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Abstract

We prove the short-time asymptotic formula for the interfaces and local solutions
near the interfaces for the nonlinear double degenerate reaction-diffusion equation
of turbulent filtration with fast diffusion and strong absorption

= (1™ P @™ ) = b, 0 <mp < 1, 8> 0.

A complete classification in terms of the nonlinearity parameters m, p,3 and asymp-
totics of the initial function near its support is given. In the case of an infinite speed
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of propagation of the interface (no interface), the asymptotic behavior of the local
solution is classified at infinity.

Mathematics Subject Classification: 35A01; 35C07; 35K55
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1 Introduction

This work is a sequel to the work presented in [7]. We consider the Cauchy
problem (CP) for the nonlinear double degenerate parabolic equation

Lu = u— (™) P ™) )5 +buf =0, x eR,0< 1 < T, (1)

u(x,0) = ug(x), x eR. 2)

where u = u(x,t),m,p,>0,b € R, with O <mp < 1,and T < +o0 and ug is a contin-
uous and nonnegative function. We assume that either » >0 or b <0 and 8 > 1 Equa-
tion (T) models turbulent polytropic filtration of a gas in a porous medium [[10} [11]].
The condition 0 < mp < 1 corresponds to fast diffusion — when the equation (I)) with
b =0 possesses an infinite speed of propagation property [[10]. The main constituent
of the equation (I) is to model competition between the double degenerate fast dif-

fusion with infinite speed of propagation property and the absorption or reaction
term. We define the interface function as

n(t) :=sup{x: u(x,t) > 0},
with n(0) = 0. Additionally, we assume that
up(x) ~ C(—x)$,as x — 07, for some C >0, a > 0, 3)

unless stated otherwise, where (-), = max(-;0). Solution of the CP is understood in
the weak sense.

A full classification of the short-time behavior of n(¢) and of the local solution
near 7(t) depending on the parameters m, p, b,3,C, and « in the case of slow dif-
fusion (mp > 1) is presented in [/]. The aim of the paper is to classify short-time
behavior of the interfaces and local solutions near the interfaces and at infinity in
the CP with a compactly supported initial function. In all cases when 7(f) < +oo we
classify the short-time asymptotic behavior of the interface 7(-), and local solution
near 7(-), while in all cases with 7(¢) = +co we classify the short-time asymptotic
behavior of the solution as x — +oo.

Most of the results of the paper are local. Therefore, we assume that u is either
bounded or unbounded with growth condition as x — —oo, which is suitable for the
existence of the solution. In some cases we will consider

up(x) = C(—x)§, x € R, “)

specifically cases when the solution to (I)), () is of self-similar form. In these cases
the estimations will be global in time.
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A full classification of the short-time behavior of interfaces for the reaction-
diffusion equation (I) with p =1 is presented in [9] for the slow diffusion case
(m > 1) and in [3] for the fast diffusion case (0 < m < 1). The analogous classi-
fications for the nonlinear degenerate multidimensional reactiondiffusion equation
(multidimensional version of (1)) with p = 1) was presented in [5] for the slow dif-
fusion case and in [6] for the fast diffusion case.

The methods of the proof developed in [9, 3] are based on nonlinear scaling laws,
and a barrier technique using special comparison theorems in irregular domains
with characteristic boundary curves [1} 2, [4]. Full classification of interfaces and
local solutions near the interfaces and at infinity for the p-Laplacian type reaction-
diffusion equation ((T]) with m = 1) are presented in [8]. The semilinear case (m =
p = 1in (1)) was analyzed in [12, [13].

We refer to [[7] for the definition of the weak solution to CP (T)), (2)) (see Definition
1 from [7]) and main results on the general theory of the PDE ({J).

We also make use of the standard comparison result from [7] as well as the notion
of the minimal solution to prove our main results (see Lemma 1, Definition 2, and
Lemma 2 from [[7]).

The paper is organized in the following way. In Section [2] the main results are
outlined, with further details in Section Essential lemmas are formulated and
proven using nonlinear scaling in Section 4 Finally, in Section [5] the results of
Sections [2| are proved. To improve readability, the explicit values of all constants
that appear in Sections and [5] are relegated to the Appendix.

2 The Main Result

Throughout this section we assume that u is a unique weak solution of the CP (TJ),
(3). The main results are classified according to regions I-V, respectively, in Figure
the (@) parameter space diagram, below.

