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Abstract

The class of nonlinear partial differential equations that can be decomposed into
sums of terms that are products of not necessarily the same number of linear
differential operators is considered. Necessary and sufficient conditions for an
arbitrary linear combination of a finite and an infinite number of solutions to satisfy
the equation are derived.
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1. Introduction

Unlike linear differential equations, the linear combination of solutions of the
nonlinear equation needs not satisfy the differential equation. However with some
classes of equations such as equations of Navier-Stokes, Burgers, Hamilton-Jacobi
type, pseudo-linear combination of solutions (in which the operations of addition
and multiplication are replaced by pseudo-operations) is again a solution [4, 5].
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A brief review of the past work related to the nonlinear superposition principles can
be found in [3] whereas reference [2] also provides some physically motivated
examples for them.

In [6], the author considered classes of nonlinear partial differential equations
that can be decomposed into sums of terms that are products of linear partial
differential operators. In this paper a necessary and sufficient condition for the
linear combinations of the two solutions of the equation that is a sum of terms that
are products of the same number of linear partial differential operators to satisfy the
equation was obtained.

Equations that have a structure made up of sum of terms each of which is
composed of the products of the results of the application of not necessarily the
same number of linear partial differential operators on the dependent variable u
were taken up in [7]. In this paper necessary and sufficient conditions were obtained
for the linear combination of two solutions to satisfy the equation.

In this paper again we consider equations that have a structure made up of sums
of terms each of which is composed of the products of the results of the application
of not necessarily the same number of linear partial differential operators on the
dependent variable u. We derive necessary and sufficient conditions for the linear
combination of an arbitrary number of solutions to satisfy the equation.

2. Obtaining the necessary and sufficient conditions

In the paper as a convention, we shall denote a linear partial differential operator
by the symbol L with proper subscripts. Then an equation from the class of
nonlinear partial differential equations investigated in this paper can be represented
as;

271:1=1 ;'nzll ij(u) + Z:zznl.ﬂ l_[;nzzl ij (u) + -t Z:inq_1+1 l_[;'n:ql ij(u) =0 (1)
In other words in the sum, each term with n,_; + 1 < k < n,, is made up of a
product of m,, linear operators L, ; where 1 < j < mjyand 1 < p < q withny, = 0.
In this section we shall obtain necessary and sufficient conditions for linear
combinations of solutions of (1) to satisfy (1). We shall first obtain the conditions

for linear combinations of N solutions to satisfy the equation and next we shall
extend this result to an infinite set of solutions.

2.1 Necessary and sufficient conditions for linear combinations of N solutions

Because different than [7] now we are concerned with linear combinations of more
than two solutions, we will use a representation of (1) different than Equations (2)
and (5) of [7]. Also, our approach of derivation and the resulting formulation of the
necessary and sufficient conditions aimed at will be different than those in this
reference.

The linear combination of N solutions of (1) will be
U = auq + au, + -+ ayuy, (2)
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where the set S,y = {aq,a,, -+, ay} is a set of arbitrary constants, while the set
Sun = {u1, uy, -+, uy} is the set of solutions of (1). When (2) is substituted in (1),

the resulting equation will be;

n C(Nmy)
gzl{zkl;np_1+1[zi=1 ’ Apkihpki(ulfuZ' ""uN)]} =0. (3)

To explain the quantities C(N, mp),Apki and hy,; that appear in (3), we note that

when (2) is substituted in (1), for a particular p, each 1'[;1”1 Lyj(aquy + azuy + -+

C(Nm . . .
ayuy) = 21':(1 ”)Apkihpki(ul,uz,---,u,\,) term in the resulting sum will have a

composition such that;

1) The quantity A, is the product a,; - @, - --- Arm,, where the set Sam, =
(arl,arz,---,armp) is a combination from the set S,y with repetition.
(mp+N-1)!

is the number of all such combinations.
mp!(N—-1)!

