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Abstract

This paper discusses the stability of nonlinear switched systems in
three subsystems, where two subsystems are stable, and one is unstable
or vice versa. Using the method of multiple Lyapunov functions and
other conditions, we obtain an estimate for the minimum dwell time
(MDT), which assures the exponential stability of switched nonlinear
systems. An illustrative example is presented to show the validity of
the results.
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1 Introduction

Switched systems have received much attention in recent years because of
their applications in many fields such as aircraft, automotive industry, biology,
control systems, robotics, epidemic disease models; see [4, 8, 9, 11, 13, 15,
17]. A switched system is a private class of hybrid systems that consists
of a family of continuous-time or discrete-time dynamical subsystems, and
a switching signal that controls the switchings among them according to some
environmental factors or seeking a specific performance.

The stability of switched systems is very important and has attracted many
researchers, and has been studied using either the common or the multiple
Lyapunov function method [14, 2, 20, 10]. It is more convenient to use multiple
Lyapunov functions than the common Lyapunov function since having only one
Lyapunov function for all the modes under study is not practical and is difficult
to construct.

A peculiar property of a switched system is that the stability of the individ-
ual subsystems does not guarantee the stability of the switched system under
an arbitrary switching [8]. However, it has been shown that such stability
can be achieved if the dwell time (74), the time between any two consecutive
switchings, is sufficiently large [12, 3, 5]. From a practical perspective, the
dwell-time condition may not hold in some subsystems due to their behaviour.
In such cases, one can get the same stability result if the average dwell time
T, is satisfied [20, 21].The minimum dwell time (MDT) concept has been in-
troduced in [18], and then it was developed in [6]. Motivated by the above
reasons, we extend previous results in [6] to investigate the stability of nonlin-
ear switched system in three subsystems, two of which are stable, and one is
unstable or vice versa.

The paper is regulated as follows. In Section 2, problem formulation is
presented. In section 3, proposes the new analysis method and the main results
of this paper. In Section 4, we study an illustrative example by using the results
obtained in this paper. Finally, a conclusion is given in Section 5.

2 Preliminary Notes

Throughout this paper, R" denotes the n-dimensional Euclidean space; R
refers to the nonnegative real numbers. A symmetric matrix P is said to be
positive(negative) definite if all its eigenvalues are positive(negative). More-
over, if P € R™" denote by Apax(P)(Amin(P)) the maximum (minimum)
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eigenvalue of P. If V(x) = 2T Pz, the following inequalities are true
Ain(P)][2][* < V() < Anax(P)]]2]]*. (1)
If 2 € R", then ||x|| refers to the Euclidean vector norm of z.

Consider the switched nonlinear system:

&= forr)(x) (2)

where x € R™ is the system state, o(t) : [tg,00) = [ ={1,2,3,--- ,n},n €N
is a piecewise right-continuous function, called the switching signals. The
switching time sequence {t;},-, satisfy tg < t; <ty < -+ <t < -+ < 0
and o(t) = ¢ means that the i — th subsystem is active when ¢t € [t;_1, ;).
fi(z) is a smooth vector function, i € I. we consider that each subsystem can
be either stable or unstable. Let 7, = t;, — tx_1 denote the dwell time, where
k=1,2,3,---. For the sake of convenience, we let

+oo |
{xk}k:[) CX, X1, T2,y Tyttt

denote the switching state sequence corresponding to the switching time se-
quence {t;}; %, i.e., 7p = 2(t). Now we discuss the stability of system (2)
using minimum dwell time (MDT) method.

Definition 2.1 (MDT). If there exists a constant 7y such that a class of
admitted switching signals satisfies the property that the switching time achieve
the inequality 7, < 19 for all k € N, then we say that the switched system is
with the minimal dwell time 1o.[/19]

3 Main Results

In this section, we present the main results for this paper. In theorems (3.1, 3.2
and 3.3) we assume that subsystem 1 is exponentially asymptotically stable
and both subsystems 2 and 3 are unstable, while in theorems (3.4 and 3.5)
subsystems 1 and 2 are exponentially asymptotically stable and subsystem 3
is unstable.

