S = . -3 0 9]¢ ¥ N Q,(0). Then the matrix
3 -1 =2 0
1 0 -2
3 1 4 2
A=5+4J, = 9 1 3
4 0 -1 1

is hypernormal with o (A) = tr A =4, ap, =1 = L0 (4), k = 1,2,3,4,
A + At =20 (A)J4,

—-22 10 22 6
10 =22 6 22
22 6 —-10 -2
6 22 -2 -10

trA? —o(A)? =tr —16 = —64 — 16 = —80,

and o (A) J4||? = ||S]|* = 80. It is not difficult to show that the matrix

11 1 O
1 0 1 -1

X = 111 1 |E€ H,(A).
-1 0 -1 2

According to Remark 2, A is singular. Observe that A% is symmetric.
It is important that we choose the skew-symmetric S in ©,,(0). Consider for

0 -3 1
example, the matrix S = | 3 0 —2| € ¥ which is not a member of
-1 2 0
Q,,(0).
1 -2 2
Notice that A = S+3J;3 = |4 1 —1] is not in Qn, and therefore is
0 3 1

not hypernormal. However, we have tr (A )

1=30(A), A+ A" =20(A)Js,

o(A) =3, a;1 = axp = azz =

-7 2 6
tr A>—oc(A?=tr [ 8 —10 6 | -9=-19—-9=-28,
12 6 -2
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and ||A — o (A)J3]|* = 28. Observe that A? is not symmetric.
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