B

1

mp
| = (1+p)/(mp—P)

FiGure 1. (a,B) parameter space diagram for interface development

for the CP (1)), (3).
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e RegionI: »>0,0<B<mpand 0 < a < (1+ p)/(mp—p).
The interface initially expands and there exists a number ¢ > O such that

mp—f3 mp—f3
21t TR < (f) < 2ot TP, 0 <t < 6, (5)

(see the Appendix for the explicit values of z; and 27).
Further, for any o € R, there is a number f(o) > 0 (depending on C, m, and
p) such that

Uy (1),1) ~ F(o) T2 D as t — 07, (6)

S B
where y,(t) = ot T+p-amp=1)

e Region II: » > 0,0 < <mp,a = (1+ p)/(mp—p), and
_[__bmp=p)"?
" Lm(1 + p))Pp(m+p)

Then the interface shrinks or expands accordingly as C < C, or C > C, and
we have that

C

mp—f3 "
n(t) ~ z.t@PIP Jas t — 07, (7

where z, s 0 if C s C,, and for arbitrary o < z, there exists fi(o) > 0 such
that

u(zy(0,1) ~ VP fi (), as £ — 07, (8)

mp—f
where z,(f) = ot T-A)1+p)

e Region III: » > 0,0 <8 <mp and a > (1 + p)/(mp — ).
Then the interface initially shrinks and we have that

1
n(t) ~ —7.t°0P as t — 07, 9)

1
where 7, = C™V(p(1 —f))«1-A and, for any 7 > 7,, we have
Ao
u(e(1).0) ~ | C' PP —p(1 - )| P 177, as 1 — 07, (10)
1
where n,(t) = —1te(1-5,

e RegionIV: b >0, B=mp and a > 0.
In this case there is an infinite speed of propagation. For arbitary € > 0, there
exists a number 6 = 6(¢€) > 0 such that

1 1
tT=mr o(x) < u(x,t) < (t+e)Tmp(x), x>0,0<r<9, (11)

where ¢ = ¢(x) > 0 is a solution of the stationary problem

my/\p—1¢ myy — 1 m
{(I(so YIPTHEYY = e+ b, x>0, 1)

©(0) =1, p(+00) = 0.
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Moreover, we have

Inu(x,t) ~——
mip

e Region V: This region is divided into cases V(a), V(b) and V(b).

1 /b\1/(1+p)
( ) X, as x = +00,0 <1 <06. (13)

— V(a): Either b>0,8>mporb<0,8>1o0rb =0, and

(m(1+ p))P(m+1)]T=mp

(I =mp)P
Then there is an infinite speed of propagation of the interface and (6]
holds. If b> 0,8 > ed n;)+2 or b<0,8>1orb =0, then there exists a
number ¢ > 0 such that

1 I+p

u(x,t) ~ DtT=me xT-mp - as x — +o0, t € (0,6], (14)

o-|

— V(b): b>0and 1 <8 < 2L=m*2

l+p
Then,
t
lim lim —0 g (15)
>0t x—>+o00 1 1+p
tl mp xmp—

- V(e):b>0andO0<mp <pB<1.
Then there exists a number ¢ > 0 such that

1+p

u(x,t) ~ Cyuxmr-B, as x — +oo, t € (0,0]. (16)

3 Additional details of the Results

In this section we outline some additional, essential, details of Results I-V. We re-
fer to the Appendix for the explicit values of relevant constants that appear through-
out this section.

e Region I. The solution u satisfies the estimation

1 1+p 1+p
Ci1t™P(z1-2)""7 <u(x,t) < c*zl—ﬁ(zz P, 0<t<4, (17)

—m

_Bmp . . .
where z = xtTP0+», The left-hand side of is valid for 0 < x < +oo,
while the right-hand side is valid for x > 7ot"P=P/U-PU+P) C| 7/ 75, and
70, are positive constants depending on m, p, 8, and b. Moreover,

1+ mp—1
f(0) = CTrat= fo(CTram D7), fo(or) = w(or, 1), o € R, (18)
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where w is a minimal solution of the CP (I)), @) with C =1, b = 0. If u is
given by (@), then the right-hand sides of (I7)) and (5]) are valid for all ¢ > 0.

