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Abstract
In this article, we use multiplier transformations to define some new

classes of analytic functions which map the open unit disk to the do-
main related with the functions of bounded radius rotation of complex
order. Some interesting properties of these classes including the inclu-
sion relations, integral preserving properties, inverse inclusion and their
relationships with the previously known results are studied.
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1 Introduction

Let A represent the class of all analytic functions of the form:

f(z) = z +
∞∑
k=2

akz
k (1)
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defined in the open unit disc U := {z : z ∈ C and |z| < 1} . For functions

f, g ∈ A, the convolution f ∗g is defined by (f ∗ g) (z) = z+
∞∑
k=2

akbkz
k. Let P

denote the class of Carathéodory functions p such that p(0) = 1,<(p(z)) > 0
and p(z) = 1 + c1z + c2z

2 + · · · , z ∈ U. The Möbius function

p0(z) =
1 + z

1− z
(z ∈ U), (2)

or its rotation acts as an extremal function for the class P and p0 maps the
open unit disc to the right half-plane. A function p ∈ Pk(b), if

1 +
1

b

(
zf ′ (z)

f (z)
− 1

)
∈ Pk (k ≥ 2, z ∈ U). (3)

For the details of the class Pk, we refer, [12] and others.[5, 11]. Let Fς : A →
A be defined by

Fς (z) = Fς (f) (z) =
ς + 1

zς

∫ z

0

tς−1f (t) dt (ς > −1, z ∈ U). (4)

This is called the generalized Bernardi integral operator. In terms of convolu-
tion, the operator Ds

a,λ for s ∈ C, a ∈ C\Z−0 , λ > −1 is defined as

Ds
a,λ = G(−1)

a,s (z) ∗ f(z) = z +
∞∑
k=2

(
1 + a

k + a

)s
(k + λ− 1)!

λ! (k − 1)!
akz

k,

where G
(−1)
a,s (z) = z +

∑∞
k=2

(
1+a
k+a

)s (k+λ−1)!
λ!(k−1)! z

k. For different choices of parame-
ters, the operator Ds

a,λ was extensively studied by various authors. For details,
see [1, 6, 13, 14]. Furthermore, related to Ds

a,λ the operator Isa,λ,µ can be
defined as:

Isa,λ,µ f(z) =
(
Ds
a,λ

)(−1)
(z) ∗ f(z) = z +

∞∑
k=2

(
1 + a

k + a

)s (µ)(k−1) λ!

(k + λ− 1)!
akz

k, (5)

where s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 and z ∈ U. We see that I00,0,2 f(z) =
zf ′(z) and I00,1,2 f(z) = I00,0,2 f(z) = f(z). We also observe that I00,λ,µ is in-
troduced in [3] and Isa,0,µ , λ ∈ R, a > −1 was studied by Cho et.al.[2]. Also
I00,2,µ , µ = 0, 1, 2, 3, ... is the Noor integral operator, see [8, 10]. From (5), we
deduce the following

z
(
Is+1
a,λ,µ f(z)

)′
= (a+ 1) Isa,λ,µ f(z)− aIs+1

a,λ,µ f(z), (6)

z
(
Isa,λ+1,µ f(z)

)′
= (λ+ 1) Isa,λ,µ f(z)− λIsa,λ+1,µ f(z), (7)
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z
(
Isa,λ,µ f(z)

)′
= µIsa,λ,µ+1 f(z)− (µ− 1) Isa,λ,µ f(z), (8)

and also from (1.4), we have

z
(
Isa,λ,µ Fς(z)

)′
= (ς + 1) Isa,λ,µ f(z)− ςIsa,λ,µ Fς(z). (9)

Using the operator Isa,λ,µ , we define the following subclasses of A.
Definition 1.1. Let f be given by (1). Then f ∈ Ss(a, λ, µ), if

q0 (z) =
z
(
Isa,λ,µ f(z)

)′
Isa,λ,µ f(z)

