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Abstract

In this paper, we study nonexistence of the CH-type peakon for a
generalized Camassa-Holm equation proposed by Novikov.
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1 Introduction

In this paper, we consider the Cauchy problem of integrable dispersive wave
equation {

ut − utxx − 4uux + 6uxuxx + 2uuxxx − 2u2x − 2uuxx = 0,
u(0, x) = u0(x),

(1)

which is presented in Novikov [1]. It is shown in [1] that Eq.(1) admits a hier-
archy of local higher symmetries. Eq.(1) is regarded as a generalized Camassa-
Holm equation (or a genenralized Degasperis-Procesi equation [2]) because it
has similar structure with them. In [2], Li and Yin established the local ex-
istence and uniqueness of strong solutions for the problem (1) in nonhomoge-
neous Besov spaces by using the Littlewood-Paley theory. The well-posedness
of (1) was studied in [3] for the periodic and the nonperiodic cases in the sense
of Hadamard. In addition, nonuniform dependence was proved by using the
method of approximate solutions and well-posedness estimates. However, to
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our best knowledge, weak solutions [4] for the Cauchy problem (1) have not
been investigated yet.

The main objective of this paper is to investigate whether or not equations
(1) with nonlocal nonlinearities has similar remarkable properties as Camassa-
Holm equation [5]. By the study of weak solutions, we find that the problem
(1) does not poss CH-type peakon [6], which is different from Camassa-Holm
equation.

2 Preliminary

We write the equivalent form of the problem (1) as follows{
ut − 2uux = ∂x(1− ∂2x)−1(u2 + (u2)x),
u(0, x) = u0(x)

(2)

The characteristics q(t, x) relating to (2) is governed by{
qt(t, x) = −2u(t, q(t, x)), t ∈ [0, T ),
q(0, x) = x, x ∈ R.

Applying the classical results in the theory of ordinary differential equations,
one can obtain that the characteristics q(t, x) ∈ C1([0, T )×R) with qx(t, x) > 0
for all (t, x) ∈ [0, T )×R. Furthermore, it is shown from [2] that the potential
m = u− uxx satisfies

m(t, q(t, x))q2x(t, x) ≥ m0(x)e−
∫ t
0 (2ux−2u)(τ,q(τ,x))dτ . (3)

2.1 Notation

We firstly give some notations.
Let R denote real number set. The space of all infinitely differentiable functions
φ(t, x) with compact support in [0,+∞) × R is denoted by C∞0 . Let Lp =
Lp(R)(1 ≤ p < +∞) be the space of all measurable functions h such that
‖ h ‖PLP =

∫
R |h(t, x)|pdx < ∞. We define L∞ = L∞(R) with the standard

norm ‖ h ‖L∞= infm(e)=0supx∈R\e|h(t, x)|. For any real number s, Hs = Hs(R)
denotes the Sobolev space with the norm defined by

‖ h ‖Hs=

(∫
R
(1 + |ξ|2)s|ĥ(t, ξ)|2dξ

) 1
2

<∞,

where ĥ(t, ξ) =
∫
R e
−ixξh(t, x)dx.

We denote by ∗ the convolution, and the convolution product on R is defined
by

(f ∗ g)(x) =

∫
R
f(y)g(x− y)dy. (4)
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Using the Green function g(x) = 1
2
e−|x|, we have (1 − ∂2x)−1f = g(x) ∗ f for

all f ∈ L2, and g ∗ (u − uxx) = u. For T > 0 and nonnegative number s,
C([0, T );Hs(R)) denotes the Frechet space of all continuous Hs-valued func-
tions on [0, T ). For simplicity, throughout this article, we let C denote any
positive constant

3 Nonexistence of the CH-type peakon

In this section, we will study the weak solutions for problem (1).
Definition 3.1. Given initial data u0 ∈ Hs, s > 3

2
, the function u is said

to be a weak solution to the initial-value problem (2) if it satisfies the following
identity∫ T

0

∫
R
uϕt − u2ϕx − p ∗ (u2 + 2uux)ϕxdxdt+

∫
R
u0(x)ϕ(0, x)dx = 0 (5)

for any smooth test function ϕ(t, x) ∈ C∞c ([0, T )×R). If u is a weak solution
on [0, T ) for every T > 0, then it is called a global weak solution.In this section,
we will discuss the existence of weak solutions.