e Region II. Assume u solves the CP (1)), @). If C = C., then uy is the sta-
tionary solution to the CP. If C # C, then the minimal solution of the CP is
given by

1 B-mp
u(x,t) =110 f1(2), z = xt 0P, (19)
and
mp—f

n(t) = 2.t TPUp) [t >0, (20)

If C > C,, the interface initially expands and we have

mp—f3 A+p mp—f3 L+p
C’(z’ﬂl—ﬁl))(np) —x)’”p_ﬁ <u< C"(Z"ﬂl—ﬂz))(lw) —x)mp_ﬁ, (21)
+ +

7 <z2.<7",0< x < +00,1> 0, (22)

where C' = C,C” =C., 7 =73, and 7 = z4. If 0 < C < C,, then the in-
terface shrinks and there exists 71 > O such that for all T < 71 there exists a
number o > 0 such that

mp—3 1
u(T[(HP)(l—ﬁ),t) =otTF,1>0, (23)
and u and z, satisfy the estimates (21)), (22) with C’ = C.,C” = C3,7' =
—z5, and 7"/ = —z.
e Region IV. The explicit solution of the problem (12)) is given by
¢(x) = F 1 (2), 0 < x < +oo, (24)

where F1(-) is the inverse of the function

! b m(1l+ p) T
7‘ = -1 —_ l—mp
© fz " [p i p(1—mp)(1 +m)s ] a5 O<zsl >

The function ¢(x) satisfies

1 /b\1/(+D)
(—) X, a8 X — +00, (26)

Inp(x) ~ o »

and the global estimation

0 <@(x)<exp [—% (%)W x), x>0, 27)

and therefore

1(b\Tr
() — 400, as X — +oo, if y > — (—) ' . (28)
e m\p
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From (T1) and (28), it follows that

) . 1 (b\™r
lim lim wu(x,f)exp|——|— x|=0, (29)
m\p

t—0*t x—>+o00
and respectively

u(x, 1)
e X

1 (b\Tr
— 400, as x — 400, 0 <t < (), ify>—(—) . (30)
m\p
e Region V. 1f B > 1, then for arbitrary € > 0, there exists d = d(€) > 0 such that
a 1+ a 1+
Cst =D (1 + )T < u(x, ) < Cot T D (ya + )1, (31)

-1

where y = xtTr-atmp-T) for all x € [0,00) and 0 <7 < 6(€). Cs, Cg, X1, and x2,
are positive constants depending on m, p, 3, b, and €. If b>0and S > 1, we
have the upper estimation

1 I+p

u(x,t) < DtT-mp xmr-1 () < x < +00,0 <1< +00. (32)
While if b < 0 and 8 > 1, then for small € > 0, there exists 6 = d(e) > 0 such
that
1 1+
w(x, 1) < D(1 — )T 17 x0T | for xt T < x < +00,0<1<5,  (33)
where
mp—1
Ao + e
X = 0—61 (34)
D(1 —e)mp-T

If b >0 and mp < B < 1, then there exists 6 > 0 such that

1+ 1+
T C(1— €)(2g +2)F < u(x,1) < CoxF,0 < x<+00,0<1<5,  (35)

where z = xt“—ﬁﬁ)%, € > 0 1s an arbitrary sufficiently small number, and zg
is a positive constant depending on m, p, 8, b, and €.

If » =0 and @ > 0, then the minimal solution to the CP (1)), (@) has the
self-similar form

a -1
I/t(.x, Z‘) = tI+p+a(l-mp) f(X)’X = xt I+pta(l-mp) (36)
where f satisfies (I8]). Moreover the following global estimation is valid:
Y S A+p e d+p
_Z)l I+p+a(1-mp) (X?’ +X) mp—1 < I/t(.x, t) < C7t I+p+a(1-mp) (X4 +X) mp—1 , (37)
0<x<+00,0<t<+00,

where C7, y3, and y4, are positive constants depending on m and p.

Explicit solution (33)) provides sharper upper bound than as x — 400,
From and (33)), asymptotic result (I4) easily follows. In a similar way
asymptotic result (14) follows in the local case (3)).
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4 Preliminary Results

In this section we establish a series of lemmas that describe preliminary estima-
tions for the CP. The proof of these results is based on nonlinear scaling.

