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Abstract

In this paper, we study the Cauchy problem for a two-species chemo-
taxis model in R for N > 2. We prove the global well-posedness with
small initial data in Besov-Morrey spaces.
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1 Introduction

In the present paper, we study the Keller-Segel system of a two-species
chemotaxis model with two chemicals:

ur =V - (Vu — xquVv),
vy = Av — v 4w,
we =V - (Vw — x2wVz), (1.1)

oz = Az — 2 + u,

[ (u, 70, w, T22) (2, 1) |1=0 = (uo, T100, wo, T220)(7),
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where x € RV, N > 2, u(z,t) and w(z,t) respectively denote the unknown
density of macrophages and tumor cells, while v(x,t) and z(z,t) represent the
concentrations of chemical signals secreted by w and u respectively. The two
species are coupled in such a way that they move towards higher concentrations
of the chemicals v and w respectively. The modelling parameters y; > 0, 7; > 0
(1 =1,2) are given constants.

When 7 = 7 = 0, Tao and Winkler [4] systematically studied the bound-
edness vs blow-up, wherein x; and y» are allowed to be real: for either y; < 0
or xo < 0, boundedness for large initial data is guaranteed in < 3D. When
both x; > 0 and x5 > 0, boundedness vs blow-up is characterized by the total
mass of both species: writing

m1:/U0, mZI/WOJ
Q Q

then boundedness is ensured for max{m,ms} < Cy with some Cy > 0,
whereas, for y; = y2 = 1, finite time blow-up in 2D may occur for min{my, my} >
4. These results were improved by Yu et al. in [5] by showing that Cy = 47
and a blow-up criterion that
1 1 1
< —.

mox1  TMaxz2 27
When 7, > 0, 72 > 0, Li and Wang [3] obtained boundedness for (1.1) under an
implicit samllness condition. Lin and Xiang [2| obtained global well-posedness

and finite time blow-up for system (1.1) in a 2D bounded and smooth do-
main. However, the problem whether system (1.1) is well-posedness in critical
Besov-Morrey spaces is still unknown. Motivated by the arguments in [1], we
generalize their method to the chemotaxis system (1.2) and prove the global
well-posedness with small initial data in a large caritical framework based on
Besov-Morrey spaces.
For simplicity, we take x; = 7, = 1 (¢ = 1,2). Then, Model (1.1) can be

rewritten as
(uy = Au—V - (uVv),

vy =Av —v 4w,

wy =Aw —V - (wVz), (1.2)

2z = Az — 24 u,

\ (u,v,w, Z)<x>t)‘t=0 = (UO7U07WO’ ZO)(x)’

and model (1.2) has the scaling
ux(z,t) = Nu(Ax, N2t),  oz(z,t) = v(Ax, \*t),
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wa(z,t) = Nw(Az, \%t),  2n(2,t) = z2(A\z, \*t),

which, by taking ¢ = 0, induces the initial data scaling
uox = Nup(Ax), vox = vo(Ax), wor = Nwo(Ar), zoa(w,t) = z(\x).

This paper is organized as follows. In Section 2, we recall the definitions
of Morrey and Besov-Morrey spaces. In Section 3, we stated our results on
well-posedness. Section 4 is devoted to the proof of the Theorem 3.1.

2 Preliminaries

This section is devoted to some preliminaries about Morrey and Besov-Morry
spaces.

Definition 2.1 For 1 < p; < p < oo, the Morrey space M = M (RN) is
defined as the set of all measurable functions u such that

N_N
lullpz, = sup sup R7 7t {|ul| oy (D(wo,r)) < 00, (2.1)
zo€RN R>0

where D(zo, R) denotes the closed ball in RY with center xy and radius R.

