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Abstract

We give a proof of the equivalence between two norms for the weighted Dirichlet
space

In [2], the estimates for the bounds of the weighted Dirichlet Corona
Theorem norm is computed using a norm (boundary norm) on the corresponding
weighted harmonic Dirichlet space, which is defined on the boundary oD of the
unit circle.

In this paper, we stablish the equivalence between the norms of the weighted
Dirichlet space and the corresponding harmonic weighted Dirichlet spaces. The
approach for the norm equivalence is new and based on 2009 PhD dissertation paper
[1]. The main result is Theorem 2.1; we use gamma function, Stirling’s formulas,
uniform convergence of series, Lebesgue dominated convergence theorem and their
properties to establish outcomes.
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1. Preliminaries

Notations: In this paper D denotes the open unit disc and dID denotes its boundary
Definition: We denote by D, (D) or D, the weighted Dirichlet space for the

weight a € (0,1) and is defined as:
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Do = {fe Hol(D): f(2) = X0 fnz" and Li_o(n+ D¥|fpl* <}  (L1)

If f € D, (D), then the square of the norm, ||f||2@a is defined by:

£ 113, = Enzo(n + DI fu]? (1.2)

Similarly, the corresponding weighted harmonic Dirichlet space of weight « is
denoted by HD, (D) or D, and is defined by:

HD, =
{fe 12(T,d): f(e™) = 52 fFme™, B _oo(inl + DE|f )| < oo} (1.3)

If f € HD,(D), then the square of the norm, ||f||§ma is defined by:

1F 0, = Zi—w(inl + D F )|’ (14)
Note for « = 1, D is the Dirichlet space, See [4], and

D = {fe Hol(D): f (2) = X530 fuz" and L7-o(n + DIfy|* < oo}
If f € D(D), then the square of the norm, ||f]|3 is defined by,

I1£113 = Zazo(n + DIfal? (1.5)
Is equivalent to

dm2 (2)

IF 113 = J7,1f 12 do + [ If'(2)|* dA(2), where dA(z) = (1.6)

UFIB = If gy + S S 'f(el) ffef W d4o(6)do(0) (L.7)

The equivalence between (1.5), (1.6) and (1.7) is a well stablished fact and (1.7) is
used to estimate the bounds for the D corona problem [4].

Definition: Let z be a complex number and Re(z) > 0 (the real part of z > 0),
then the gamma function T is defined as

[(z) = [, t* e tdt (1.8)
Note the following statements follow from the definition.
e The gamma function converges absolutely
e I'(z+1)= zI'(2)
Some facts to consider:

i) IfAis neither a 0 nor a negative integer, then
— g T+)) ,
(- z)/1 =0 nir@)

(1.9)
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ii) Stirling’s Formulas. (1.10)
a) For |z| large enough and when |arg(z)| < m — &,

I(z+1) ~2nz G)Z

b) Forlargen, I'(n+ 1)n! = V2mn (g)n

2. Norm Estimates

Let f € D,(ID), then, by definition, the square of the norm is
1f 113, = Zaeo(m + D fal? (2.1)

Note: If f € H2(ID), then f € D, (D). Here H?(ID) is Hardy space.
We claim that (2.1) is equivalently expressed on the boundary, D, of the unit circle
by

T T eit) — f(ei®)|
1B, = ey + I S e do (8)do (1) (2.2)

Note that
If f € D,(D), then f(z) = Ygeo fnz™ forall z € D and
If (2.2) holds, then

int_ ,in6@
1B, = ey + 17 S B I 450)do2) (2.3)
— int _ ,in6 —ikt —ik@
= I Wy + Sio Bieo f i S L e dado (24)
= If 32y + Znmol ol S, andU(H)dG(t) (2.5)
In particular, if f = zV, then (2.5) become
2 LNt e iNO
If B, = W 2oy + S S nllt—aﬂdU(e)dU(t) (2.6)

