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Abstract

We use GAP [2] to prove that groups of orders 32, 48, 72 and 80 with
isomorphic tables of marks must be isomorphic groups. This continues
previous work done for groups of order less than 96, and leaves only the
case of order 64, to be dealt with separately in another paper, because
it has hundreds of isomorphism classes of groups.
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1 Introduction

The table of marks of a finite group provides a considerable amount of infor-
mation about it, but it is generally not enough to determine the isomorphism

IThis paper was supported in part by a grant from the CIC at the UMSNH.
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class of the group. In [1] you can find the basic definitions and properties of
isomorphisms of tables of marks. In this paper we shall use mostly the fact that
groups with isomorphic tables of marks must have the same order, the same
number of elements of a given order, the same number of normal subgroups
of a given order, and the same number of conjugacy classes of subgroups of
a given order. We also rely heavily on the fact that abelian groups are com-
pletely determined by their tables of marks, that is, if G is an abelian group
and H is an arbitrary group whose table of marks is isomorphic to the table
of marks of GG, then G and H are isomorphic groups. Therefore, in this paper
we only have to deal with non-abelian groups.

In [3] you can find two non-isomorphic groups of order 96 whose tables of
marks are isomorphic. This paper is one in a series of papers aimed at proving
that those groups of order 96 are the smallest possible counterexamples. In
[4] all cases are covered except orders 32, 48, 64, 72 and 80. Here we use the
computer algebra package GAP (Groups, Algorithms and Programming) to
prove that any two groups of orders 32,48, 72 or 80 with isomorphic tables of
marks must be isomorphic as groups. The case of order 64 will be dealt with
in one final paper, since there are hundreds of isomorphism classes of groups
of that order.

2 Notations and conventions.

Throughout this paper we shall use the following notations:

Every family of groups (for example, the family of groups of order 32,
groups of order 48, etc) will be ordered, giving each of its groups an id that
completely identifies it. For example, the 20th group of order 32 is the quater-
nion group Q(32).

CA = Number of elements of a group of a given order. After this, we
usually write : followed by a list of the ids of the groups in the family with
that particular invariant. For example, inside the family of groups of order
32, when we write CA=([[1, 1], [2, 11], [4, 4], [8, 16] ]: 7 it means that of all
groups of order 32, the only group which has 1 element of order 1, 11 elements
of order 2, 4 elements of order 4 and 16 elements of order 8, is the group with
id=7. In particular, this implies that this group is completely determined by
its table of marks, since an isomorphism of tables of marks must preserve the
order of the group and the orders of the elements.

NSN(n) = Number of normal subgroups of the n-th group of the family.
This invariant must also be preserved by an isomorphism of tables of marks.

CCS(n) = Conjugacy classes of subgroups of the n-th group of the family.
This invariant must also be preserved by an isomorphism of tables of marks.

Example: In the family of groups of order 32, we see that CA = [[ 1, 1
1,12,3],[4,12],[8, 16 ]]: 4, 8, 12. This means that subgroups number 4,
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number 8 and number 12 could only have tables of marks isomorphic to one
of those subgroups (number 4, 8 or 12). An extra computation: NSN(4) =18,
NSN(8) =12, NSN(12) =16, yields that these three subgroups are completely
determined by their tables of marks.

3 Non-abelian groups of order 32

2.(Cy x Cy) : C4 24. (Cy x Cy) : Cy

4. CS:C4 27. (CQXCQXCQXCQ):CQ
5(08 X Cg) : CQ 28. (04 X 02 X 02) : 02
6((04 X CQ) . Cz 29. (02 X Qg) . CQ

7. ((Cg : Cg) : 02 30. (04 X 02 X Cg) : Cg

8. Co.((Cy x Cy) : Cy) = (Co x C2).(Cy x Cs) 31 (Cy x Cy) : Co

9. (Cg X Cg) . CQ 32. (02 X Cg)(Cg X CQ X CQ)
10. Qg : 04 33. (04 X O4) . CQ

11. (04 X 04) . CQ 34. (04 X C4> . CQ

12. 04 . Cg 3. 04 : Qg

13. Cs : Cy 38. (Cs x Cy) : Cy

14. Cs : Cy 42.(C8 x C2) : C2

15. C4.D8 = C4.<C4 X 02) 43(02 X D8) :C2

17. 016 : 02 44(02 X Q8> 02

18. Dy, 49.(C2 x D8) : C2

19. QDss 50.(C2 x Q8) : C2

20. Q32

Groups of order 32 sorted according to the orders of their elements:

o CA =1, 1], [2 11], [4, 20]): 6.