The following assumption will be needed in all the theorems:

e (A1) 3 a Lyapunov function V;(x) such that

oV

Vi(@)|@) = %fi(l‘) < =AVi(z), Ai>0

where
a; ||a:||2 <Vi(z) <y ||x||2, 0<a; <b;.
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e (A2) 3 a constant C; > 0 such that

”mk—i-l“ < CZHZ‘kH k:O71727"'

e (A3) 3 a Lyapunov function V;(z) such that

Wi r () < \Vilw), A >0

Vl(x)’(l) = o =

where
a; ||:zc||2 < Vi(x) < b; ||m||2, 0<a; <b;.

Theorem 3.1. Consider the nonlinear switched system (2) with n = 3,
and the three subsystems are active in turn. If the subsystem & = fi(x) is
exponentially asymptotically stable, and (A1) is satisfied for i = 1, and the
subsystems & = fo(x) and © = f3(x) are unstable, and (A2) is satisfied for
i = 2,3. Then system (2) is asymptotically stable under arbitrary switching
signals with minmum dwell time MDT 1y, where

. ln(/,L10203> o bl
0= M=

= )

b
a1

proof. Assume that the 1% subsystem & = fi(x) is active on [tx,1,tx42), the
2" subsystem @ = fo() is active on [tg, tx11), and the 3"¢ subsystem i@ = f3(z)
is active on [t;_1, ). According to the inequality (A1), we obtain that

Vi(x)

< —\; solve by integration

tht2 1/, T2
/ Vil®) < — / Ndz
tk+1 V;(x) tkt1

) < = Ai(trr2 — i)

Vi(karZ) < efAiTkHVi@kﬂ) (4)

From (A1), (4) and (A2) it is easy to show that

1 1 b
[2psoll” < —Vi(zpge) € —e M2V (2h41) < —e M2 [|ag ||
ai ai ai

< e M g [P < e MRy g |P < e 2 Oy C || ||
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Clearly, if 7419 > 7 then

which implies g e ™ +2C5Cs < 1 and s0 ||zgy2| < [|zr_1]|-

Now we will prove that limy o ||z = 0. For MDT 7, let {t.},.,>,
be the switching time sequence with its dwell time greater than or equals
71 where 71 > 79, be such that ||zg| < b, where ¥/ = 3,4,---, b =

max {||zol| , ||z1]|, ||z2||]} and 0 <1< 1.

Therefore, limy o0 ||xk./||2 < limp oo 2K7/3p2 = 0. This proves that, the
switched system (2) is asymptotically stable under arbitrary switching sig-
nals with its dwell time greater than the MDT 7 .

Theorem 3.2. Consider the nonlinear switched system (2) with n = 3,
and the three subsystems are active in turn. If the subsystem & = fi(x) is
exponentially asymptotically stable, and (A1) is satisfied for i = 1, and the
subsystems © = fy(x) and © = f3(x) are unstable, and (A3) is satisfied for
1= 2,3. then we have three cases.

o (i) If Ao + A3 < A1, then system (2) is asymptotically stable under arbi-
trary switching with T,El) > To, 7',52) < 19 and T,ig) < 19, where TIEZ) 1s the
dwell time of the i'" subsystem i = fi(x), and the MDT is given by

In(ppiapes) o ﬁ’ el (5)

To = s P =

0 )\1 — ()\2 + )\3) a a;

o (i1) If \y = Ny = A3, then system (2) is asymptotically stable under
arbitrary switching with T,il) — (7’,§2) + 7',53)) > 19, and the MDT is given
by

In(pupiaps) b

i=—iel 6

To =

o (i1) If 3N, > A\i,i = 2 or 3, then system (2) is asymptotically stable

under arbitrary switching with T,El) > ’\2+/\—’\13+87'0, 7',52) <71 and 7,53) < 7o,
and the MDT is given by
In b .
To = (ulgfjaﬂg)a Hi = ;7 (S -[7 (7)

where € > 0 is an arbitrary positive real number.