C(N,my) =
2) The quantity hpk;(us, up, -+, uy) is the sum of all terms 1'[;.":’1 Lyj(ur))
where for such a product Ly, (ur, )Lz (ur,) -+ Lxm, (urmp), the elements of
the set Sum, = (Ury) Ury, ”rmp) have the same indices as the elements of
the set Sampin the definition of A,,; above, but now the order of the
elements of this set appearing in Ly (uy, )Liz(ur,) - Lim, (urm,,) is

important. The overall number of these permutations with repetition when
iruns from 1to C(N,m,)isN™» .
3)
To illustrate the ideas with an example, let us suppose N = 5 and m,, = 3. We shall
have Sy = {aq, az,*+, as}, Sun = {ug, Uy, -+, Us} Samp = (ar,, ar,, "+, ar,). Then
_ (mp+N-1)!
C(N,mp) T mp!(N-1)!
combinations:

=35. Ay will be constituted of the following

2 2 2 2 2 2 2 2 2 2 2 2 2
aia,,aras, a1y, d1Ads, d;043,A0304, A405,A305, A305 304,107,103, 10y,
2 2 2 2 2 2 2 3 3 3 3 3
a,as,0,03,0304, A405, 205, A30s5, A0y, 47, A3, 3,0y, s, A10,03, A1 0204,
a,0,05,A5030y4, A7A305, A1 0304, A1 0305, ArA405, A30405, A1 A4 A5,

Corresponding to A; = a,a3, the coefficient hopki(uy, Uz, -+, uy) Will be the sum;
Ly (uz) Licz (Uz) Ligm,, (Uz) + Lya (z) Lz (Uz) Ligpn,, (U3) +
Lia (u) Lz (u3) Ligm,, (u2).
Notice that for given p, the A,;; are common foralln,_; + 1 <k < n,,.

Now we observe that each A; in (3) is a unique composition of products of the
forma, a5 - A, Notice that the conditions derived in this work are not for
a specific linear combination of solutions but for an arbitrary linear combination.
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Then because each element of the set S,y is arbitrary, the A,,; can be considered
as linearly independent functions. Therefore (3) can be true for arbitrary elements
of the set S, only if coefficients of A,,; vanish. Hence a necessary condition for
the linear combination (2) to satisfy (1) is that

n .
Zkinp_lﬂ hpki(ug, Uz, -+, uy) = 0,foralll <i < C(N,m,) and1<p < q. (4)
It follows that to determine whether a linear combination of N solutions will satisfy
an equation with the present approach, ZZ=1 C(N,my) conditions will have to be

checked.

This necessary condition is at the same time a sufficient condition for (2) to
satisfy (1). Indeed in (3) the order of the inner two summations with respect to k
and i can be interchanged. Then if (4) holds, the left side of (3) will vanish and (1)
will have been satisfied.

2.2 Necessary and sufficient conditions for linear combinations of an infinite
number of solutions

We will extend the truth of the above necessary and sufficient condition for N
solutions to the case of an infinite number of solutions by induction.
For N = 2, from Section 2.1 we know that A,,; will be constituted of terms

afaj where the integer powers (x,y) will vary as 0 < x < my, 0 <y < m, while
x +y = m, is maintained. With the argument of the linear independence of the
functions afa; and hence of Apy; for all p and i, and the requirement of (3) to
vanish, we set the coefficients of A,,; equal to zero and write (4) for N = 2 as;

n .
Zkinp_1+1hpki(u1’u2) =0,forall1<i<C(N,mp)and1<p<gq. (5)
This necessary condition is also sufficient, since as in Section 2.1, its imposition
will give zero result for the left side of (3) when N = 2, and (1) will have been
satisfied.