o CA =[[1, 1], [2, 11], [4, 4], [8, 16] ]: 7.

o CA=[[1,1],[2 3], [4 4], 8 24]: 15.

o CA=[[1,1],[23],[44] (8 8], [16, 16]: 17.
o CA=[[1,1],[217],[4,2],[8 4], 16, 8]: 18.
o CA=[1,1],[29],[410],[8 4], 16, 8]: 19.
o CA=[[1,1],[2 1] [4 18],[8, 4], [16,8]]: 20.
e CA=1[1,1],[2,1],[4,18],[8,4],]16,8]]: 28.
o CA=[[1,1],[215],[4, 8], [8, 8] 43.
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CA=[[1, 1], [2, 11], [4, 4], 8, 16] : 7.

CA=[[1, 1], [2, 3], [4, 4], [8, 24 ]): 15.
CA=[[1,1],[2,3],[4,4],[8,8],[16, 16]]: 17.
CA=[[1,1],[2,17],[4,2],[8,4],[16, §]: 18.
CA=[[1,1],[2,9],[4,10],[8, 4], 16, 8]]: 19.
CA=[[1,1],[2 1],[4,18],[8,4], 16, 8]: 20.
CA=[[1,1],[2, 15],[4,16]]: 28.
CA=[[1,1],[215],[4,8],[8, 8] 43.

CA=1[1,1],[2 7] [4,24]]: 2,24, 29, 33.
NSN(2) = 26, NSN(24) =30, NSN(29) =24, NSN(33) =20.

CA=1,1],[23] 1[4, 12],[8, 16]: 4, 8, 12.
NSN(4) =18, NSN(8) =12, NSN(12) =16.

CA=1[1,1],[27] (48] [8 16]: 5, 38.
NSN(5) =16, NSN(38) =28.

CA=([1,1],[211],[4,12],[8,8]: 9, 42.
NSN(9) =14, NSN(42) =20

CA=[1,1],[2,3],[4,20], 8, 8]]: 10, 13, 14.

CCS(13) =[[ 1, 14] [ 2, 2] [4,2]] = CCS(14)

CCS(10) =[[1,14],[2,6], [4, 1]]. REMARK: The groups number
13 and 14 must be dealt with separately. You can find their tables of
marks and the reason why they are non-isomorphic tables of marks (even
though they are almost identical) at the end of this section.

CA=[1,1],[27][416] 8, 8] 11, 44.
NSN(11) = 12, NSN(44) = 20.

=[[1,1],[219],[4, 12]]: 27, 34, 49.
NSN( 9) =68.
NSN(27) = 26 = NSN(34).
COS(27) = [[1,26],[2,38], [ 4, 1]],
CCS(34) = [[1,26], [ 2,24 ], [4 4]).
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NSN(5
NSN(3
CCS(3
CCS(3
o CA =
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—[[1,1],[2 11],[4,20]]: 30, 31, 50.

0
0
0
1

)
)
)
)

68.

22 =

NSN(31).
[1,22],[2,16],[4,1]],
[[1,22],[2 141, [4,2]].

[1,1],[2 3], [4, 28] 32, 35.

NSN(32) = 22, NSN(35) =26.

3.1

1:

3.2 Table of marks
1:

© 00 N O O W N

e
= O .-

e e e e
0 N O O WN

32

© 00 NO O W N

10:
11:

Table of marks of group 13 of order 32.
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16 16
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of group 14 of order 32.
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. 16
8 888
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4444444 . . 4
4 4444 . 2. 2
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12:

13:

14:

15:

16: . . .

17: 222 . 2

18: 111 11111111111111

These two groups have non-isomorphic tables of marks because the sub-
groups number 8 and 9 must correspond (either 8 goes to 8 or 8 goes to 9), but
neither case is possible because one will have a zero where the other should
have an 8 (in other words, the 8’s are lined up in group 13, but they are out
of sync for the group 14).