Theorem 3.2. The peakon function of the form

u(t, x) = a(c, t)e−|x−ct|, c ∈ R, a(c, t) 6= 0, (6)

is not a global weak solution to (1) in the sense of Definition 1.1.
Proof.
We firstly claim that

ut = ∂tae
−|x−ct| + csign(x− ct)u, ux = −sign(x− ct)u. (7)

Hence, using (4), (7) and integration by parts, we derive that∫ T

0

∫
R
uϕt − u2ϕxdxdt+

∫
R

u0(x)ϕ(0, x)dx

= −
∫ T

0

∫
R
ϕ(ut − 2uux)dxdt

= −
∫ T

0

∫
R
ϕ[∂tae

−|x−ct| + csign(x− ct)u+ 2sign(x− ct)u2]dxdt. (8)

On the other hand,∫ T

0

∫
R
−p ∗ (u2 + 2uux)ϕxdxdt

=

∫ T

0

∫
R
ϕpx ∗ [(1− 2sign(x− ct))u2]dxdt (9)
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Note that px = −1
2
sign(x)e−|x|. For x ≤ ct,

px ∗ (u2 + 2uux) = −1

2

∫
R
sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −1

2
(

∫ x

−∞
+

∫ ct

x

+

∫ ∞
ct

)sign(x− y)e−|x−y|

×(1− 2sign(y − ct))e−2|y−ct|dy
= I1 + I2 + I3. (10)

We directly compute I1 as follows

I1 = −1

2

∫ x

−∞
sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −3

2

∫ x

−∞
e−x−2ct+3ydy

= −3

2
e−x−2ct

∫ x

−∞
e3ydy

= −1

2
e2x−2ct. (11)

In a similar procedure,

I2 = −1

2

∫ ct

x

sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

=
3

2

∫ ct

x

ex−2ct+ydy

=
3

2
ex+

8
3
t

∫ ct

x

eydy

=
3

2
ex−ct − 3

2
e2x−2ct. (12)

and

I3 = −1

2

∫ ∞
ct

sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −1

2

∫ ∞
ct

ex+2ct−3ydy

= −1

2
ex+2ct

∫ ∞
ct

e−3ydy

= −1

6
ex−ct. (13)

Therefore, from (11)-(13), we deduce that for x ≤ ct

px ∗ (u2 + 2uux)(t, x) = −2a2e2x−2ct +
4

3
a2ex−ct. (14)
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For x > ct,

px ∗ (u2 + 2uux) = −1

2

∫
R
sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −1

2
(

∫ ct

−∞
+

∫ x

ct

+

∫ ∞
x

)sign(x− y)e−|x−y|

×(1− 2sign(y − ct))e−2|y−ct|dy
= II1 + II2 + II3. (15)

We directly compute I1 as follows

II1 = −1

2

∫ ct

−∞
sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −3

2

∫ ct

−∞
e−x−2ct+3ydy

= −3

2
e−x−2ct

∫ x

−∞
e3ydy

= −1

2
e−x+ct. (16)

In a similar procedure,

II2 = −1

2

∫ x

ct

sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

=
1

2

∫ x

ct

e−x+2ct−ydy

=
1

2
e−x+2ct

∫ x

ct

e−ydy

= −1

2
e−2x+2ct +

1

2
e−x+ct. (17)

and

II3 = −1

2

∫ ∞
x

sign(x− y)e−|x−y|(1− 2sign(y − ct))e−2|y−ct|dy

= −1

2

∫ ∞
x

ex+2ct−3ydy

= −1

2
ex+2ct

∫ ∞
x

e−3ydy

= −1

6
e−2x+2ct. (18)

Therefore, from (16)-(18), we deduce that for x > ct

px ∗ (u2 + 2uux)(t, x) = −2

3
a2e−2x+2ct. (19)
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According to (14) and (19), we obtain from two cases mentioned above that

px ∗ (u2 + 2uux)(t, x) =

{
−2

3
a2e−2x+2ct, if x > ct,

−2a2e2x−2ct + 4
3
a2ex−ct, if x ≤ ct.

(20)

Due to u = ae−|x−ct|,

∂tae
−|x−ct| + csign(x− ct)u+ 2sign(x− ct)u2 =

{
∂tae

−x+ct + cae−x+ct + 2a2e−2x+2ct, ifx > ct,
∂tae

x−ct − caex−ct − 2a2e2x−2ct, ifx ≤ ct.
(21)

If the function in the form of (6) is a weak solution of equation, then combining
(20) and (21) yields that{

∂tae
−x+ct + cae−x+ct + 8

3
a2e−2x+2ct = 0, ifx > ct,

(∂ta− ca− 4
3
a2)ex−ct = 0, ifx ≤ ct.

(22)

By the linear independence of the function e−x+ct, ex−ct,e−2x+2ct and e2x−2ct,
the above condition holds if and only if

a(c, t) = 0, (23)

which provides a trivial solution of equation, u(t, x) = 0. Therefore it com-
pletes the proof of Theorem 3.2.
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