∈ P (z ∈ U), (10)

where s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 and z ∈ U.
Definition 1.2. Let f be given by (1). Then f ∈ T sk (a, λ, µ, b), if there

exists g ∈ Ss(a, λ, µ) so that

1 +
1

b

(
z
(
Isa,λ,µ f(z)

)′
Isa,λ,µ f(z)

− 1

)
∈ Pk (k ≥ 2, z ∈ U), (11)

where s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0, k ≥ 2, b ∈ C\{0} and z ∈ U.
Various other known subclasses of analytic functions can be obtained for

specific choices of the parameters s, a, λ and µ within their specific ranges, for
example [2, 3, 8, 9, 10, 15, 16], with refrences therein.

2 Preliminary Notes

Lemma 2.1[5] If h ∈ P , then 1−r
1+r
≤ <h(z) ≤ |h(z)| ≤ 1+r

1−r and |h′(z)| ≤
2<h(z)
1−r2 .

Lemma 2.2[4] Let q be the convex in U and let ω : U −→ C, with
Reω > 0. If φ is analytic in U, then

φ (z) + ω(z)zφ′ (z) ≺ q(z) implies φ (z) ≺ q(z).

Lemma 2.3[7] Let ϑ be convex such that Re {uϑ(z) + j} > 0 for u, j ∈ C\{0}.
If p is analytic with p(0) = ϑ(0) and p(z) + zp′(z)

up(z)+j
≺ ϑ(z), then p(z) ≺ ϑ(z).

Lemma 2.4Let s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 k ≥ 2, b ∈ C\{0} and
z ∈ U. Then

(i)Ss(a, λ, µ) ⊂ Ss+1(a, λ, µ),Re (a) ≥ 0,

(ii) Ss(a, λ, µ) ⊂ Ss(a, λ+ 1, µ), λ ≥ 0,

(iii) Ss(a, λ, µ+ 1) ⊂ Ss(a, λ, µ), µ > 0.
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Lemma 2.5 Let f ∈ Ss(a, λ, µ), for s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 and
z ∈ U. Then,Fς ∈ Ss(a, λ, µ) where Fς is given by (4).

Lemma 2.6Let s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 k ≥ 2, b ∈ C\{0} and
z ∈ U. Then

(i) Ss+1(a, λ, µ) ⊂ Ss(a, λ, µ) for |z| < r0 =
1 + a1

2 +
√

3 + a21
,< (a) = a1 > 0,

(ii) Ss(a, λ+ 1, µ) ⊂ Ss(a, λ, µ) for |z| < r0 =
1 + λ

2 +
√

3 + λ2
, λ ≥ 0,

(iii) Ss(a, λ, µ) ⊂ Ss(a, λ, µ+ 1)for |z| < r0 =
µ

2 +
√

3 + (µ− 1)2
, µ > 0.

Lemma 2.7Let Fς ∈ Ss(a, λ, µ), where Fς is given by (4). Then f ∈ Ss(a, λ, µ)
for |z| < r0, where r0 = 1+ς

2+
√
3+ς2

and this result is sharp.

3 Results and Discussion

Theorem 2.1. Let s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 k ≥ 2, b ∈ C\{0} and
z ∈ U. Then, T sk (a, λ, µ, b) ⊂ T s+1

k (a, λ, µ, b).
Proof. Let f ∈ T sk (a, λ, µ, b). In view of Definition 1.2, there exists g ∈

Ss(a, λ, µ) such that we have H as given in (11). Consider

q (z) = 1 +
1

b

(
z
(
Is+1
a,λ,µ f(z)

)
Is+1
a,λ,µ g(z)

′

− 1

)
. (12)

For g ∈ Ss(a, λ, µ), this follows by Lemma 2.4(i) that g ∈ Ss+1(a, λ, µ). Fur-
thermore, using (6), (10) (12) and then simplifying, we have

H (z) = q (z) +
zq′ (z)

q0 (z) + a
∈ Pk. (13)

Consider that

q (z) =

(
k

4
+

1

2

)
q1 (z)−

(
k

4
− 1

2

)
q2 (z) . (14)