444 . . 2. . . 2

N NN D DD
N NN D D
N
S

2
2
2
1

4 Non-abelian groups of order 48

1. 03 016 17. (Cg X Qg) - C

3. (04 X 04) : 03 18. 03 : Qlﬁ

5. 024 02 19. (CQ X (03 : 04)) : 02
6. Coy : Cy 28. (.8, = SL(2,3).Cy
7. Dus 29. GL(2,3)

8. C5: Qs 30. Ay : Cy

10. (03 Cy) - 33. SL(2,3) : C

Co
12. (03 04) : C 37. (012 X 02) : C
13. Cis : C, 39. (Cy x (Cy : Cy)) : Cs
14. (Cha x Cy) : Cy AL (04 X Sg) C,
15. (C3 x Dg) : Cy  50. (Cy x Cy x Cy x Cy) : Cy
16. (Cy : Cy) : C

Groups of order 48 sorted according to the orders of their elements:

CA=[[1,1],[2,1],[3,2],[4,2],[6,2],[8,4],[12,4],
(16,241, [ 24, 8]): 1.

o CA=[[1,1],[23], (3 32], 4 12]: 3.

e CA=[1,1],[27],[32],[48],[62],[8 16],[12 4],
[24, 8]]: 5.

o CA=[[1,1],[213],[3,2],[4,14],[6,2],[8 4], [12 4],
[ 24, 8]]: 6.
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e CA=[1,1],[2251],[32],[42],[62],[8 4] [124],
[24,8]]: 7.

e CA=[[1,1],[21],[3,2],[4,26],[6,2],[8,4],[12,4],
[24,8]]: 8.

e CA=[1,1],[2,3],[3,2],[44],[6,6],[8,24],[12,8]): 10.
e CA=[1,1],[217],[3,2]),[4,2],[6,10],[8,12],[ 12, 4]: 15.
e CA=[1,1],[25],[3,2],[4,14],[6,10],[8,12],[ 12, 4]): 16.
e CA=[1,1],[213],[3,2],[4,6],[6,2],[8 12],[12, 12]): 17.
e CA=[1,1],[21],[3,2],[4,18],16,2],[8,12],[ 12, 12]): 18,
e CA=[1,1],[2,7],03,2],[4,24],[6, 14]: 19.

e CA=[[1,1],[21],[3,8],[4,18],[6,8],[8,12]]: 28.

e CA=[1,1],[2,13],[3,8],[4,6],[6,8],[8, 12]: 29.

e CA=[[1,1],[2,7],[3,8],[4,24],[6,8]]: 30.

o CA=1[1,1],[27],[38],[48],[6 8] [12 16]): 33.

e CA=[1,1],[211],[3,2],[4,20],[6,10],[12, 4]]: 39.

e CA=[1,1],[219],[3,2],[4,12],[6,2],[ 12, 12]]: 41.

e CA=[1,1],[215],[3,32]): 50.

e CA=1[1,1],[23],[3.2],[4,28],[6,6],[12,8]]: 12, 13.
NSN(12) = 17, NSN(13) =19.

e CA=1[[1,1],[215],[3,2],[4,16],[6,6],[12,8]]: 14, 37.
NSN(14) = 17, NSN(37) =23.
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5%

1. Cy: C'g 22.
3. Qs : 23.
4. 09 : Qg 24.
6. Dro 31.
8. (Clg X Cg) : CQ 33.
13. (03 X 03) CS 35.
15. ((CQ X CQ) Cg) : 02 40.
19. (03 X 03) CS 41.
21. (Cy x (Cy: Cy)): Oy 43.
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Non-abelian groups of order 72

o CA=

o CA=
o CA=

1,

1,136, 12 ]]=4.

o CA=
1,[36, 12

o CA=
e CA
e CA
e CA
e CA
e CA
e CA
e CA
e CA
o CA
o CA=

I

[
[1
[
[
1
[1
1
[
[
1
[

Groups of order 72 sorted according to the orders of their elements:

1,12,1],[3,2],[4,2],[6,2],[836],[9,6],] 12, 4],
18,6 ], [ 36, 12 ]]=1.

[,
1,

10,[2,1],[3,2], 4,61, 6,21, 9,24 ], [12, 12 ],[18, 24 ]]=3.

1],[2,1],[3,2],[4,38],[6,2],[9,6],[12,4],[]18,6

1] 12,37],[3,2],[4,2],[6,2],[9,6],[12,4],] 18,6

1],[2,21],[3,2],[4,18],[6,6],[9,6],[18, 18 ]]=8.

10,02, 11,03 8],[4,2],[6,8],[8,36], [ 12, 16 ]=13.

1],[2,21],[3,2],[4,18],[6,6],[9,24]]=15.

