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Abstract

Let x = (xijk) be a triple sequence and M be a bounded Orlicz
Function. We prove that x is statistically pre-Cauchy if and only if

lim
m,n

1

m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)
= 0

This implies a theorem due to Connor, Fridy and Kline [13]. The result
herein proved are analogous to those by Vakeel A. Khan and Sabiha
Tabassum [22].
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1. Introduction

The concept of statistical convergence was first introduced by Fast[8]
and also independently by Buck[17] and Schoenberg[10] for real and com-
plex sequences. Further this concept was studied by Salat[20], Fridy[14], Con-
nor[12,13] and many others.

Statistical convergence is a generalization of the usual notation of conver-
gence that parallels the usual theory of convergence. A sequence x = (xi) is
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called statistically convergent to L if

lim
n

1

n
|i : |xi − L| ≥ ε, i ≤ n| = 0

and statistically pre-Cauchy if

lim
n

1

n2
|(j, i) : |xi − xj| ≥ ε, j, i ≤ n| = 0

for every ε > 0. Connor, Fridy and Kline[13] proved that statistical conver-
gent sequences are statistically pre-Cauchy and any bounded statistically pre-
Cauchy sequence with nowhere dense set of limit points is statistically conver-
gent. They also gave an example showing statistically pre-Cauchy sequences
are not necessarily statistically convergent.

A double sequence (xkl) is called statistically convergent to L if

lim
m,n→∞

1

mn
|(j, k) : |xjk − L| ≥ ε, j ≤ m, k ≤ n| = 0

where the vertical bars indicate the number of elements in the set[6].

Further a double sequence (xkl) is called statistically pre-Cauchy if for
every ε > 0 there exist p = p(ε) and q(ε) such that

lim
m,n→∞

1

m2n2
|(j, k) : |xjk − xpq| ≥ ε, j ≤ m, k ≤ n| = 0

An Orlicz Function is a function M : [0,∞)→ [0,∞) which is continuous,
nondecreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) →
∞, as x→∞[5,18].

If convexity of M is replaced by M(x+y) ≤M(x)+M(y), then it is called
a Modulus funtion(see Maddox [9]. An Orlicz function may be bounded or un-
bounded. For example, M(x) = xp(0 < p ≤ 1) is unbounded and M(x) = x

x+

is bounded.
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Lindesstrauss and Tzafriri [15] used the idea of Orlicz sequence space;

lM :=

{
x ∈ w :

∞∑
k=1

M(
|xk|
ρ

) <∞, for some ρ > 0

}
which is Banach space with the norm the norm

‖x‖M = inf

{
ρ > 0 :

∞∑
k=1

M(
|xk|
ρ

) ≤ 1

}
.

The space lM is closely related to the space lp, which is an Orlicz sequence
space with M(x) = xp for 1 ≤ p <∞.

An Orlicz function M satisfies the ∆2 − condition (M ∈ ∆2 for short )
if there exist constant k ≥ 2 and u0 > 0 such that

M(2u) ≤ KM(u)

whenever |u| ≤ u0.

Note that an Orlicz function satisfies the inequality

M(λx) ≤ λM(x) for all λ with 0 < λ < 1.

2. Results and Discussions

A triple sequence (real or complex) can be defined as a function X :
N×N×N → R(C) where N, R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequences was introduced and investigated at the initial stage by Sahiner
et. al. [2] and Sahiner and Tripathy [3] and others. Recently Savas and Esi
[7] have introduced statistical convergence of triple sequences on probabilistic
normed space. Later on, Esi [1] have introduced statistical convergence of
triple sequences in topological groups.

Definition 2.1[2] A triple sequence (xijk) is said to be convergent to L in
Pringsheims sense if for every ε > 0, there exist N(ε) ∈ N such that
|xijk − L| < ε whenever i ≥ N, j ≥ N, k ≥ N and write lim

i,j,k→∞
xijk = L

Remark 2.1 In contrast to the case for single sequences, a P-convergent triple
sequences need not be bounded.

Definition 2.2[2] A triple sequence (xijk) is said to be Cauchy sequence if for
every ε > 0, there exist N(ε) ∈ N such that
|xijk − xpqr| < ε whenever i, p ≥ N, j, q ≥ N, k, r ≥ N.
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Definition 2.3[2] A triple sequence (xijk) is said to be bounded if there exist
M > 0, such that |xijk| < M for all i, j, k ∈ N.

Definition 2.4[2] A subset E of N×N×N is said to have density ρ(E) if the
limit given by

ρ(E) = lim
i,j,k→∞

1

pqr

∑
i≤p

∑
j≤q

∑
k≤r

χE(i, j, k)exist.

Thus a triple sequence (xijk) is said to be statistically convergent to L in
Pringsheims sense if for every ε > 0, ρ({(i, j, k) ∈ N × N × N : |xijk − l| ≥
ε}) = 0.

Definition 2.5[2] A triple sequence (xijk) is said to be statistically bounded
if there exist H > 0 such that

ρ({(i, j, k) ∈ N× N× N : |xijk| > H}) = 0.

Definition 2.6[2]Thus a triple sequence (xijk) is said to be statistically Cauchy
if for every ε > 0 there exist p = p(ε), q = q(ε) and r = r(ε) such that

ρ({(i, j, k) ∈ N× N× N : |xijk − xpqr| ≥ ε}) = 0.