On combining (13) and (14), we deduce

H (z) =

(
k

4
+

1

2

)
H1 (z)−

(
k

4
− 1

2

)
H2 (z) , (15)

where Hi (z) = qi (z) +
zq′i(z)

q0(z)+a
, i = 1, 2. From (13) and (14), we write Hi ∈ P ,

i = 1, 2. For Re (q0 (z) + a) > 0, this result along with Lemma 2.3 imply that
qi ∈ P , i = 1, 2 and z ∈ U. Thus from (13), we have f ∈ T s+1

k (a, λ, µ, b).
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Theorem 2.2. Let s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 k ≥ 2, b ∈ C\{0}
and z ∈ U. Then,T sk (a, λ, µ, b) ⊂ T sk (a, λ+ 1, µ, b).

Following procedures of the above theorem along with (2), the identity (8),
(10), (11), Lemma 2.3 and Lemma 2.4(iii), we obtain the desired proof.

Theorem 2.3. Let s ∈ C, a ∈ C\Z−0 , λ > −1, µ > 0 k ≥ 2, b ∈ C\{0}
and z ∈ U. Then,T sk (a, λ, µ, b) ⊂ T sk (a, λ+ 1, µ, b).

Proof. Let f ∈ T sk (a, λ, µ, b). Then by(11), we have (12). Consider

q (z) = 1 +
1

b

(
z
(
Isa,λ+1,µ f(z)

)′
Isa,λ+1,µ g(z)

− 1

)
. (16)

For g ∈ Ss(a, λ, µ), this follows by Lemma 2.4 that g ∈ Ss(a, λ + 1, µ). Fur-
thermore, using (10), (7) and (16) and then simplifying, we have

H(z) =

(
q(z) +

zq′(z)

q0(z) + λ

)
∈ Pk. (17)

On combining (17) and (14), we obtain

H(z) =

(
k

4
+

1

2

)
H1(z)−

(
k

4
− 1

2

)
H2(z). (18)

From (17) and (18), we deduce that Hi(z) = qi(z) +
zq′i(z)

q0(z)+λ
∈ P, i = 1, 2. For

Re(q0(z) + λ) > 0, Lemma 2.3 imply that qi ∈ P , i = 1, 2 and z ∈ U . Hence
T sk (a, λ, µ, b) ⊂ T sk (a, λ+ 1, µ, b)N.

Theorem 3.4. Let s ∈ C, a ∈ C\Z−0 , λ > −1, k ≥ 2, µ > 0, b ∈ C\{0}
and z ∈ U . Then T sk (a, λ, µ+ 1, b) ⊂ T sk (a, λ, µ, b).

Proof. Let f ∈ T sk (a, λ, µ, b). Consider

q (z) = 1 +
1

b

(
z
(
Isa,λ,µ Fζ (f) (z)

)′
Isa,λ,µ Fζ (g) (z)

− 1

)
(19)

For g ∈ Ss(a, λ, µ), it follows from Lemma 2.5 that Fζ(g) ∈ Ss(a, λ, µ). Fur-
thermore, for Fζ(g) ∈ Ss(a, λ, µ), by Definition 1.1, (10) and (19), we have

H(z) =

(
q(z) +

zq′(z)

q0(z) + ζ

)
∈ Pk. (20)

On combining (14) and (20), we obtain

H(z) =

(
k

4
+

1

2

)
H1(z)−

(
k

4
− 1

2

)
H2(z). (21)

From (14) and (21), we deduce that

Hi(z) = qi(z) +
zq′i(z)

q0(z) + ζ
∈ P, i = 1, 2. (22)
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For Re(q0(z) + ζ) > 0, Lemma 2.3 and (22) imply that qi ∈ P , i = 1, 2. Thus
from (20), we have Fζ(f) ∈ T sk (a, λ, µ, b).

Our next theorems, we deal with radii problems f ∈ T sk (a, λ, µ, b).
Theorem 3.5. For |z| < r0 = 1+a1

2+
√

3+a21
, T s+1

k (a, λ, µ, b) ⊂ T sk (a, λ, µ, b).