1],0(2,1],[3,8],[4,18],[6,8],[8,36]]=19.

1],[2,19],[3,8],[4,12],[6, 8], [ 12, 24 ||=21.

1] 12

13],[3,8],[4,18], 6, 32 ]]=22.

10,[2,25],[3,8],[4,6],[6,20], 12,12 ]]=23.

10,[2,1],[3,8],[4,30],[6,8],[12, 24 ]|=24.

10,[2,11,[3,8],[4,38],[6,8],[12, 16 ]]=31.

11,[2,37],[3,8],[4,2],[6,8], 12, 16 ]]=33.

1], [2

,91],03,8],[4,18],[8,36]]=39.
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CA=[[1,1],[2,9],[3 8], [4,54]]=41.
CA=[[1,1],[221],[3,26],[4,18],[6,6]]=43.

CA=[[1,1],[221],[3,8],[4 18], [6, 24] ]= 35,40.
NSN(35)=21,NSN(40)= 7.

6 Non-abelian groups of order 80

No ot

Cs : Clg 17. (C5 x Qs) : Cy
C5 . Cl(; 18. C5 : Qlﬁ
040 . 02 19. (02 (05 . 04)) . 02
040 . CQ 28. (05 CS> CQ
Dso 29. (Cs: Cy) : Cs
Cs : Qs 31. Cyy : Cy
(05 . Cg) . 02 33. (C5 Cg) CQ

10.
12.
13.
14.
15.
16.

(05 . 04) . 04 34. (02 (05 04)) . O

020 . 04 38. (

(020 X 02) : CQ 40. (Cg X (05 : 04)) : 02

(C5 x Dg): Cy 42, (
(

(05 . Cg) . CQ 49,

Groups of order 80 sorted according to the orders of their elements:

CA=[[1,1],[21],[42],[54],[84],[10,4],[16, 401,20, 8
], [40,16] = 1.

SCiA]: [3[1,1],[2,1],[4,2},[5,4],[8,20],[10,4],[16,40],[20,
_[[ 1],[2,11],[4,12],[5,4],[8,24],[10,4],[20, 8], [ 40,
CA= [[ 1],02,21],[4,22],[5,4],[8,4],[10,4],]20, 8], [ 40,
CA= [[ 1], [2,41],[4,2],[5,4],[8,4],[10,4],][20,8], 40,

[[ 1],[2,1],[4,42],[5,4],[8,4],[10,4], 20, 8], 40,

CA=[[1,1],[2,3],[4,4],[5 4],[8,40],[10,12],[20, 16 ]]= 10.
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CA=[[1,1],]2,25],[4,2],[54],[820],[10,20],[20,8]]= 15.
CA=1[[1,1],[25],[4,22],[5,4],[8,20],[10,20],[20,8] ]=16.
CA=[[1,1],[2,21],[4,6],[5,4],[820],[10,4],[20,24]]=17.
CA=[[1,1],[2,1],[4,26],(5,4],[8,20],[10,4],[20,24]]=18.
CA=[[1,1],[27],[4,40],[5,4],]10,28]]=19.
CA=[[1,1],[2 11],[4,52],[5,4],[10,4],[20,8]]=31.
CA=[[1,1],]23],[420],[54],[8 40],[10,12]]= 33.
CA=[[1,1],[223],[4,40],[5,4],[10,12]] = 34.
CA=[[1,1],[215],[4,32],[5,4],[10,20], [ 20, 8] ]= 40.
CA=[[1,1],[2,31],[4,16],[5,4],[10,4],[20, 24 ]]= 42.
CA=[[1,1],[2 15],[5,64]]=49.

CA=[[1,1],[23],[4,44],[5,4],[10,12],[20, 16] ]= 12, 13.
NSN(12) = 17, NSN(13) = 19.

CA=[[1,1],[2 23], [4,24],[5,4],[10,12],[20, 16 ] ]= 14,38.
NSN(14) = 17, NSN(38) = 23.

CA=[[1,1],[2,11],[4,12],[5,4],[8,40],[10,4],[20,8]]=

28, 29.
NSN(28) = 14, NSN(29)= 12.

Conclusions

These computations prove that any group of order 32, 48, 72 or 80 is completely
determined by its table of marks. It only remains to prove this for groups of
order 64 in order to establish that the smallest example of non-isomorphic
groups with isomorphic tables of marks must be of order 96.
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