The space M endowed with [|-||»z is a Banach space. In the case p; = 1,
MBP is a space of signed Radon measures and [|ul|z1(p(,r)) is meant as the
total variation of the measure u in the ball D(xg, R). For 1 < p < oo we have
that M? = L? and M| = M where M stands for the space of signed Radon
measures with finite total variation. In the case p = p; = o0, we consider
M = L=,

Let us denote by S and S’ the Schwartz class and the space of tempered
distributions, respectively. For u € &', we denote the Fourier transform of u
by @ and its inverse by u”. Let x(z) be a C'*°-function on [0, 00) such that 0 <
X(z) < 1,x(2) =1 for 2 < 3/2 and supp x C [0,5/3). Then, for all j € Z, put
©; (&) = x(277|¢]) — x(21791¢]). Tt follows that ¢;(€) € C°(RY) and we have
the dyadic decomposition

[e.o]

S 65(6) =1, for all € £0.

j=—o00
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Definition 2.2 The homogeneous Besov-Morrey space /\/;f’pl)r = '/\/’ps,pl,r (]RN)

is the set of all w € §'/P such that o] *u € MP  for all j, and

(Z(Tngo}/*uHMgl)r)% <oo, for1<p <p<oo,1<r<oo,seR,

lullys,, , = 7
sup(27|lj *ullpgg,) <00, forl<pr<p<oo,r=o0sER,
j€

(2.2)

where P denotes the set of polynomials with N variables.

3 Results

In this section we present our global well-posedness for the system (1.2).

We consider the following critical initial data class

N _ N _
U € Ny oo(RY), vy € 8'/P with V - vy € Ny ao(RY), .
N _ N _ ’
Wy € NQ:I(II,;(RN)7 20 € S//P with V- 2z € M’?l,;o(RN)a

where the exponents ¢, q;,r, 7, and N; are as in the Remark 3.2.

Let Z be a Banach space continuously included in & and denote by
BC,((0,00); Z) the class of bounded functions from (0,00) to Z that are
weakly time continuous in the sense of S’. We define the functional spaces

Xy = {u: 7% € BC,((0,00); M%)}, (3.2)
Xo={v:v(,t) €S /Pfort>0 and t 2T2Vuve BC, ((0,00); M)},
(3.3)
X3 = {w: t7 2w € BC,((0,00); M2}, (3.4)
Xi={z:2(,t) €S /Pfort>0 and t 2t2Vze BC,((0,00); M1},
(3.5)

which are Banach spaces endowed with the respective norms
_N
lullx, = supt™ 2 flu(t)| mg,
>0
_N_ 1
[0l x, = supt™2 "2 [ Vo(t) || sy, ,
>0

N
lwllx, = supt™ 2 flw(t) | g,
t>0
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I2llx, = sup =22 (| V2(t) | gy,
>0
Let us introduce the spaces X and Z as

X ={(u,v,w,2) :u € X,ve Xy,we X3,z € Xy} (3.6)
with the norm

[(u, v, w, 2)||x = [lullx, + [[ollx, + lwllx, + [121x,,
and

T := {(ug, vo, wo, 20) : Ug, Vo, W, 2o are as in (3.1)}
with the norm

(o, v, wo, 20)llz := [luol] 52 + [ Veoll peoy +llwol] noe + V2]l xecs

9,910 771,00 9,91 ,°0

Note the X and Z are Banach spaces equipped with the norm |- || and | - ||z,
respectively.
Using Duhamel’s principle, system (1.2) can be formally converted to the

following integral formulation
t
u(t) = eug — / Velt="A(y - Vo)(7)dr,
0
t
v(t) = e tetPyg +/ e~ ety (1) dr,
0

t
w(t) = e wy — / Vel="2(w - V2)(r)dr,
0

¢
2(t) = e e 2 —|—/ e~ ety (1) dr.
0

\

A 4-tuple (u,v,w, z) satisfying (3.7) is called a mild solution of (1.2).