proof. Assume that the 1% subsystem @ = f(x) is active on [tgy1, tpra),
the 2"¢ subsystem @ = fy(z) is active on [tg,tr11), and the 3™ subsystem
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& = f3(x) is active on [tx_1,tx). According to the inequality (A3), we obtain
that

Vi) < €M1V () (8)

From (A1), (A3) and (8) it is easy to show that

_ B 1
kol < pre 1742 agp ||* < pe T Va(@)

< Nle_A17k+2ai€)\2Tk+l‘/2(xk> < ,ule_)\ﬂkHz_Qe)\QTkH [Nl
2 2

1
— 1T Ao T
< ppge” HE2e? k“a—vs(ﬂfk)
3

1
—A1T, Ao, A3T,
S L1 fio€ 1Tk+2 02 k+1& e™3 kv?,(ffk—l)
3

< Iullu26—)\17'k+2€)\27k+1 %6)‘37'“ kail ”2
< a3

_ MlM2M36—/\17’k+2+)\27'k+1+>\37'k ka_1”2

o (i) If Ao + A3 < Ay, assume that 7419 > 70, Tp11 < 7o, and 7 < 79, then

In(p1piapis)

A3Th + ATy — Mz < (A3 + A2 = A3)70 = (A3 + A2 — Ay) AL — (A2 + A3)
1 — 2 3

which implies that
6)\37-k+)\27'k+1*)‘17k+2 < (,Ullu2:u3)7l

i.e. pigpopze3™ AT =M e < 1 and therefore ||z o < ||loe_1]-
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o (ii) If Ay = Ay = A3, assume that 7,19 — 7441 — T > T then

T + Tht1 — The2 < —To

and so,
In(p papis)
A
which implies e+ 742) < (g prafus) ™" e g proppuze TR TR ) <
1, therefore

M (Tl + Thrr — Trr2) < =\

| zrsall < [|zr-1]]

Ao+A3+e
A1

e (iii) A\; > Ay, i = 2 or 3, assume that 75,9 > Tos Thr1 < To, and

e < 79, then

Ao+ A3 +¢€
)\37'k+)\27']g+1—)\17'k+2 S )\37’0"‘)\27’0—)\1(%7'0) = ()\3"‘)\2—)\3—)\2—8)7'0 = —&Tp
1
So,
In(pupops)

A3Th + AoThg1 — MThyo < —€ 5

which implies that e*s™+remeri=MTere < (1) 1o 3) 71 e

#1“2H36)\3Tk+)\27k+1—>\17k+2 <1

and therefore ||z || < ||zp_1]|

For all 3 cases we proved that ||zgia]| < ||xk—1]|| which implies limy_, ||zk|| = 0.

Theorem 3.3. Consider the nonlinear switched system (2) with n = 3,
and the three subsystems are active in turn. If the subsystem & = fi(x) is
exponentially asymptotically stable, and (A1) is satisfied for i = 1. If the
subsystems @ = fo(x) and & = f3(x) are unstable, but (A3) is satisfied for
i =2, and (A2) is satisfied for i = 3, then we have three cases.

o (i) If \y < A1, then system (2) is asymptotically stable under arbitrary
switching with T,El) > 10 and T,Sz) < 19, where T,il) is the dwell time of the

it subsystem @ = f;(x), and the MDT is given by
ln(#lmo?)) b, .
= RS =2 i = (1,2},
=, 0 M= {1,2} (9)

o (ii) If Ao = A1, then system (2) is asymptotically stable under arbitrary
switching with 7',51) — 12 > 79, and the MDT is given by
In(p1p2C3) b

