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Abstract

The star-like finite semigroup aw; is a new classical transformation
semigroup. This current paper standardize the co-existence relations of
some operator algebras and transformation semigroup. The multiplica-
tive invertibility characterization of cyclicpoid transformation CyPw;,
on this new class of transformation semigroup establishes a major link
between the group theory and semigroup theory together with func-
tional analysis theory.
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1 Introduction

Given any bijective partial star-like transformation o) of n having the set
{1,2,...n} both as its domain and codomain, its cardinality is n!. So for any

LCorresponding author



46 Sulaiman Awwal Akinwunmi et al.

integer ¢ € {1,2,...n} there exists exactly one integer j € {1,2,...n} for
which af(j) = i. The determinant function of a star-like matrix space is a
unique partial rule, | - | : MY, (F") — F™ that is linear in the rows of the
matrix, we observe that its zero when the matrix space is not invertible, and
such that || = 1 then:

n

det(af) = Z (a)ay, af(D)ag, o (2)as . .., af (n)ay, (1)

ar€Cy Puwy,
Any finite cyclicpoid partial transformation C,Pwy; is said to be star-like if
| ki — wi] < [a ki — wil (2)

for all w; € D(a*) and k; € I(a*) such that

_ w1 wao .. W;
Cwan N ( Oé*k'l Oé*kg Ce Oé*k'i ) <3)

where ¢ € NU {0} € R where ) is assume to be zero for all o* in C,Pw?
Factorization of assertion about the relationships that exist between metric
spaces, normed linear spaces, and inner product spaces was made by [5]. In
the study of [7] they shown that w — OCP, € M,,(N) is differentiable such
that T'(t) is an exponentially bounded one parameter semigroup generated by
matrix M, (N) for some A € w — OCP,. Matrix factorization was used by [3]
to characterize invertible matrices. The Hannming distance function was used
by [1] to show that a mapping is a linear transformation in semigoup such that
any transformation semigroup is metricizable. Thus, this paper establishes
that any given star-like transformation is invertible and it is a cyclicipoid. For
the fact that in linear algebra the expression of a matrix as the product is a
general method for solving system of equations, we characterize multiplicative
invertibility on C,Pw}. We refer to [4] and [2] for a general introduction to
semigroup theory. Also, for introductory functional analysis with application
to algebra we refer to [6], [8] and [9]

2 Preliminary Notes

We give some basic preliminaries that we shall need in the later section:

Definition 1: Star-like Semigroup. Let X, = {1,2,3,...} be finite n
order non-negative integers, then a finite semigroup is said to be star-like if
la*k; — w1 | < |a*kir1—w;| such that NU{0} € R for all k;, w; € aw] then aw?
must satisfies the following axiomatic properties: (i) Oa* = 0 (positivity), (i)
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a*e* = e*a* (identity), (iii) a(k+w)* = ak*+aw* for all w € D(a*)(linearity),
(iv) g ™(B*) = o, for all o*, 8* € aw}, (v) f(a*) < I(a¥), for all o* € aw}:
Definition 2: Star-like Partial Monogenic Invertible Semigroup. Given
any star-like finite semigroup aw; is a partial monogenic invertible Cy Pw}, if
there exist a star-like generator 8* € aw;:

ﬁq* . {Oéil* — 571* i Oéil* — ﬁil*@il*ﬂil*;&*,ﬁ* c Cypw:;}

where NU {0} € R and 0 is assume to be zero such that C,Pw} satisfies the
following axiomatic properties: (i) 037 = 0 (positivity), (ii) if 87 = 0, o™ =
a* then o= = f~!* (Nildempotency), (iii) g~'*(8*) = a*, then g~ *(a*) = *,
for all a*, B* € C,Pw?, (iv) B+w* = gk 4 gw* for all w € D(B*)(linearity),
(v) fla¥) < I(B*), for all o*, * € C,Pw;

