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Abstract
In this article, we use multiplier transformations to define some new
classes of analytic functions which map the open unit disk to the do-
main related with the functions of bounded radius rotation of complex
order. Some interesting properties of these classes including the inclu-
sion relations, integral preserving properties, inverse inclusion and their
relationships with the previously known results are studied.
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1 Introduction

Let A represent the class of all analytic functions of the form:

f(z) =2+ Zakzk (1)
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defined in the open unit disc U := {z:2 € C and |z| < 1}. For functions

f, g € A, the convolution f*g is defined by (f * g) (2) = z+2akbkzk. Let P
k=2

denote the class of Carathéodory functions p such that p(0) = 1,R(p(z)) > 0

and p(z) = 14 ¢12 + cp2* + -+, 2 € U. The Mobius function

_1+z
C1—z

Po(2) (z €, (2)

or its rotation acts as an extremal function for the class P and py maps the
open unit disc to the right half-plane. A function p € Py(b), if

1 (2 (2)
1+5(f(2) —1)67% (k>2,2€l). (3)

For the details of the class Py, we refer, [12] and others.[5, 11]. Let F, : A —
A be defined by

s+l
-

/ﬁfV(wdt (c>—1,2€ ). (4)

This is called the generalized Bernardi integral operator. In terms of convolu-
tion, the operator D; , for s € C, a € C\Z;, A > —1 is defined as

- <1+a)5(k:+)\—1)! N

s (-1) _
D; =Gy, (z)*f(z)—z—l—kz; T a Nk =1) apz",
where GS0(2) = 2+ 300, (#2)° (ff(r,j‘__ll))!!zk. For different choices of parame-

ters, the operator D , was extensively studied by various authors. For details,
see [1, 6, 13, 14]. Furthermore, related to D; , the operator I, , can be
defined as:

1 - a\’ A
T S0 = (00) @ e =24 3 (F0) T )

where s € C, a € C\Zg, A > —1,p1> 0 and z € U. We see that I§,, f(z) =
2f'(z) and I3, 5 f(2) = 0o, f(2) = f(2). We also observe that I, , is in-
troduced in [3] and I3, ,, A € R,a > —1 was studied by Cho et.al.[2]. Also
18’2# , 0 =0,1,2,3,... is the Noor integral operator, see [8, 10]. From (5), we
deduce the following

(L3N @) = (a+ V) I, f(2) = alihl, f(2), (6)

a,\ a,\,

2 (I, F(2) = N+ 1) I, F(2) = Moy, (2), (7)



Functions with bounded radius rotation 31

2 (Lo (2)) = 1L F(2) = (0= 1) I35, f(2), (8)

and also from (1.4), we have

(I;AuF('Z))/: (c+1) 155, f(2) =<l Fo(2). (9)
Using the operator I, ,, we define the following subclasses of A.

Definition 1.1. Let f be given by (1). Then f € S%(a, A, ), if

2 (25, f(2))
Iy, f(2)

where s € C, a € C\Z;, A > —1,u>0and z € U.
Definition 1.2. Let f be given by (1). Then f € T,*(a, A, i, b), if there
exists g € §°(a, A, 1) so that

1 (2 (I3, f(2)
+3< L, 06

where s € C, a € C\Zy, A\ > —1,u> 0,k >2,b € C\{0} and z € U.

Various other known subclasses of analytic functions can be obtained for
specific choices of the parameters s, a, A\ and p within their specific ranges, for
example [2, 3, 8, 9, 10, 15, 16], with refrences therein.

qo (2) = eP (z € U), (10)

1) ePe  (k>22€U), (11)

2 Preliminary Notes

Lemma 2.1[5] If h € P, then 7= < Rh(z) < |h(z)] < £ and |P/(2)] <
2Rh(z)
1—r2 -~

Lemma 2.2[4] Let g be the convex in U and let w : U — C, with

Rew > 0. If ¢ is analytic in U, then

¢ (2) +w(2)z¢' (2) < q(z) implies ¢ (2) < q(z).