3. Main Results.

A triple sequence (xijk) is called statistically pre-Cauchy if for every ε > 0
there exist p = p(ε), q(ε) and r(ε) such that

lim
m,n,t→∞

1

m2n2t2
|(i, j, k) : |xijk − xpqr| ≥ ε, i ≤ m, j ≤ n, t ≤ k| = 0.

where the vertical bars indicate the number of elements in the set.
In this paper we establish the following criterion for arbitrary triple se-

quences to be statistically pre-Cauchy.

Theorem 3.1. Let x = (xijk) be a triple sequence and let M be a bounded
Orlicz function. Then x is statistically pre-Cauchy if and only if

lim
m,n,t

1

m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)
= 0 for some ρ > 0.



Statistically pre-Cauchy triple sequences and Orlicz functions 5

Proof Suppose that

lim
m,n,t

1

m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)
= 0 for some ρ > 0.

For each ε > 0,ρ > 0 and m,n, t ∈ N, we have

lim
m,n,t

1
m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤tM

(
|xijk−xpqr|

ρ

)

=
1

m2n2t2

∑
i, p ≤ m

|xijk − xpqr| ≤ ε

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)

+
1

m2n2t2

∑
i, p ≤ m

|xijk − xpqr| ≥ ε

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)

≥ 1

m2n2t2

∑
i, p ≤ m

|xijk − xpqr| ≥ ε

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)

≥M(ε)

(
1

m2n2t2
|{(i, j, k) : |xijk − xpqr| ≥ ε}, i ≤ m, j ≤ n, k ≤ t}|

)
≥ 0

Now suppose that x is statistically pre-Cauchy and that ε has been given.
Let ε > 0 be such that M(δ) < ε

2
.

Since M is bounded, there exist an integer B such that M(x) < B
2

for all x ≥ 0.
Note that, for each m,n, t ∈ N.

1
m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤tM

(
|xijk−xpqr|

ρ

)

=
1

m2n2t2

∑
i, p ≤ m

|xijk − xpqr| < δ

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)

+
1

m2n2t2

∑
i, p ≤ m

|xijk − xpqr| ≥ δ

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)
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≤M(δ) +
1

m2n2t2

∑
i,p≤m|xijk−xpqr|≥δ

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)

≤ ε

2
+
B

2

(
1

m2n2t2
|{(i, j, k) : |xijk − xpqr| ≥ δ, i ≤ m, j ≤ n, k ≤ t}|

)

≤ ε+B

(
1

m2n2t2
|{(i, j, k) : |xijk−xpqr| ≥ δ, i ≤ m, j ≤ n, k ≤ t}|

)
[3.1]

Since x is statistically pre-Cauchy, there is an N such that R.H.S (3.1) is
less than ε for all m,n, t ∈ N.
Hence

lim
m,n,t

1

m2n2t2

∑
i,p≤m

∑
j,q≤n

∑
k,r≤t

M

(
|xijk − xpqr|

ρ

)
= 0

Theorem 3.2. Let x = (xijk) be a double sequence and let M be a bounded
Orlicz function. Then x is statistically convergent to L if and only if

lim
m,n,t

1

mnn

m∑
i=1

n∑
j=1

t∑
k=1

M

(
|xijk − L|

ρ

)
= 0

Proof Suppose that

lim
m,n,t

1

mnn

m∑
i=1

n∑
j=1

t∑
k=1

M

(
|xijk − L|

ρ

)
= 0

with an Orlicz function M ,then x is statistically convergent to L (see [12])
Conversely suppose that x is statistically convergent to L. We can prove in
the similar manner to Theorem 2.1 that

lim
m,n,t

1

mnt

m∑
i=1

n∑
j=1

t∑
k=1

M

(
|xijk − L|

ρ

)
= 0

using that M is an Orlicz function, we obtain the following corollary.

Corollary 3.3.(see [12,Theorm 3]). Let x = (xijk) be a bounded double se-
quence. Then x is statistically pre-Cauchy if and only if
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lim
m,n,t

1

m2n2t2

m∑
i=1

n∑
j=1

t∑
k=1

|xijk − xpqr| = 0

Proof. Let A = sup
i,j,k
|xijk| and define

M(x) =
(1 + 2A)x

1 + x

Then

M

(
|xijk − xpqr|

ρ

)
≤ (1 + 2A)|xijk − xpqr|

and

M

(
|xijk − xpqr|

ρ

)
= (1 + 2A)

|xijk − xpqr|
1 + |xijk − xpqr|

≥
(1+2A)|xijk−xpqr|

ρ

1 + |xijk − xpqr|

≥ (1 + 2A)|xijk − xpqr|
1 + 2A

= |xijk − xpqr|
Hence

lim
m,n,t

1

m2n2t2

m∑
i=1

n∑
j=1

t∑
k=1

|xijk − xpqr| = 0

if and only if

lim
m,n,t

1

m2n2t2

m∑
i=1

n∑
j=1

t∑
k=1

M

(
|xijk − xpqr|

ρ

)
= 0

and an immediate application of Theorem (3.1) completes the proof.

Corollary 3.4.(see [11,Theorm 2.1]). Let x = (xijk) be a bounded double se-
quence. Then x is statistically convergent to L if and only if

lim
m,n,t

1

mnt

m∑
i=1

n∑
j=1

t∑
k=1

|xijk − L| = 0

Proof. Let A = sup
j,k,k
|xijk| and define

M(x) =
(1 + A+ L)x

1 + x
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We can prove in the similar manner as in the proof of Corolary (3.3)
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