The value of r0 is sharp.
Proof. Let f ∈ T s+1

k (a, λ, µ, b). Then by Definition 1.2, there exists g ∈
Ss+1(a, λ, µ) such that we have H as in (11). We take

q (z) = 1 +
1

b

(
z
(
Isa,λ,µ f(z)

)′
Isa,λ,µ g(z)

− 1

)
. (23)

For g ∈ Ss+1(a, λ, µ), from Lemma 2.6(i), we have g ∈ Ss(a, λ, µ). Further-
more, using (6), (10) and (23), we have

H(z) = q(z) +
zq′(z)

q0(z) + a
∈ Pk. (24)

On combining (14) and (24), we obtain

H(z) =

(
k

4
+

1

2

)
H1(z)−

(
k

4
− 1

2

)
H2(z). (25)

where Hi(z) = qi(z) +
zq′i(z)

q0(z)+a
, i = 1, 2 and z ∈ U . To find that Hi ∈ P, for

i = 1, 2 and z ∈ U , we use Lemma 2.1, we have

<
(
qi(z) +

zq′i(z)

q0(z) + a

)
≥ <qi(z)

(
(1− a1)r2 − 4r + 1 + a1
((1− r)2 + (1− r2)a1)

)
(26)

The inequality (26) is positive if |z| < r0 = 1+a1

2+
√

3+a21
and the sharpness of r0

follows from qi = p0 given by (2). Hence, from (24) and (25), we conclude the
desire result.

Theorem 3.6. For |z| < r0 = 1+λ
2+
√
3+λ2

, T sk (a, λ + 1, µ, b) ⊂ T sk (a, λ, µ, b).
The value of r0 is sharp.

Using (2), the identity (7), (10), (11), Lemma 2.1and Lemma 2.6 (ii), we
obtain the desired proof. �

Theorem 3.7. For |z| < r0 = 1+(µ−1)
2+
√

3+(µ−1)2
, T sk (a, λ, µ+1, b) ⊂ T sk (a, λ, µ, b).

The value of r0 is sharp.
Following similar procedure as in Theorem 3.5, using (2) the identity (8),

(10), (11), Lemma 2.1 and Lemma 2.6 (iii), we obtain the required proof. �
Theorem 3.8. For Fζ ∈ T sk (a, λ, µ), f ∈ T sk (a, λ, µ) for |z| < r0 = 1+ζ

2+
√

3+ζ2

and this result is sharp.
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Proof. Let Fζ ∈ T sk (a, λ, µ). Consider

q (z) = 1 +
1

b

(
z
(
Isa,λ,µ f(z)

)′
Isa,λ,µ g(z)

− 1

)
. (27)

For Fζ(g) ∈ Ss(a, λ, µ), Lemma 2.7 yields g ∈ Ss(a, λ, µ). Furthermore, for
Fζ(g) ∈ Ss(a, λ, µ), by Definition 1.1, (9) and (27), we have

H(z) = q(z) +
zq′(z)

q0(z) + ζ
∈ Pk. (28)

On combining (14) and (28), we obtain

H(z) =

(
k

4
+

1

2

)
H1(z)−

(
k

4
− 1

2

)
H2(z). (29)

where Hi(z) = qi(z) +
zq′i(z)

q0(z)+ζ
, i = 1, 2 and z ∈ U . To find Hi ∈ P, for i = 1, 2

and z ∈ U , we use Lemma 2.1, we have

<
(
qi(z) +

zq′i(z)

q0(z) + ζ

)
≥ <qi(z)

(1− ζ)r2 − 4r + 1 + ζ

(1− r)2 + (1− r2)ζ
. (30)

The inequality (30) is positive if |z| < r0 = 1+ζ

2+
√

3+ζ2
and the sharpness of r0

follows from qi = p0 given by (2). Hence, from (28) and (29), we conclude the
desire result.