By definition ||z’V||D = (N + 1)%, then we are done if we show
th
| it

I fn—mda(e')da(t) N + 1" 2.7)

To this end we show that there are constants C; and C, , depending on a such that

th e'
b3 | it_ Le|“+1

aN+De< " [" da(@)da(t) < C,(N + 1)® (2.8)
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Let B = (1+a)/2and f(z) = z" and for 0 < r < 1, define E(r) by

NgiN(o-t)|*

EG) = [* " Lol do(0)da(e)

T |1-r ei(6-0)|

1-— iIN(6-t)
=y ! . a — t)lzlls da(8)da(¢) (2.9)
By (1.9)
0 o T(B+K)T'(B+n) iN(B=1)12 i(n— _
E() = Xneo Sito i T T ST |1 = i eNO0 | eln0@-0 dgdg

(2.10)

oo o T(B+KT(B+n)
o N PO vk 77 (1 yayein-b0-0

rNoiN+n-k)(6-t) _ T.Ne—l(N+k—n)(9—t)} dodo

o wo T@+KT
= 3% oy (TBHOTEID) nvk [(1 4 4 2M)5, = 1N Sy g — VO seen] (211)

ki ! T(B)>2
(1, ifi=j
Where &;,; = {O, otherwise
Lemma 2.1. Let Y0 Xi=0 @n ax be a nonnegative convergent series. Let N be a
1, n==k
1, n=k+N

fixed positive integer and {c,,, } be a sequence such that, ¢, = L k=n+ N’

0, otherwise
then Z?:O Zlc:;o(anbk an) =
11g=0(a12< + 2axagn) + ZI?:N+1(alzc + 2a,ayn) (2.12)

Proof: Yoo Yo an @k = (Tn=on + Xpen+1 An) Eh=0 Ak + Dien+1 Ak)
=X oan CRooar + Xrenir @)l + [Zrnir an CRoo ax + 2=y ar)]
= Zrl\{:o a’Tzl + 2apay + 2 Z%’=1 AnQnin + Dhen+1 alzc + 2 Y K=N+1 Ak Opry ®

Now, by Lemma 2.1 E(r) can be expressed as

T(B+k)? 5 P+ B+k+N)
E(r) = r(s)z k= 0[ (k1?2 r+ ) - k! (k+N)! N+k] +

F(B‘I‘k)z 2k 2Ny _ F(B‘l‘k)F(B‘I’k‘l—N) N+k
r(g)? Zk=N+1[ (kD2 r (1+T ) k!(k+N)! ] (2 13)

= C(B+K)? ok 2N T(B+KT(B+k+N)  nyk
= r(B)? Zk:o [ (k12 (1 +r ) 2 k'—(k+N)' r ] (214)
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Let’s denote by:

N
1 r k)?
Si(r) = TOL kz(:)[ B+Kk) r2k(1 + T'ZN)

(k)2
B FB+RIP+k+N) ..
k! (k + N)!
And
1 © F(B+k) T(B+K)T'(B+k+N)
Then

E(T) = 51(7‘) + Sz(r) (215)
Lemma2.2. For0<r <1,

|1 - N~

W dO'(G)dO'(t)

lim () =E) =[5 J7,
r-
Proof: Note that lil‘{l_ E(r) = lir?_[Sl (r)+S,(n)] = lir{l_Sl(r) + lir?_Sz(r), and
r- - o r—
that linln_Si (r) =5;(1) fori = 1, 2 follows from Lebesgue dominated convergence
r—

theorem

Next, we will prove the norm equivalence.