Lemma 2.3[7] Let ¢ be convex such that Re {ud(z) + j} > 0 for u, j € C\{0}.
If p is analytic with p(0) = 9(0) and p(z) + UZIZZ()Z_gj < 9¥(z2), then p(z) < 9(2).

Lemma 2.4let s € C, a € C\Zy,, A > —1,u >0k > 2,b € C\{0} and
z € U. Then

(1)8°(a, A\, ) C 8 (a, A, ), Re (a) >0,
(17) S*(a, A\, u) C S*(a, A+ 1, 1), A >0,
(iii) S*(a, A, pu+1) C 8*(a, A, ), 1 > 0.
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Lemma 2.5 Let f € S%(a, A\, pu), for s € C,a € C\Z;, A > —1, > 0 and
z € U. Then,F; € §%(a, A\, u) where F_ is given by (4).

Lemma 2.6Let s € C, a € C\Z;, A > —1,u >0k >2,b € C\{0} and
z € U. Then

. 1+CL1
i) S (a, N\, 1) € S¥(a,\ p) for |z| < rg = ————,R(a) = a; > 0,
(17) S*(a, A+ 1,u) C S*(a, A\, p) for |z| <r B A>0
) ) y Ay 0 2+m7 = Yy
(173) S*(a, A\, p) C S*(a, A\, p+ 1) for|z] <rg = o > 0.

24+14/34+ (n—1)

Lemma 2.7 Let F. € §°(a, A\, i), where F_ is given by (4). Then f € S8%(a, A\, u)

for |z| < ro. where ry = —£<— and this result is sharp.
| | 0, 0 2+1/3+§2 p

3 Results and Discussion

Theorem 2.1. Let s € C, a € C\Zy, A > —-1,u >0k >2,b e C\{0} and
z € U. Then, T;(a, \, 1, b) C T (a, A, i1, b).

Proof. Let f € T7(a, A\, u,b). In view of Definition 1.2, there exists g €
S*(a, A, 1) such that we have H as given in (11). Consider

2 (5 £(2))
A

For g € 8%(a, A\, i), this follows by Lemma 2.4(i) that g € S*™!(a, A, p). Fur-
thermore, using (6), (10) (12) and then simplifying, we have

H(z) = () + % € P (13)
Consider that
0= (5+3)ae-(5-3)a). (14
On combining (13) and (14), we deduce
H(z) = (g + %) Hy (2) — (% - %) Hy(2), (15)

where H; (z) = ¢; (2) + qz(qig'i)a,i = 1,2. From (13) and (14), we write H; € P,

i =1,2. For Re(qo (2) + a) > 0, this result along with Lemma 2.3 imply that
¢ € P,i=1,2and z € U. Thus from (13), we have f € T°"'(a, \, i1, b).
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Theorem 2.2. Let s € C, a € C\Z,, A > —1,u >0k >2,b e C\{0}
and z € U. Then,T,*(a, A\, u, b) C T2 (a, A+ 1, 1, b).

Following procedures of the above theorem along with (2), the identity (8),
(10), (11), Lemma 2.3 and Lemma 2.4(iii), we obtain the desired proof.

Theorem 2.3. Let s € C, a € C\Z,, A > —1,u >0k >2,b € C\{0}
and z € U. Then,T,°(a, A\, u, b) C T2 (a, A+ 1, 11, b).

Proof. Let f € T,°(a, A\, u,b). Then by(11), we have (12). Consider

q(z) =1+ ! (z Uirer, JG)) 1) . (16)

b\ Loaiin9(?)

For g € S%(a, A, u), this follows by Lemma 2.4 that g € S%(a, A + 1, u). Fur-
thermore, using (10), (7) and (16) and then simplifying, we have

_ 2q'(2)
H(z) = (q(z) + o0+ )\) € Py. (17)
On combining (17) and (14), we obtain
1) = (543 i - (5 3) mate) (1)

From (17) and (18), we deduce that H;(z) = ¢;(z) + qsggi)/\ € Pi=1,2. For
Re(qo(2) + A) > 0, Lemma 2.3 imply that ¢; € P, i =1, 2 and z € U. Hence
TE(a, A\ p,b) CTE(a, A+ 1, 11,b) A

Theorem 3.4. Let s € C,a € C\Z; , A > =1,k > 2,1 > 0,b € C\{0}
and z € U. Then T7(a, A\, u+ 1,b) C T (a, A, u, b).