Theorem 3.1 Let N > 2, and let the exponents q,qi,r,71 and Ny be as in
Remark 3.2. Suppose that the initial data (ug,vo,wo, z0) € L. There exist
positive constants €,0 (6 = Ce) and Ky such that the system (3.7) has a
unique global mild solution (u,v,w,z) € X satisfying ||(u,v,w, z)||x < 2K
provide that ||(ug, vo, wo, 20)||7 < 0.
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Remark 3.2 Assume that N > 2 and v > 0. For N > 3, suppose that the
exponents q,r satisfy either (a), (b) or (c) where

N Ngq

— N, N :
(a) 2<q< , <T<N—q’
(b) ¢g=N, N<r<oo;

N <q<2N <r< .
(¢) q AT Ty

In the case N = 2 we assume that q,r satisfy the condition (c) above. More-

over, suppose also that q,,r1, N1 satisfy the following conditions

(4) 1<q<g 1<m<r, 1SN <N
1 1 1 1
( ) T q1 N ¢
It is always possible to find indexes qi,11, N1 sufficiently close to q,r, N, re-
spectively, satisfying either (a), (b) or (c), and such that (A),(B) hold true.

In other words, Remark 3.2 is not empty.

4 Proofs

In this section, we present the proofs of results stated in Section 3. First we

prove a fixed point lemma which will be useful for our ends.

Lemma 4.1 For 1 <i <4, let X; be a Banach space with the norm || - || x,.
Consider the Banach space X = X1 x Xo X X3 x Xy endowed with the norm

|zl x = l71llx, + |72llx, + [|2s|lxs + (|24l x4,

where © = (x1, 29, x3,24) € X. For 1 < i, jk <4, assume that Bffj : X X
X; — X} 15 a continuous bilinear map, that is, there is a constant C’i’fj >0
such that

k
HBM(% Lj

My, <

‘erX]w Jor all (miaxj) € X, x Xj. (41)

X;
Assume also that: Ly : X9 — X5 and Ly : X1 — X4 are continuous linear
maps such that || La||x,— x5 < o and || Ly||x,—x, < . Set the constants

4
Ki=14+a+8 and K,:= Z (CL(B+1)+C(a+1)),

1,j=1
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and let 0 < ¢ < 4K o ond Be = {z € X |zllx < 2Kie}. If [lylla < € then
there exists a unique solution © € B, for the equation x = y + B(x), where

Y= (y1,2, Y3, ya), B(x) = (Bi(2), Ba(z), Bs(z), Bs(z)) and

=Y Blj(zi2;), Ba(w) = (Lao(ys + Bs))(x),

ij=1

- Z ng(a?i,xj), By(r) = (L4 o (y1 + Bl))(x)

i.j=1

Proof. For all x € X, it follows from (4.1) that

4
1Bu(@)llx, < ) 1B (i 25)1x,

ijl

< > el

i,7=1

4
< (D)l

1,5=1

(4.2)

Similarly, we have

1Bs(2)]lxs < ZCEZ 1% (4.3)

i,j=1

Next, using (4.1) and (4.3), we estimate By as follows:
1Ba(2)llx, < [[L2 o (ys + B3 2)|Ix,

a(llyllx + (Z Cilll%)

,j=1

4
<a ) CHllzlk + allyllx.
ij=1

(4.4)

Similarly, it follows that

4
1Bs(2)llx, < 8 Clillzll3 + Bllyllx- (4.5)

1,j=1
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Now, consider the mapping F : X — X given by F(x) = y + B(z). For
x € B, from (4.2)-(4.5), we obtain that

1F (@)l < IIyllx+ZIIBk ) x;
k=1

<(1+a+B)ylx+ Z LB+ Ca+ 1) |z)l3

i,j=1
S K1€ + K2(2K1€)2
S 2K1€7

and then F(B.) C B.. Next, we take x, z € B. and estimate

IF(z) = F (=)«

= [|B(x) z)||lx = Z | B (2 2)|lx,
4 4
<D B (@i = zivwg) + Bz wy — )y + ) I1BY (@ — ziy25) + B (zi w5 — 25))llx,
i,j=1 i,5=1

+ |1L2 0 (y3 + Bs)(@)|| x, + [|La o (y1 + B1)(2)| x,

Z (Chi + CE ) (i = zillx il x, + Nzl x Mz = 2l x;)

4
+) (BCH; + aCE)) (Il — zillx, sl x, + llzillx, 125 — 2l x,)

,J
4
<> (CB+ 1)+ (et D)z — 2l (=] x + 1l2]x)
ij=1
< KodKqellz — 2| x-

Since 4K K. < 1, F is a contraction in B., and the Banach fixed point
theorem concludes the proof.
Now, for each initial data tuple (ug, vo, wo, 20), we consider F(u, v, w, z) =
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(U, V,W, Z), we have

/

U(t) = e®ug — / t Vel =12 (uVo)(r)dr,
= e"Sug + ;11,2@),

V(t) = e ey + /t e~ ety (1) dr,
=: e te Py + [2(1&),

(4.6)

t
W (t) = e®wy — / V=2 (wV 2)(1)dr,
0

= e®wy + B3, (1),

t
Z(t) = e e 2 +/ e~ ety (1) dr,
0

= e ez 4 Ly(t).