Next, we assume the truth of the necessary and sufficient condition (4) which is
for the linear combination of N solutions and we try to prove the truth of the
condition for N + 1 solutions. Whenu = a;u; + a,uy + -+ ayuy + aye1Uns1s
we must have S,y.q = {aq,ay, -+, ay, ays1} for the coefficients and S,y.q =
{uq, uy, -+, uy, uy41} for the solutions. We write (3) for this new case as;

C(N+1,mp)
Z:dZZﬁnp_lH[Zi:l P Apkihpki(ulfuZ’ o, Uypp)]} = 0. (6)
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Since we have the truth of the necessary and sufficient conditions for N solutions,
in (6) for A, which is the product Ar1 " Qrp o Army, where the Sam, =

(arl,arz,---,armp) is a combination from the set S,y with repetition, all

corresponding coefficients hy; (uy, uy, -+, uy) Will satisfy (4) and thus will cease
to exist in (6). The terms left over in (6) will be only those terms corresponding to
coefficients of A,; which is again the product a,; * @, * =+ Army, » but where the
set Sam,, = (ar, Qe armp) which is a combination from S, ., With repetition,

will now necessarily have ay .., as an element. Thus only terms with A,,; = afll .

X2 ... axmp

a. iy

where the exponents satisfy x; + x, + -+ + Xm, = My with 0 <

x; <m,,1 < j<m, and one of factors is necessarily a nonzero power of ay.,
will appear in (6). But then each such A, is a linearly independent function again,
and therefore to satisfy (6), its coefficients have to vanish. This brings about
vanishing of the full coefficients of A,,; in (6), or

Qan—lﬂ hpki(Uy, Uz, -+, Uy 1) = 0,
forall1<i<C(N+1m,) and1<p<gq. (7

This necessary condition is also sufficient for the linear combinations of N + 1
solutions to satisfy (1). Indeed, interchanging orders of the inner two summations
in (6) and substitution of (7) makes the left side of (6) zero, QED.

3. Application to initial-boundary value problems

When a solution set of the differential equation is complete and passes the proved
necessary and sufficient conditions for a linear combination to satisfy the equation,
then a solution can be constructed that will also satisfy an arbitrary initial-boundary
value function by way of expanding the unknown solution as series of linear
combinations of the elements of the complete set of solutions. However, it should
be remarked that completeness of the solution set is necessary but not sufficient for
this series with coefficients as the inner products of the initial-boundary value
function and the orthonormalized solutions of the differential equation to converge
to this function. A sufficient condition for this expansion to converge to the function
is the uniform convergence of the series involved [1]. When complete systems of
functions of one variable are known one method of constructing complete systems
of functions of several variables is given in [1].

4. Two examples
4.1 Example 1

Consider the following differential equation,
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dud?u , dud?u 9%*u 9*u
A e ) ©)
dx ot%2  0x dy? ody?2  at?

which has the solutions

U = exp(kylt) exp (k1) sin(kyly), U, = exp(kyzt) exp(k,,x) sin(kyzy),
Uz = exp(kyg t) exp(ky3x) sin(kygy).

We shall check conditions (4) to see whether arbitrary linear combinations of these
three solutions satisfy (8). In this case,