Definition 3: Cyclicpoid. A cyclicpoid is a set Gy, in €, Pw;, with a unary
operation (71) : G, — G, and a star-like partial function (-) : Gy, x G¥, —
G, that satisfy the following axiomatic properties for all a*, *,7* € C}, Pwy,:
(i) If a* - §* and p* - v* are defined, then (a* - 8*) - v* and a* - (5* - v*) are
defined and are equal, (ii) o= -a* and o* - a~!* are defined for any 8* in aw},
(iii) if o* - B* is defined then a* - 3*371* = a* and a™1* - o* - 8* = 8*. From
these axioms (i - iii), if 5* is a generator such that 5* € C, Pw}, two easy and
convenient properties follows: (iv) If 3™ = gP* = m = p ; (B71)71 = B,
(v) 3m # p: ™ = BP* where o* - * is defined then (a* - %)~ = g=1* . q71*

3 Main Results

Theorem 1: For any given star-like transformation o* € C), Pw;; the following
axiomatic must hold: (i) Oa* = 0 for all o*,0 € C, Pw;, (ii) if ea* = a*e = o*
then g~ (o) = %, (iil) o*f* = ay* = f*y* for all o*, B*,7* € O, Pw?, (iv) if
a*f* = f*a*, then there exist ¢ € R : o*f* = c(a* +~*) for all o, 5*,v* € V*

Proof: Let a* = (wl P wn>75*: (wl " wn),and
bk o K @ @
r)/*: wy wy ... Wy fOI' au 06*7/8*,7*60wa:7,
Lol ... L,

(i) it is obvious for any star-like transformation semigroup: o*f* € C,Pw;
then Oa* = 0 for all *CyPw} in NU{0} € R
(ii) suppose ea* = a*e = o* then g '(a*) = B*, since C,Pw} is a monoid
star-like abelian semigroup with ) in NU {0} € R then ea* = o* or a*e = o*
for all a*, e € C,Pw; there exist at most one identity e € C, Pw;, such that
' =e<= [ra*=e

< B* = a7 Thus, g7'(a*) = 3*
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(iii) if o** = a*y* = f* = +* and

fra* = y'a* = B* = for all o*, f*,7v* € CyPw;.

Indeed o*B* = a*y* = a ¥ (a*B*) = ™ (a*y*)

implies (o *a*)B* = (o™ a* )y = eff* =ey* = 3" =7"

similarly, f*a* = y*a* = * = * for all o*, 8*,v* € C,Pw;, then, f*a* =
Vot = 6*&*(0471*) _ y*oz*(ofl*) implies /B*(oz*ofl*) _ ,Y*(a*afl*) —
B*e = vy*e. Therefore, a*f* = a**

(iv) suppose a* 5* = *a*, there exist real number ¢ € Ric(a*+7*) = ca*+cvy*.

We consider some elements a* = ( 1 3 ), b = ( ; g ) then by definition

1
(1) we have a*3* = f*a* = ( 5 ; ) hence, for any ¢ € R : o** € C,Pw},
. : 1 2
in NU {0} € R there exist 7* = ( L0 ) such that

1 2 1 2 1 2 1 2 1 2
() (1 a)) = 2)) e 0 )= (4 3)
now, we see that c(a* 4+ ~*) = g*a* (if ¢ = 1 = D(a*orvy*)) which gives linear
combination in CyPw;

Theorem 2: Let m be the index and p the period of an element 5* € C,Pwy,,
then Kg. = {gm*, gm+D" gm+2)"  glntp=1"1 if and only if 5* € C,Pw} is
cyclicpoid (Cy,Pw;; contain a subsemigroup that is a group) and C,Pw} is a
star-like semigroup.