7'0:/\—17 Mi:i; i:{172}7 (10)
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o (iii) If Ao > A1, then system (2) is asymptotically stable under arbitrary

switching with 7',51) > )‘i\—ir&To, T,§2) < 719, and the MDT is given by

n C! b; .
TO:M, pi= i={1,2}, (11)

where € > 0 is an arbitrary positive real number.

proof. Assume that the 1% subsystem & = fi(z) is active on [tpy1, tpio),
the 2" subsystem # = fy(z) is active on [ty,#511), and the 3™ subsystem
& = f3(x) is active on [tg_1,t;). Then

al® < pproe™ 20 |y |2 < gy G2t =Tk ||y |2
e (i) If Ay < Ay, assume that 7349 > 79 and 711 < 79, then

In(p1 112C5)
AL — Ay

which implies that eA2Th1 A1 Tt 2 < (N1M203)_1 i.e. MIM2036>\2Tk+1—/\17k+2 <
1, and therefore ||zgi2|| < ||zr_1]|-

AoTia1 — Mgz < (A2 — A)70 = (A2 — Ap)

o (ii) If A\; = Ao, assume that 7,19 — 7411 > 70 then 741 — Thpo < —7p and
S0,
In(pp2Cs)
A1
which implies that €>‘1(T’“+1_Tk+2) < (Ml,UQCs)_l ie. M1N2036>\1(Tk+1—m+2) <
1, therefore ||xpa|| < [|zp_1]|

At (Tk+1 — Tk+2) < -\

e (iii) Ay > Ay, assume that 7441 < 79 and 749 > ’\2;1“570, then
Ao+ € In(p1poCs
AoTra1 — AMTra2 < AoTo — /\1( \ To) = —€Ty = —5%
1

which implies that e*2+17M7k+2 < (1 11yC3) 7L e, iy g Cge? e = MThr2 <
1, and therefore ||zgi2|| < ||zk_1]-

For all 3 cases we proved that ||zgqa]| < ||xk—1]|| which implies limy_, ||| = 0.

Theorem 3.4. Consider the nonlinear switched system (2) with n = 3,
and the three subsystems are active in turn. If the subsystems @ = fi(x) and
& = fo(x) are exponentially asymptotically stable, and (A1) is satisfied for
i = 1,2 and the subsystem & = f3(x) are unstable, and (A2) is satisfied for
i = 3, then system (2) is asymptotically stable under arbitrary switching signals
with minimum dwell time MDT 1y, where

ln(ulugCg) bz .
- —_— P = —, = 1’ 2 12
70 )\1 +/\2 ) 2 a; ¢ { } ( )
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proof. Assume that the 1% subsystem = = fi(z) is active on [tyy1, tpio),
the 2"¢ subsystem @ = fy(z) is active on [ty,#r11), and the 3™ subsystem
& = f3(x) is active on [tg_1,t;). Then

| psall® < papaCae 2272 Iy |2
clearly, if 7,40 > 79, Thi1 > To then

In(p1p2C3)

—AMTht2 — AoThr1 < —A70 — Aemo = —(A1 + A2)10 = —(A1 + A2) O + )
1 2

which implies that
€—>\1Tk+2—)\27k+1 < (M1M2C3>_1

ie.
M1M2C36_)\17'k+26_>\27'k+1 <1

and so ||xgya|| < [|zp—1|| and limg_, o ||| = 0.

Theorem 3.5. Consider the nonlinear switched system (2) with n = 3,
and the three subsystems are active in turn. If the subsystems @ = fi(x) and
& = fo(x) are exponentially asymptotically stable, and (A1) is satisfied for
i = 1,2 and the subsystem & = f3(x) are unstable, and (A3) is satisfied for
© = 3, then we have three cases.

o (i) If A3 < A1 + Ao, then system (2) is asymptotically stable under arbi-
trary switching with 7']51)
time of the i'" subsystem