Lemma 1. If b =0 and a > 0, then the minimal solution u of the CP (1), @) has
the self-similar form (36), where the self-similarity function f satisfies (I8)). If ug
satisfies (3)), and u is the unique weak solution to CP (1)), (2), then u satisfies (0)).

The proof coincides with that given for Lemma 3 from [/].
Lemma 2. Let u be a weak solution to the CP (1), (2)), with ug satisfying the condi-
tion (3). Let one of the following cases be valid

b>0,0<B<mp,0<a<1+p)/(mp-p) Casel,
b>0,=mp,a>0 Case 2,
b<0,8=21,a>0 Case 3.

Then, for any o € R, u satisfies (6) with the same function f as in Lemma

The proof of Cases 1 and 2 coincides with the proof of Lemma 4 from [7]]. The
proof of Case 3 coincides with the proof of Case (c¢) of Lemma 3.2 of [3], the only
difference being when 8 > 1, we choose the function g as the following

gx,t)=(C+ 1)1+ le'“)%(l —vt)’, xeR,0< 1<ty =v""/2,

where

v=—-h.+1, h, = mﬁnh(x) > —00,

a(mp—1)—u(p+1)
h(x) = p(am)P(C + )P~y 1 (1 —yryr =D+ (1 4 |x|“)%|x|w—l)p—l><
X[ =D)L + ) + (@m — pulx].

Lemma 3. Ifb>0,0<B8<mp <1, and a = (1 + p)/(mp —B), then the minimal
solution u to the CP (1)), (3)) has the self-similar form (19), where the self-similarity
function fi satisfies

LR=P G + it~ Tiph b =0.2e R
fi(@) ~ C(=)1+PmP=P) " a5 7 | —co, and fi(z) = 0, as z T +oo.
There exists 11, 0 > 0 such that for any T € (—oo,—71) we have
mp—p 1
u(mnpxl—ﬁ),t) =018, 1> 0. (39)
If0 < C < Cy, then we have
1+
0 <0 <Cu(-1)"7, (40)

while if C > C,, then f1(0)=A{(m,p,B,C,b) =A1 > 0.
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Proof of Lemma 3] We define

Bomp sy
up(x, 1) = ku(k ™ x,k*~'r), k> 0, (41)

(see Lemma 6 of [7]). The function (1) satisfies the CP (T)), (4). We consider u to
be a unique minimal solution of CP (1)), (4) such that

Bomp
u(x,t) < ku(k = x,k*~11), k > 0. (42)
By changing the variables in (42)) as
B—m
y=kTox, 0=k, (43)
we derive (@2) with opposite inequality and with k replaced with k~!'. Since k >
0 is arbitrary, [@2) follows with ”=". Taking k = /18 @T) implies (T9) with

f1(@) = u(z, 1), where fi is a solution to problem (38)). This proves the first part of
the lemma. The second part of the lemma is proved in the same way as the second
part of Lemma 3.3 of [3]. |

Lemma 4. Let b > 0,0<B8<mp <1, and @ = (1 + p)/(mp —pB), and let u be the
minimal solution to the CP (1), (3). Then u satisfies

mp—p

1

u(TtTP0 1) ~ of TP, as t — OF, (44)

where 11,0 > 0 are the same as in Lemma 3] Furthermore, if 0 < C < C,, then

1+
0 <0< Cu(-1)m . (45)
If C > C,, then
1

u(0,6) ~A1t™F, ast — 0%; f1(0)=A; > 0. (46)

The proof of Lemma] follows as a localization of the proof of Lemma 3] exactly
as local results were proven for Lemma 4 of [[7].

Lemmas. Ifb>0,0<B8<mp<1, and a > (1+ p)/(mp—p), then the unique weak
solution u to the CP (1)), (3)) satisfies (10).

The proof of Lemma [5] coincides with the proof of Lemma 7 of [7].