Proof

—> we need to show that:

(i) Kp- is closed under operation in C,Pw;

(i) K~ has unique identity

(iii) For any element of Kpg-, there exist its inverse for which their product is
also in Kg-. By definition (3), we see that there exists a star-like monogenic
semigroup of every |Kg-| = p (period) and ™ = % (index) of Kg«. Indeed

lets consider the element:

g = 1 2 3 ... m m+1 ... m4+p—1 ... m+p (4)
234 ... m+1 m+2 ... m—+p oo om+1

m,p

with a rule 7,4, : m + p — m + p which take from a m + p element into
itself, for some positive integers m,p. The second row in equation (4) tells
us what is ascribed to the element above it. The element S* generates the
star-like Cy Pw;, monogenic semigroup of index m and period p such that 3* is
cyclicpoid. So let see what it looks like for m = 7 and p = 14:

" N 1 2 3
’CyPW3|:ﬁ7,14:<3 3 @)
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The diagraph of 5* looks like this:

N
17

‘E

1::

“2.

° » ﬂ*.s'
B _39 ﬁ-w Euﬁ-tz B ﬁ‘-"\

Ji \ ﬂﬂ

ﬁts
Figure 1: star-like monogenic order of small n(C,Pwj)

The cycle in the diagraph of Figure (1) is the representation of the cyclicpoid
generated by a certain elements one of {314*, g15* p16* gl7x g8« 310« 320« 3211
Now, suppose there exist an identity element e € Pw;, : C,Pw;, C Pw; which
idempotent (that is e? = ¢) for all e € Pw?. We consider:

(ﬁ7+k)2 — ﬁ7+k (5)

for k € {0,1,2,...7}. Wesee from Figure (1) that equation (5) is equivalent to:
207+k)=T+k mod 8 = k= —Tmod 8 so k = 7 and we get that §777 = g1
represent the idempotent sets in C, Pw;, which is the only idempotent contained
in the cycle. It is now a matter of a simple check to see that it is indeed
an identity element in {314*, 1%, g16% g17x 18+« 310« 20+ 321x1  We need to
show that for every k € {0,1,2,...7}, thereis [ € {0,1,2,...7} such that

67+k . 57+l — 614 (6)

Again, we see that equation (6) is equivalent to: 7+ k+7+1= 14mod 8 =
= —k mod 8. We have shown that K- is a subsemigroup of C, Pw;, which is

a group. But we need to show also, that K- is monogenic (Cychc) by which

we find a generator g € {0, 1,2,...7} such that for any k£ € {0,1,2,...7} there

exists [ € {0,1,2,...7} : (B7M9)! = BT then I(T+g) = 7+ k mod 8 =

7+ g=1mod8

Which is obviously exists in the set {g4* g15* p16* giT« gls« gl 320« g2lx}

Thus, K- is cyclicpoid

Conversely, <=

since CyPw; is a subsemigroup of Pw; then by theorem (1) we have that

CyPwy is a star-like semigroup. Therefore, U, Pw; is a cyclicpoid star-like

partial transformation semigroup.

Proposition 3: If o is an invertible star-like matrix space, th_(gn the linear

* Iy : : : - —1%
system a* 2 = p has a unique solution given by z = « b
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Proof
To establish the existence of the solution, we consider;

1k T — —

b)) = (@a™b =Ib = b

a*(a

%
So a™* p is a solution. We see that for any solution w:

- ];175 = (04*04_1*)1_5 = 04_1*(04* 1_5)
o *  —1x* -
=(a"a"") b

Lemma 4: Let CyPw; be star-like cyclicpoid invertible semigroup, such that
mof V* € C,Pw}(n, F), then det(m) # 0 if and only if m is star-like invertible
matrix space.