&= fi(x),i € I, and the MDT is given by

> 7o, TIEQ) > To, Ty, 73 < 14, where Tk is the dwell

,7_[):)\14‘)\2—)\37 M_ai

o (i1) If \y = \o = A3, then system (2) is asymptotically stable under
arbitrary switching with T (1) + 7',5 ) 7,53) > 19, and the MDT s given by
[ b;

i = —, el

T0 =
)\1 ’ a;

o (ii1) If A3 > A + Ao, then system (2) is asymptotically stable under
arbitrary switching with 7'( ) > )\,\3;\5 70, 7',52) > /\)‘Tf 70, T,E ) < 719, and the
MDT is given by

[ : bi .
T°:M7 p="ier (15)

where € > 0 s an arbitrary positive real number.
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proof. Assume that the 1% subsystem = = fi(z) is active on [tyy1, tpio),
the 2"¢ subsystem @ = fy(z) is active on [ty,#r11), and the 3™ subsystem
& = f3(x) is active on [tg_1,t;). Then

|zkrall? < papopge™ ™ ATk Nz gy |12
o (i) If A3 < A1 + Ag, assume that 7, < 79, Ty1 > 7o, and Txyo > 7o, then

In(p1piapes)
AL+ Az — Ag

A3Tk — AaThr1 — MTrp2 < (A3 — A — A)70 = (A3 — Ao — \p)
which implies that
e/\STk*/\2Tk+1*)\17'k+2 < (,Ul,u2,u3)71

Le. piypgpgedm™ =Mtz < ] and therefore ||zgyol| < ||lze_1]|-

e (ii) If Ay = Ay = A3, assume that 74,9 + Txy1 — 7% > 7o then

Tk — Thal — Thao < —Tp and so,

In(p1papis)

At (Tk = Tk4+1 — Tk+2) < -\ \
1

which implies that
M Tk —Th 41— Tht2) < (:UJLUQ:UB)_I
ie. pigpopze (1 =Thi2) < 1 therefore ||zpiol < ||zr_1]|-

o (iii) If Ay > Ay + Ay , assume that 7, < 79, Thy1 > 27, and 749 >

N A1+
13
15, To, then
)\3 +e )\3 +¢
ATk — AoTha1 — MThgo < A3Tg — Ago———T9 — A (———79) = —€T
3Tk 2Th+1 1Tk+2 S A3To 2>\1+)\20 1()\1+/\20) 0
In(ppaps)

= —€
3

which implies that
€>\37'k_>\27'k+1_)\17'k+2 < (M1M2M3)_1
ie. pypiopge3™ ANtz < 1 and therefore |2 o < ||lzp_1.

In all cases we proved that ||zg 2| < ||zk—1| which implies limg_,« ||| = 0.
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4 Numerical Example

In this section, numerical examples are provided to illustrate some main results.
We will only apply theorems (3.2) and (3.5).

Example 4.1. Consider the following switched system withi € I = {1,2,3},

~-1 10 0.0556 3 0.125 —2
Al_(—2 —1>’A2_< -9 0.5>’A3_< 4 0.25)

Since A; is exponentially asymptotically stable, Ay, A3 are unstable, we use
theorem (3.2) to find the MDT for the system (16). Let V; = 2% + 523 is a
Lyapunov function for the 15 subsystem, V, = 322 + 22 is a Lyapunov function
for the 2"¢ subsystem, and V3 = 222 + 23 is a Lyapunov function for the 37
subsystem. Next;

and

Vl|(1) = 221 (—x1 + 1025) + 1029(—221 — 9)
= —235? + 202129 — 200122 — 10953
= 227 — 1025 = —2(z] + 5z3) < —2V;
Va|(2) = 621(0.05567; + 315) + 225(—9z; + 0.525)
= 0.333627 + 187129 — 187179 + 75
= 0.33362% + 22 = 0.33362% + 23 < 1}
Val(3) = 421(0.1252 — 229) + 225(4xy + 0.2575)
= 0.5:15% — 8x179 + 82172 + 0.533%
= 0.522 + 0.52% = 0.5(2? + 22) < 0.5V;
then, \y =2, A =1 and \3 = % and
l=[I* < Vi(e) < 5lj2l*, o) < Va(z) <3llzl*, [lf® < Va(z) < 2|z

where ||z||> = 22 4+ 22, and then pq = 5,15 = 3,45 = 2. Since Ay + A < A

then

In(5x3x2) In(30)
= = pum . 2 4
DTS 105 05 00U

The simulation is presented in Figure (1), where the initial condition is:[x1(0), z2(0)] =
[3,1], and the switching signal is:
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20 30