Lemma 4.2 Under the hypotheses of Theorem 3.1. There exist positive con-
stants C1, Cy such that

1B 5llx, < Cillullx, [[v]lx (4.7)
1B54llxs < Collwllx, =]l x. (4.8)
[L2(w)llx, < allwllx,, (4.9)
IZa(u)l[xs < Bllullx,, (4.10)

forallu e Xy, v e Xy, we X3, and z € Xy.

Proof. From the conditons (a), (b), (¢) in Remark 3.2, we have

—+—4+—>0.
2+2q+27“

1 N 1 N N
2  2r ’

Taking s; = - from (A), (B) in Remark 3.2, it follows that

r1+q1’

,
d and i>

r+gq G r+qgs;’

rqg 1

1<s5 <
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and we can estimate

1B1 2l 1,

t t
.y / V- IS ) (r)dr|, . < / IV - DB @T0)(r)|] . d
0 q1 0 q1
t

< C/ (t—r) 2t
0

e

,l),%
Vo)) e dr

S1

N_q
= Ct2 lullx, vl x,,
(4.11)
for all ¢ > 0, where Cy; = (N, q,q1,7,71), and b denotes the beta function.

IV La(w) | agr,

t t
— HV/O e‘(t—f)e(t—‘r)Aw(T)dTHM:I S/O Hve(t_T)Aw(T)HM;1d7—

t
<c [(t=n ¥ )l dr (112
0
1 N NN
<COtrab(= — — 4 — —
<ty - o0+ o0 el

N_1
= otz 2 ||w||X37
for all t > 0, where o = a(N, q, q1,7,71), which gives (4.9). Similarly, we have

N _
183 4(w, 2) |l g, = Cot2 " [|wll x| 2], (4.13)
IV La(u)llagy, = B2 2|l x,, (4.14)

for all ¢ > 0, where Cy = C(N,q,q,7,71), and = B(N,q,q1,7,71), which
gives (4.10).

Now, we deal with the global existence of solutions to prove Theorem 3.1.
Proof of Theorem 3.1

Consider X7, X, X3 and X, as in (3.2)-(3.5) and let
y = (ePug, e ey, ePwg, e tetPz). For X = X; x Xy x X3 x X4 and
x = (u,v,w, z) € X, we denote

Bi(z) := By ,(u,v), (4.15)
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By(z) := Ly o (e"wq + Bs)(x), (4.16)
Bs(z) := B3 ,(w, 2), (4.17)
By(z) := Ly o ("ug + By)(x). (4.18)

From Lemma 4.2, the operators B*., L, and L, are continuous maps.

(2 ] )
Next, we set

Ki=14+a+8 and Ky=Ci(f+1)+Co(a+1). (4.19)

We have that

ttA ttA

lylle = lle S uollx, + lle™" e vollx, + Il wollx, + [le™ e 20| x,

= supt ™2 H|e! o] g, +Supt 22| Vete "ol my,
>0

N1 ||6tA t _tA

sup e g, + supt Ve ez (4.20)

<Co(HuoH xoo + Vool xos +luoll x2 + V20l 2 )
Nt N N

4,91, 7‘7‘100 9,91 ,°0 1,90

< Col|(uo, vo, wo, 20) ||z < €,

provided that ||(ug,vo, wo, 20)|lz <0 =5. If0<e < 4K ;» then Lemma 4.1
implies that there exists a unique solutlon (u,v,w,z) € X of (3.7) such that

H(U, v, W, Z)HX S 2K18.
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