Proof

Suppose m is a star-like invertible matrix space, Let of, a3, a3, ... in m are
sub star-like vectors then,

- AT
*
maoj
*
maosj
* _ * n
masg _Mnxn*(F)
B * * * * ] B b
Qpp Qg Qg3 Qp e 00 0
* * * *
(g1 Qrpp Qg Qop 0 e 0 0
* * * *
where m = | Q31 Q3 Q33 ... Qg |  [*= 0 0 e 0
* * * *
| ayy Qe Qpa .. Qg | 00 0 ... e

such that [m : I}] = [I} : m™!]., we transform m to a star-like triangular
matrix space to find det(m):

% * * * ]
G Qi Gz ... Qg
* * *
0 a3 a3 ... a3,
O O * * *
m = Qzg ... Oz, |, thus det(m) =of #0
*
. 0 0 0 ay, |
_ . T
maj
maos
— *
conversely, suppose [m : I¥] = [I} : m™!] then | maz # 0, we have
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-1 _ Adj(m)”
L
af; afy iy ... oaf, e 00 .00
ay ady abs ... oad, 20 e 0 ... 0
R = * * * * :
such that [m : I7] ay by iy ... oal, 00 e ... 0
* * * * .
| 0n Oy opz oo, 2 00 0 L e
. * * * *
e O 0 ... 0 . Oéll —Oé21 _a31 o .. —Oénl
N * * * *
O e 0 ... 0 . —0612 0622 —(,Y32 ... —O[n2
: : * Loy —17 — : * * * *
implies [1} : m™] 00 e ... 0 —aj; —a3; aby ... —ai,
: * * * *
000 ... e: —ap, —o0y —az ... o, |

Thus, m is star-like invertible.

Proposition 5:

Let o*, 8* € MY, .(F™), then o* - §* is invertible, if 5* is invertible
Proof

Suppose that 8* is not invertible, then the linear transformation Lg- : F"* —
F™, Lg(z) = p*z is then not invertible as the matrix space representation
of Lg- is not invertible. However, since it is a linear transformation and the
domain and co-domain of o* and * are each of the same finite dimensions,
its follows that Lg- is not injective and not surjective. As Lg« is not injective
there exists some z € F™ where Lg«(2) = "2 =0; z # 0, then if 5*z = 0 we
have

(@B a" - g7 = [(a”- ") '] - 0

implies z = 0 which is a contradiction. But by theorem (2) we deduced that
det(a* - B*) # 0 such that z € det(a* - f*) where det(a*) and det(S*) are non-
zero. If o*[B*(a* - %)~ = I (I} is a star-like unit vector)

then (a* -ﬁ*)flot* . ﬂ* — ]; —_— (a* .ﬁ*)fl*a*ﬁ* _671* — 571* — (CY* _B*>71*a*
if we multiply both sides by 8*, we get [8*(a* - 3*)"1]a* = I*.

Thus §* is invertible.

Lemma 6:

Let Pw; be a star-like partial semigroup, and let \* € Pw; be a partial star-
like bijective function, then A\* has at least one inverse.

Proof

suppose A* is a partial function, A* : R — R which we define as A\*(z) = 27.
If A*(2) = 2% is onto, then there exist some real value ¢ € NU {0} € R so that
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there is no other real value of z for equation (7):
AN (z)=2°=c¢ (7)
taking log, on both sides, we get
z = log, c (8)

since ¢ > 0, there is a real, defined value of z which contradict the condition
in equation (7). Thus \* is onto.

Now, we need to prove that \* is one-one.

Then, by contradiction principle we assume A\* many-one so that we consider

. . (123
AGPwn—<2 5 2)

such that we can take two real value z1, 2o € NU {0} € R where z; # 25 with
A (21) = A*(29) : 251 = 22 = 2s17% =1
=21 —22=0
= 21 = 22

since 21 = zo we see that our assumption is incorrect, thus A* is one-one. Con-
sequently, \* is a bijective partial star-like function since it is both one-one
and onto, then we can find the inverse, such that we take ¢ = A\*(z) and then
interchange z and ¢ to get z = 2¢ implies log,(z) = ¢. Therefore the inverse
function of A*(2) is A\*(z) = log, 2.
Theorem 7:
Given any of, 85 and v in My, .(F") matrix space, the following are equiv-
alent:
say) the matrix space o is star-like
say) the matrix space 35 is cyclicpoid
sas) the matrix space v; is star-like invertible
say) there is an (n x n)-matrix space 3} : 8 - aj = I}

)

)

)

)

sas) there is an (n X n)-matrix space v; : af -5 = I
sag) the matrix space a!* is star-like invertible

— —
say) for all p&€ F™, the linear system o Z=p has a unique solution

*

- . - 7. .
sag) for all p€ F™, the linear system o 2= is consistent

5
sag) the homogenous linear system o Z=0 has only one solution

sayg) the reduced row echelon form of any oj, 85 and 75 in M, .