Proof. Let f € T (a, A, u,b). Consider

2 (L,

q(z)zl—f—%( ]j/\“ 1) (19)

a,\,

For g € S*(a, A\, i), it follows from Lemma 2.5 that Fr(g) € S*(a, A, p). Fur-
thermore, for F¢(g) € S°(a, A, i), by Definition 1.1, (10) and ( 9), we have

VR 4C)
H(z) = (q( )+ o)+ C) € P. (20)
On combining (14) and (20), we obtain
H(z) = (% + %) Hy(z) (% - %) Hy(2). (21)

From (14) and (21), we deduce that

N o) e U ;i
Hiz) = ai(2) + o3 rp € Pi=12 (22)
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For Re(qo(z) + ¢) > 0, Lemma 2.3 and (22) imply that ¢; € P, ¢ = 1, 2. Thus
from (20), we have F¢(f) € T;(a, A, ., b).
Our next theorems, we deal with radii problems f € T}(a, A, i, b).
Theorem 3.5. For |z| < ry = —24_ Tst(q X\ pu,b) C Tg(a, A, i, b).

2+4/3+a2’
The value of rq is sharp.
Proof. Let f € Ty (a, A, i1, b). Then by Definition 1.2, there exists g €
S5t (a, A\, 1) such that we have H as in (11). We take

g(z) =141 (Z Uiau 7)) 1) . (23)

b\ Lix,9(2)

For g € S*"Y(a, A\, ), from Lemma 2.6(i), we have g € S*(a, A\, ). Further-
more, using (6), (10) and (23), we have

_ ¢ (2)
H(Z) —(](Z)—Fm € P. (24)

On combining (14) and (24), we obtain

H(z) = G + %) Hy(z) — (Z _ %) Hy(2). (25)

where H;(z) = ¢;(z) + qj'(]igi)a, i =1,2and z € U. To find that H; € P, for

1=1,2 and z € U, we use Lemma 2.1, we have

(2 _26i(2) (s 1—a)r? —dr+1+a
R(ae) ) 2w (i may) @

The inequality (26) is positive if |z| < 7 = —4_ and the sharpness of g

2+4/3+a?
follows from ¢; = po given by (2). Hence, from (24) and (25), we conclude the
desire result.
Theorem 3.6. For |z| < ry = %, Tg(a, N+ 1, u,0) C TE(a, A\, i, b).
The value of ry is sharp.
Using (2), the identity (7), (10), (11), Lemma 2.1and Lemma 2.6 (ii), we
obtain the desired proof. [

_ 1+(p—1) s s
Theorem 3.7. For |z| < 1y = YWy vyt Ti(a, A, u+1,0) C T (a, A, i, ).
The value of 7y is sharp.

Following similar procedure as in Theorem 3.5, using (2) the identity (8),
(10), (11), Lemma 2.1 and Lemma 2.6 (iii), we obtain the required proof. [J

Theorem 3.8. For Fr € Tj(a, A\, i), f € Ti(a, A\, p) for |2 < rg = #31?

and this result is sharp.
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Proof. Let Fr € T;(a, A, ). Consider

()

For F¢(g9) € S®(a, A, ), Lemma 2.7 yields g € S°(a, A, p). Furthermore, for
Fe(g) € S*(a, A, 1), by Definition 1.1, (9) and (27), we have

¢ ()

H(z) = + ————cF. 28
@ =)+ LD e 29

On combining (14) and (28), we obtain

ko1 k1

a1 = (54 5) i - (5 3) mate) (20)
where H;(z) = ¢;(2) + qzzigi)c,i =1,2and z € U. To find H; € P, for i =1,2

and z € U, we use Lemma 2.1, we have

2q;(2) ) (1-Qr?—4dr+1+¢
(10 ) 2 M o T @
1+¢

The inequality (30) is positive if |z| < rg = = and the sharpness of 7

2+
follows from ¢; = po given by (2). Hence, from (28) and (29), we conclude the
desire result.
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