5 Proof of the Main Result

In this section we prove the results classified by region in the (a,f) parameter
space diagram (Figure[I)) described in Section

Region I. From Lemma 2] the asymptotic formulas (6] and (T8) follow. For any
€ > 0, from (6)), there exists a number §; = §1(¢) > 0 such that

(Ag — )t/ 1+P=2mp=1) < ) 1) < (Ag + )t/ 1HP=2mr=1) 0 <t < 51(e),  (47)

where Ag = f(0) > 0. The proof of results for Region I follows exactly as the proof
of result (1) from [3] for b # 0, by choosing

1 B-—mp
g(x,1) =tTF f1(2), z = xtT-PT+p) | (48)
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1+p
J1=Col(zo —Z)f‘”iﬁ, 0<z< 400 (49)
with Cy,zp > 0 to be determined. To prove the left-hand sides of estimates (I7)) and
(3), we choose Cy = C; and zp = z1 (see the Appendix) and apply the comparison
theorem. We prove the right-hand sides of the estimations and () by choosing
Co = C,, 70 = 22 and 19 and the applying comparison theorem in the curved region
G5, where

mp—f3
Grs =1{(x,1) 1 2:(t) = Tt TP < x < 400,0 <t <5}
O

Region II. Assume that ug is defined as (4)). The self-similar solution (19) follows
from Lemma [3] The proof of estimation (ZI)) when C > C. (also when u is given
through (3))) coincides with the proof given in [7]. Let O < C < C,. The formula
(23) follows from Lemma[3] The proof of the right-hand side of (2] (also when ug
is given through (3)) coincides with the proof given in [7] and the proof of the left-
hand side of (21)) follows in the same way as the proof of the analogous estimate
from result (3) of [3]]. O

Region III. The asymptotic estimate (I0) follows from Lemmad] The proof of the
asymptotic estimate (9] coincides with the proof given in [7]. O

Region IV. The asymptotic estimation (0)) is proved in Lemma 2] From (6)), (47)) fol-
lows. The proof of estimate (T1]) follows in the same way as the analogous estimate
in result (4) from [3]].

Intergration of (T2) implies (24). By rescaling x with £~'x, & > 0 from @24) we

have
1 T
)—C:f ﬂ[é+ m(l +p) sl_mp] pds,s>0.
€ Jpwys|p  p(l—mp)(l+m)
Letting r = —¢lIn s implies
x =F[Ae(X)], (50)
where
1
F(s)= fsm[é + m(l +p) e’(mp_l)/a] " dr,
o [p pd-mp)1+m)
and
X
As(x) = —glng(=).
£
From (50) it follows that

Ae(x) = F (), (51)

where ! is an inverse function of 7.
Since 0 < mp < 1 it follows that

lim ) = m(b/p) oy, limF~'0) = m™ (b/p) 7y, (52)
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for y > 0, uniformly, on bounded subsets. From (51]) and (52) it follows that
1
- lim slngo( ) m= (b p)T7 x. (53)
e—0*

The asymptotic formula (26)) follows by choosing y = x/e. Inequality (27), as well
as estimations (28),(29),(30) follow from (24)) and (25). o

Region V. Let either b > 0,8 > mp or b < 0,8 > 1. The proof of this case follows in
the same way as the analogous case of result (5) of [3] The asymptotic estimation
(6) follows from Lemma [2| Take arbitrary small € > 0. From (0)), there exists a
number 6| = d1(€) > 0 such that holds. Let 8 > 1, and consider a function

@ -1
g(x’ t) = t l+p+a(T-mp) f(/v)’)( = xt+pta(l-mp) (54)
We have ]
amp—1-p
Lg =T L, f, (55)
where .
a
Lif= - —
1f 1+p+a(1—mp)f l+p+a(l- mp)Xf (56)

1+p—a(mp—p)

=A™ P + b T f5,

As a function f we select

Lip
00 = Colxo+x)" ", x 20, (57
where Cy and y( are positive constants.
From (@7) and Lemma 1 of [7]], the right-hand side of (3I) follows with § = 62,
where where
82 =61, if b > 0; 62 = min(6;,63), if b <O,

and
1+p+a(l-mp)

CZE(A() + €)l—ﬁ 1+p+a(B—mp)

(1+e)(=b(1+p+a(l —mp)))
To prove a lower bound in this case we take Co = C5 and yo = 1.
The proof of the left-hand side of (31)) if either b > 0, 8 < M orb<0,6>1or

b>0,8> IJ(IT”;HZ, follows in the same way as the analogous estlmate in result (5)
of [3].

If b >0 and B > 1, then the proof of estimates (I4), (I3), and (33) follow as the
analogous proof from result (5) of [3]. While if » >0 and 0 < mp < < 1 the left-
hand side of may be proved as left-hand side of was previously proved.