20

10
o
< o
sk i
. ] ol

20 b

25 .
o 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35
time t time t

Figure 1: State response with MDT 7, = 6.802394

3.t € [t3m, tam+1) s tamy1 — tam = 4
o(t) =<2, € [tamr1, tamsa)  t3ma — tamer = 4
1,t e [t3m+2, t3m+3) s t3mas — tamio =8 where m=0,1,2,---

i.e., the 1! subsystem is activated for 7, = 8 but the 2"* and the 3" subsys-
tems are activated for 7, = 4, then the switched system (16) is asymptotically
stable for any switching signal with MDT 75 = 6.802394 as the stability degree
of the stable subsystem is large enough to compensate the total instability
effects of the other two subsystems.

Example 4.2. Consider the switched system (16) with i € 1 = {1,2,3},

where
—6 —1 —1 10 1 =2
a= (5 )= (5 ) =0 5)

Since A;, A; are exponentially asymptotically stable, As is unstable, we
use theorem (3.5) to find the MDT for system (16). Let V; = 3z% + 23 is a
Lyapunov function for the 1, V5 = 22 4522 is a Lyapunov function for the 274
subsystem, and V3 = 222 + 22 is a Lyapunov function for the 3" subsystem.
Next;

‘/1|(1) = 6.1'1 (-65131 — 513'2) —+ 21’2 (333'1 — 3%2)
= —36x% — 62129 + 62129 — 6x§

= —362% — 625 = —6(62% + 23) < —6V;

40

50
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-6 -2
o 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8 10 12 14 16 18 20
time t time t

Figure 2: State response with MDT 75 = 0.850299

Vg|(2) =2z (—x1 + 10x9) + 1025 (—221 — 22)
= —227 + 207,79 — 20179 — 1073
= —227 — 1023 = =2 (2] + 523) < —2V4
Vg|(3) =4z (x1 — 229) + 225 (421 + 223)
= 4xf — 8x1T9 + 81179 + 43:3

= 4o] + das = 4(x] + 23) < 4V

then, Ay =6, Ay =2 and A3 = 4 and
21 < Vi(e) < 3lzll*,  [l=l® < Vale) <5 z)*,  lolf® < Va(e) < 2|a))?

where ||z]|* = 22 4+ 23, and then py = 3,40 = 5, 5 = 2. Since Ay + Ay > As

then

~In(3x5x2) In(30)
[

The simulation is presented in Figure (2), where the initial condition is:[x(0), z2(0)] =

[1,2], and the switching signal is:

= 0.850299

37t € [t3m7 t3m+1) 7t3m+1 - t3m =0.70
o(t) = € 2,t € [tamr1s tamsa) » tamsz — tams1 = 1

1,t € [t3m+2, t3m+3) ,t3m+3 - t3m+2 =1 where m = 0, 1, 2, s
i.e., the 1" and the 2"¢ subsystems are activated for 7, = 1 but the 3"¢ subsys-
tem is activated for 7, = 0.70 then the switched system (16) is asymptotically
stable for any switching signal with MDT 75 = 0.850299
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5 Conclusion

In this paper, we have investigated the stability of nonlinear switched systems
for three subsystems, two of which are exponentially stable, and one is unstable
or vice versa. we have used the multiple Lyapunov functions to obtain an
estimate for the MDT, the stable subsystem should be activated longer than
MDT, 79, and the unstable mode should be activated less than this MDT.
This condition which assures the exponential stability of switched nonlinear
systems. Finally, we have provided an illustrative examples has been given.
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