L OO B)do(E) ~ (N + 1) (2.16)

|1 - eil6-0)|

Theorem 2.1. f I

Proof: By (2.14)

E(r) =

F(B‘I‘k)z 2k 2Ny _ F(B+k)F(B+k+N) N+k
L= 0[ wnz | A+r") -2 KNy | ]

F(B)2

=51(r) + S,(1)
We will show (2.16) by proving lirrlx_Sl(r) =51 ~N+1)¢“

Note that for N large enough, since the series (2.14) is absolutely convergent:

_ 1 N F(B+k)2 2k 2Ny _ F(B+k)F(B+k+N) N+k
E(r)_r(s)2 = [ (kD)2 r @+ kl(k+N)! ]+€

=S5,(r)+e¢
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Where £ > 0 can be made very small.

r'(B+k)? I'(B+K)r'(B+k+N)
51(r) = I’¥=0[ (k)2 re (1 +7r2N) =2 k! (k+N)! rNJrk]

_ ZQ’:O [F(B+k)rk (qu:k)rk(l + rZN) _ 9 F(B+k+N)rN)]

k! (k+N)!

And since,

F(B+k+N) _ T(B+k) % B+N+k-1 % B+N+k-2 B+k

(k+N)! k! k+N k+N-1 7 k41
r(B+k)\2 B+k+N—1B+k+N-2  B+k
51(r) = Zit=o [( k! ) rt (r"(l +reh) —2 K+N  k+N-1 "'k_ﬂrN)]
In particular,
_ N F(B+K)\? _ T(B+KI(B+k+N)
$1(1) = 2 Y=o [( k! ) K!(k+N)!

r'(B+k) 2 +N+k-1 +N+k-2 +k
51(1)=22ﬁ=0[( P ) (1—B x B X...X ﬁ—)]

Note that,
BN+k-1 _ B+N+k—2 _  _ f+k (2.17)
k+N k+N-1 k+1
And
B+k+N-1 1— 1-B
k+N k+N
But {—1 ﬁ} is increasing, which makes {1—(w) } decreasing.
PR k+N k=1

This implies,
S (1) =2¥N_, [(mj;k))z (1 - (%)N)]
> 250 [((8) (1~ (1-52))]

In particular for k = N,

5.0 2 2 (L) (1- (1 - 52))]
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> (1 — ( — %)N> N o [F(B+k)] , giving

2
S:(1) = Co XR_, [F([:,’k)] for some constant C, (2.18)
On the other hand
_ r'(B+k)? _ B+N+k-1  B+N+k-2 B+k
$1(1) = 2 %= [ (k1?2 (1 N S ken— ot k+1)]
By (2.17)
B+N+k-1 _ B+N+k-2 B+k _ (B+k\N
e X e X = ()
Which gives,
T(B+Kk)2 B+r\N
S1(1) < 22]12’:0[ (kD)2 (1 - (m) >]
Furthermore,
1_(w)”°° _ 1_(w)’”’ _ 1_(1_ﬂ)’“°°
k+1 k=1 k+1 k=1 k+N k=1
is increasing
Implies that,
T(B+Kk) nN
51 230 [ (1~ (5]
B+NM\M\ «y  [TB+RT% .. .
=2 1‘(@) Zk:o[ k! ] giving,
Ss() < Y., [F(i;l? ] for some constant C; (2.19)

From (2.18) and (2.19) it follows that

r(B+k) T(B+k)?
COZ [i_-:_)z] 51(1) < Gy 2= 0[&#] (2.20)

Next, we will show that

Z F(B + k)? N2B-1
kD2

First note that,

r+kN® . .
{k—'}k—l IS a decreasing sequence
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And hence,

o[ 2 i [

By Stirling formula [3]

N [F(B+N)]2 ~NNZB_2 — N2,3—1
N!
Giving
r(B+k)1? r(B+N)1? r(B+N)1? _ _
Lo 5 [P < [ e s 2y
On the other hand, Stirling also gives
r(+k)1? _172 _ _
1o [FER) ~ B [k8-1]" < NN2A-2 = N26-1 2.22)

From (2.20), (2.21) and (2.22) we get
S;(1) ~ N1

Which implies that
E(1) ~(N+1)%71
This proves Theorem 2.1.
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