Acknowledgements. The authors would like to thank Worthy Vice
Chancellor MUST, Mirpur Prof. Dr. Habib-ur-Rahman (FCSP, SI) and Rec-
tor CIIT, Prof. Dr. SM Junaid Zaidi (HI, SI) for their untiring efforts for the
promotion of research conducive environment in their relevant Institutions.

References

[1] O.P. Ahuja, Integral operators of certain univalent functions, Int. J. Math.
Math Sci., 8 (1985), no. 4, 653-662.
https://doi.org/10.1155/s0161171285000710

[2] N.E. Cho and J.A. Kim, Inclusion properties of certain subclasses of an-
alytic functions defined by a multiplier transformation, Comput. Math.
Appl., 52 (2006), 323-330. https://doi.org/10.1016/j.camwa.2006.08.022

[3] J.H. Choi, M. Saigo and H.M. Srivastava, Some inclusion properties of a
certain family of integral operators, J. Math. Anal. and Applications, 276
(2002), 432-445. https://doi.org/10.1016/s0022-247x(02)00500-0



36 S. Z. H. Bukhari, S. Zafar, M. Nazir and B. Malik

[4] P. Eenigenburg, S.S. Miller, P.T. Mocanu and M.O. Reade, On a Briot-
Bouquet differential subordination, Chapter in General Inequalities 3, In-
tern. Series of Numerical Math., Vol. 64, Birkhauser Basel, 1983, 339-348.
https://doi.org/10.1007/978-3-0348-6290-5 26

[5] A.W. Goodman, Univalent Functions, Vol. I, II, Polygonal Publishing
House, Washington, New Jersey, 1983.

[6] I.B. Jung, Y.C. Kim and H.M. Srivastava, The Hardy space of analytic
functions associated with certain one parameter families of integral oper-
ators, J. Math. Anal. Appl., 176 (1993), 138-147.
https://doi.org/10.1006/jmaa.1993.1204

[7] S.S. Miller and P.T. Mocanu, Differential subordination and univalent
functions, Michigan Math. J., 28 (1981), 157-172.
https://doi.org/10.1307/mmj/1029002507

[8] K.I. Noor, On some applications of certain integral operators, Appl. Math.
Comput., 188 (2007), 814-823. https://doi.org/10.1016/j.amc.2006.10.033

[9] K.I. Noor and S.Z.H. Bukhari, Some subclasses of analytic and spiral-
like functions of complex order involving the Srivastava-Attiya integral
operator, Integral Transforms Spec. Funct., 21 (2010), no. 12, 907-916.
https://doi.org/10.1080/10652469.2010.487305

[10] K.I. Noor and M.A. Noor, On integral operators, J. Math. Anal. Appl.,
238 (1999), 341-352. https://doi.org/10.1006/jmaa.1999.6501

[11] K.S. Padmanabhan and R. Parvatham, Properties of a class of functions
with bounded boundary rotations, Ann. Polon. Math., 31 (1976), 311-323.

[12] B. Pinchuk, Functions of bounded boundary rotations, Isr. J. Math., 10
(1971), 6-16. https://doi.org/10.1007/bf02771515

[13] St. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math.
Soc., 49 (1975), 109-115.
https://doi.org/10.1090/s0002-9939-1975-0367176-1

[14] G.S. Salagean, Subclasses of univalent functions, Chapter in Complex
Analysis-Fifth Romanian-Finnish Seminar, Lect. Notes Math., Vol. 1013,
Springer Berlin Heidelberg, 1983, 362-372.
https://doi.org/10.1007/bfb0066543

[15] H.M. Srivastava and A.A. Attiya, An integral operator associated with
the Hurwitz-Lerch zeta function and differential subordination, Integral
Transforms Spec. Funct., 18 (2007), no. 3, 207-216.
https://doi.org/10.1080/10652460701208577



Functions with bounded radius rotation 37

[16] H.M. Srivastava and J. Choi, Series Associated with the Zeta and Related
Functions, Kluwer Academic Publishers, Dordrecht, Boston and London,
2001.

Received: December 21, 2016; Published: January 24, 2017