1+p
The only difference is that fi(z) = C.(1 —€)(zg +2);" is chosen in (@8)). The proof
of follows in the same way as the proof of the analogous result from result (5)
of [3]].
Now, let b = 0. First assume that u is defined by (). The self-similar form and
the formula (I8) follow from Lemma[I] To prove (37), again consider the function
g as in (54)), which satisfies (55) with b = 0. As a function f take (57). The proof

03 =
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of estimate (37) follows in the same way as the proof of the analogous result from
result (5) of [3]]. To prove an upper estimate we choose Cy = C7 and yo = y4 and to
prove a lower estimation we choose Co = D and y¢o = x3. |

6 Conclusions

The following is a summary of the main results
e Ifb>0,0<pB<mp,and 0 <a < (1+p)/(mp—p), then diffusion weakly

dominates over the absorption and the interface expands with asymptotic
formula given by

n() ~y(C,m, p, a)t(mp_ﬁ)/(l_ﬁ)(“p), as t — 0%,

where, Y(C,m, p,a) > 0.

Ifb>0,0<pB<mp,and a = (1+ p)/(mp—p), then diffusion and absorption
are in balance, and there is a critical value C. such that the interface expands
or shrinks accordingly as C > C, or C < C, and

n(t) ~ z.(C,m, p)t"P=PIA=BA+P) a5 1 5 0F,

where z, s 0if C s C,.

Itbh>0,0<p<mp, and @ > (1 + p)/(mp — ), then absorption strongly
dominates over diffusion and the interface shrinks with asymptotic formula
given by

n(t) ~ =1.(C,m, p,a, Byt P as 1 — 0%,

where, 7.(C,m, p,a,3) > 0.

Ith>0,0<B=mp<1,and a > 0, then domination of the diffusion over
absorption is moderate, there is an infinite speed of propagation, and the
solution has exponential decay at infinity.

If either b > 0, 8> mp or b <0, 8> 1, then diffusion strongly dominates over
the absorption, and the solution has power type decay at infinity independent
of @ > 0, which coincides with the asymptotics of the fast diffusion equation
(b=0).

7 Appendix

Below are the explicit values of the constants used in Sections and[5]
LO<B<mpandO<a<(1+p)/(mp-p)

p(m+p—-1)—-1
(

21 = (b(1 = BT (m(1 + p)) 7 (p(m + B)) 7 (mp — B)
C1 :( 1_[3 )WC*,
1-mp

mp—1 (mp—=1)(B—mp)

. (1—mp)W(D)W et 1-5
0= - » <2 =10 .
mp —f mp —f

1-mp
1+p)(1-8) (1 - mp)(1+p)(1—ﬁ) ,
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I.O<B<mpanda=(1+p)/(mp-p)

1+p

Cr =A™, A1 = f1(0) >0,

m—1

2= (m(1+ p)7T (m+B)T7 p™7 (mp—B) " (1 -B) 7 A7 [b(1 - pAS " + 1]

A rr;p—ﬁ 1+pﬁ 1 1+pﬁ
1 +p Q mp—, mp=,

=5 > = A aC :C s
“ (C) B (C) ’ (I—M)

mp—f3

C I+p
I'=1- (C_) , 26 = 0.1'To, with d, such that g(d.) = max g(9),

1
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+p
b
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Cs=(1-e)Tw D,

V.B>mp

_( a(l —mp)P+! )mpl—l
~ Ltp(1+ p+a(l = mp)(m(1 + p))P p(m+1) ’

X1 = (Ag— )P DIIp) (| _ VI =mp)(1+p) i | 5 0,1 < B < (p(1 —m) +2)/(1 + p),

X1 = (Ag— e /AP I=mp)/(+P) 3¢ b 5 0. B> (p(1 —m)+2)/(1+p)orb<0,B> 1,

I+p
CAg=F(0)>0, x,=
Ce ) 0=JO>0 =3 1 ip <o,

(A0+e e {1, ifb>0,
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mp—_
28 = [b(1-pCL (1=~ (1 = (1 - eff )| TP
3= (A()/Z))(mp_l)/(Hp),
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C7 = D1 + (1 + p)/a(l —mp))/A+mp)
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