N = 3,543 ={ay, a3, a3}, Suz = {uy, u, us}.
p=1:
n, = 2, 1<k<2, my =2, Li; =
c(N,m,)=C(3,2)=6
A1 = @102, A1jz = 0103, Aygz = 03, Aiga = aF, Ayys = a3, Ay = a3,
hyi11 = L1 (ug)Lyp(up) + Lig (up) Ly (uy) = (kx1k3212 + kx2k3211) eXp[(kyl +
kyo)t] exp[(ky1 + kxz)x] sin(kyly) sin(kyzy),
hi12 = L11(uy)Lip(us) + Lyg (ug)Lip(uy) = (kx1k3213 + kx3k3211) exp[(ky, +
kys)t] exp[(ky1 + ky3)x] sin(kyly) sin(ky3y),
M1z = L1y (Uz) L1 (u3) + Lyq(u3) L1z (Up) = (Kyskdy + kyokds) expl(kyz +
kyo)t] exp[(kys + kxz)x] sin(ky3y) sin(kyzy),
hy1a = L1 (ug)Lyp(uy) = kxlkyl exp[Zkylt] exp[2kyq x] sinz(kyly),
hi1s = Li1(up)Lyp(up) = xzkyz exp[Zkyzt] exp[2k,,x] sin® (kyz)’)v
hi16 = L11(u3)Lip(us3) = x3ky3 eXp[Zky3t] exp[2ky3x] sin? (ky3J’)a
Miz1 = Lag(U1) Loy (Up) + Loy (Up)Lop(uy) = —(ksakdy + kyokly) expl(ky, +
kyo)t] exp[(kx1 + ky2)xX] sin(kyly) sin(kyzy),
Mgz = Laa(U1) Loy (us) + Loy (Uz)Lyp(uy)) = —(kyikgs + kysksy) exp[(kyy +
ky3)t] exp[(ky1 + ky3)x] sin(kyly) sin(ky3y),
Rizs = Loy (Uz) Loy (us) + Lag (Uz) Loy (up) = —(kysky, + kyok3s) exp[(kys +
ky,)t] exp(kys + ky2)x] sin(ky3y) sin(kyzy)
hi24 = Ly1(ug) Ly (ug) = 1k21 eXP[Zky1t] exp[2ky,x] sin (kyly)
hizs = La1(up)Lap(uy) = x2ky2 eXP[Zkyzt] exp[2ky,x] sin (kyz}’):
hi26 = La1(u3)Layp(uz) = — x3ky3 exp[Zky3t] exp[2ky3x] Sinz(ky3}’)-
D=2
62
n, =4, 3<k<4 m,=1,L3; = _a_yZ’L41
3,
Ayi1 = a1, Agpz = Qy, A3 = agz,
hazy = L3 (uy) = k3211 exp(kylt) exp(kyq1x) sin(kyly),
hyzy = L3;(uyp) = k3212 eXp(kyzt) exp(ky,x) Sin(kyZY)a

a a2 F) a2
L. =21.. =21 =2
ax’ 12 T g2 T21 T gy H22 T g2

C(N m,) =C(3,1) =

at2 !
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hy3s = L3y (u3) = k3213 exp(ky3t) exp(ky3x) Sin(ky33’),

haa1 = Lag(uy) = —k3211 exp(kylt) exp(ky1x) Sin(kyﬂ’)’
haaz = Lag(up) = —k3212 exp(kyzt) exp(kyx) Sin(kyZY)’
haaz = Layy(u3) = _k3213 eXp(ky3t) exp(ky3x) Sin(ky33’)-

It will be found that X%, hqxi(uy,uzus) =0 holds for 1<i<6and
e s hari(ug, up, uz) = 0 holds for 1 < i < 3 as stipulated by (4). Indeed, it can
be checked by direct substitution that an arbitrary linear combination of elements
of S,,5 satisfies (8).

Note that the above conditions for the linear combination of any number of
solutions can be expressed as

azui 62ui _

atz | ayz 0, (9a)
aui (azui 62ui) _

dx \ 9t2 T ayz/) 0, (9b)
u; (azuj azuj) ou; (azui azui) _

dx \ 9tz T dy2 T dx \ 4tz T ay2/) 0. (8c)

From these conditions we can infer that the condition

azui azui _ .
(ﬁ + W) = 0, forall i, (9d)

IS necessary and sufficient for linear combinations of solutions to satisfy the
equation. Hence as another outcome of the necessary and sufficient condition (4),
we can deduce that the linear combinations of an infinite number of solutions of (8)
that satisfy (9d) will satisfy (8).

4.2 Example 2

As a second example consider the differential equation

du d?u 2
aﬁﬁ'u = 0, (10)

which  has the solutions wu; = exp(x)sin(y),u, = exp(x)cos(y),us =
exp(—x) exp(y). By the procedure similar to the above one can see that linear

combinations of u; and u, satisfy (10). We shall test condition (4) to see whether
linear combinations of u, and u; satisfy (10). Therefore, we have:

N = 2,54, ={ay,a3}, Sy = {uy, u3}.
p=1:
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2
n1=2,1Sk§2,m1=2,L11=;—x,L12=aa—yz,
c(2,2) =3,