(
(
(
(
(
(
(
(
(
(

(F™) is the
star-like identity matrix space I}

(saj1) the matrix space 37 is a product of cyclicpoid class
(saiz) the rank of the any matrix space oj, 87 and v; in M

s (F™) is
say3) the rows of any matrix space o, 5 and ~; in MY, .(F™) are linearly
% J Tk nxn
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independent

(sa14) the columns of any matrix space o}, 87 and v; in My, . (F™) are linearly
independent

(F™) span R"
(F™) span R"

(sa15) the rows of any matrix space o, 8 and 75 in M, .
(saig) the columns of any matrix space of, 35 and vy in M, .
Proof

say = say: if of € My,,.(F™) is star-like, then there exist 35 € My .(F"):
(8;)7 = By B = B, ifm =p and (o} - )71 = 8% oy s Bt = Y if
m#p

say <= say <= sag: if of € M}, .(F™) is invertible then the transformation

7 n
B =ay L
saz <= say <= say: if of € M}, .(F™) is invertible then the transformation
V=g

sa; <= sag: the of star-like invertible matrix space include
(; )7 = (¢T)7!; so the matrix space o is invertible if and only if matrix
T

space a;" is also invertible

say = say: suppose that o - 57 = I;

%
if we M. ..(F™) is a solution to o Z:b, then it follows that

— — — — -
w o= Ipjw =@ -af)w = Filejw) = fi(a] b)
= — —
say = sag: if afy; = I¥; then we see that o (v b) = (av;) b = b

X, (F™) is a solution to the linear system o Z=b

Sag <= sayy <= Sa;z <= says: since of € MY, . (F") is a square matrix

space, the characterizations of universal consistency of the augmented matrices

— —
so, the vector space v}, b€ M

establishes these equivalences.

sa; = Sag: since of € MY,  .(F™) is a cyclicpoid, then there exist a unique

nxn*
— —
solution in the spacial case p = 0
SGg <= Saj) <= Sa12 <= say3: since af € M, .(F™), then the characteri-

zations of a unique solution prove the equivalences.

sayg = saypi: this equivalence follows from the generalization of star-like
cyclicpoid classes as its both right and left multiplicative

say <= saz <= sa;: since every cyclicpoid Gy, (af) classes are star-like, and
invertible, the properties of invertible matrices space show that « is invertible.
sag <= say4: since we have already established that 'sag is equivalent to 'sals,
the transpose version also holds.

sag <= sayg <= sai: since we have already also established that ’'sa} equiv-
alent to ’sa);, the transpose version also holds. Alternatively, Figure (2) gives
the structural illustration of the proof (theorem 7) of the multiplicative in-
vertibility characterization of star-like cyclicpoid Cy Pw;; transformation semi-
groups:
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Figure 2: Multiplicative Invertibility Characterization of C,Pw;,

4 Concluding Remarks.

Remark 1:
If the hypothesis of periodicity is neglected then we can no longer guarantee
the existence of idempotent in any given star-like cyclicpoid semigroup.

Remark 2:

The characterization of invertible matrix space shows that any star-like trans-
X (FM) is invertible if and only if its reduced row
echelon form equals the star-like identity matrix space I;. Therefore if C, Pwy,
is a product of cyclicpoid class G, such that G%,(af) = I then G, (8;) = 8;

? J

: * * * 2 *
formation a7, 87 and 7; in M,
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