A1 = a1a3, Ao = a%' Az = a%,

hi11 = Ly1(ug)Lyp(ug) + Ly1 (uz) Ly, (uy) = 2sin(y) exp(y),
hi12 = Ly1(ug) L1, (ug) = —exp(2x) sinz(y),

hi13 = L11(u3)Li,(uz) = —exp(—2x) exp(2y),

hi21 = La1(uq) Loz (us) + Lyg (u3) Loz (uq) = 2sin(y) exp(y),
Riza = Ly (u1)Lyp (uy) = exp(2x) sin®(y),

hi23 = Lpy(u3)Lyy(us) = exp(—2x) exp(2y),

L21 = 1,L22 = 1, C(N,mp) =

It can be observed that Yyl hygo(ug,us) = hygp + hyzy =0, and
ZZ;1h1k3(u1,u3) = hy13 + hip3 =0, as per the requirement stated by (4).
However ZZ;l hix1(uq,u3) = hyy1 + hiz1 = 4sin(y)exp(y) #0 and the
necessary condition fails. Indeed, it can be found by direct substitution that a linear
combination of u; and u; does not satisfy (10).

5. Conclusion

Conditions obtained for the linear combinations of the solutions to satisfy the
equation are free of the coefficients of the solutions in the linear combination. This
will enable a check for the satisfaction of the equation by the linear combinations
solely by using the solutions set u;,u,,--- and the conditions (4). Another
application could be use of the presented results when the solutions set is given as
a data set and whether an arbitrary and not a particular linear combination will
satisfy the equation is desired to be determined. Also, the derived conditions can
help in a design problem while trying to construct a differential equation whose
linear combinations of solutions are required to satisfy the equation.

When checking whether an infinite linear combination will satisfy the equation,
the feature of independence of the obtained conditions from the coefficients
a,,a,, - can be exploited and based on only the properties of the solutions set
Uy, Uy, -+ and of the conditions (4) for infinite N, whether an infinite linear
combination will satisfy the equation can be determined. In the first example in
Section 4 this application of the results is demonstrated.

If by means of the conditions derived, it is determined that an infinite linear
combination of a complete set of solutions of the equation satisfies the equation,
then this finding can be applied to solve initial-boundary value problems with
arbitrary initial-boundary value functions.

References

[1] R. Courant, D. Hilbert, Methods of Mathematical Physics, VVol. 1, Interscience
Publishers, Inc., New York, 1953.



Necessary and sufficient conditions for arbitrary linear combinations of ... 23

[2] L. Menini, A. Tornambe, Nonlinear superposition formulas: some physically
motivated examples, 50th IEEE Conference on Decision and Control and European
Control Conference (CDC-ECC), Orlando, FL, USA December 12-15, (2011),
1092-1097. https://doi.org/10.1109/cdc.2011.6160344

[3] L. Peng, L. Keying, P. Zuliang, Z. Weizhou, A class of PDEs with nonlinear
superposition principles, J. Appl. Math., article ID 346824 (2012) (15 pages).
https://doi.org/10.1155/2012/346824

[4] N. M. Ralevic, Nonlinear partial differential equations and superposition
principle, 5th International Symposium on Intelligent Systems and Informatics,
Subotica, (2007), 81-85. https://doi.org/10.1109/sisy.2007.4342629

[5] D. Vivona, |. Stajner-Papuga, Pseudo-linear superposition principle for the
Monge-Amper¢ equation based on generated pseudo-operations with three
parameters, Proceedings of IPMU'08, Torremolinos (Malaga), June 22-27, (2008).
https://doi.org/10.1016/j.jmaa.2007.11.008

[6] N. Yener, Conditions for superposition properties for certain classes of
nonlinear partial differential equations, Nonlinear Analysis and Differential
Equations, 7 (1) (2019), 39-51. https://doi.org/10.12988/nade.2019.956

[7] N. Yener, A superposition property for a class of nonlinear partial differential

equations, Nonlinear Analysis and Differential Equations, 8 (1) (2020), 31-39.
https://doi.org/10.12988/nade.2020.91119

Received: March 14, 2021; Published: March 29, 2021



