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Abstract

In this paper we enhance the stability theory of non-smooth eco-
nomic periodic orbits provided by theorem 3 in Stiefenhofer and Giesl
([14], p.516). This requires to construct a Poincaré-like map P and
show its contraction. We then show existence and stability of a non-
smooth period orbit 2. The results of this paper complete the theory
of switching economic regimes.
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1 Introduction

The analysis of dynamic economic behavior lies at the heart of modern eco-
nomics. Economists frequently find their models to be systems of differential
equations. Recent theoretical developments have shown that such systems
might depend on differential equations with discontinuous right hand side.
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Such equations demand a new solution concept because the standard the-
ory of differential equations is not sufficiently general to guarantee the basic
requirements desired by economists such as existence and uniqueness of solu-
tions. The usual existence and uniqueness theorem of a solution path requires
the continuity of the right-hand side as well as the Lipschitz condition. This
problem was first recognized in the 60’s by Fillipov [2] who also provides a def-
inite answer to this problem. Mallivaud’s planning model with non-negative
constraints is an example of an economic model defined by a system of differ-
ential equations with discontinuous right-hand side [9]. Satisfactory solution
concepts for this model were known at the time but little progress was made
on uniqueness and stability of such models. Itd [7] suggests the construction
of a Filippov solution to the class of dynamic disequilibrium macroeconomic
models, showing that a unique solution is determined despite discontinuities
at the boundaries of different economic regimes. His theory, however, lacks
the conditions for determining stability and the basin of attraction of stable
solutions. In a series of papers Stiefenhofer and Giesl address the problem of
economic stability of models defined by Filippov equations [11][14][13][12] and
[3]. Stiefenhofer and Giesl [11] introduce the basic theory of existence, unique-
ness, exponentially asymptotically stability of non-smooth periodic orbits, and
provide a formula for the basin of attraction. The advantage of this theory is
that it does not require the explicit calculation of solutions of the system in
order to determine all these properties. This is a desirable convenience, since
for most economic models it is not easy, or often not even possible, to find ex-
plicit solutions. An explicit example showing how to determine stability and
the basin of attraction for a Filippov differential equation without solving the
differential equation is provided in [12]. The same example is then replicated
using Poincaré theory in [13] in order to compare the merits of the theory.
In this paper, we complete the stability proof. It remains to complete the
proof of theorem 2 which requires to (i) characterize solutions near a point
r € K, where K is a compact set, (ii) define a correction mapping 7, (iii)
define a Poincaré-like map P, and finally (iv) show existence and stability of
the period orbit €. Part (i-ii) are shown in a companion paper of this journal.
Section three shows (iii), section four shows (iv). A conclusion and an outlook
for future work is provided at the end of this paper.

Let’s consider a nonsmooth dynamical system defined by an autonomous
ordinary differential equation

&= f(z)

where f is a discontinuous function at zo = 0 and x € R? (Stiefenhofer and
Giesl 2019a). The discontinuity of f € C* (R*\(R x {0}), R?) implies that the
phase space X = R? is divided into subspaces X = XT UX° U X, where X* =
{reR?:2y>0}, X" ={z€R?: 25 <0}, and X* = {x € R?: 25, = 0}. By
defining f := f* where f(z) = f*(z) if z € XT, and f(z) = f~(z) if z € X,
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we have

- ) ff(2) ifreXt
t=fw) = { f(x) ifreX . ()

An initial value condition for this system at time ¢ = 0 is given by z(0) =
ro € X. We restrict ourselves to a set of assumptions which according to
a sequence of results by Filippov (1988) guarantees global existence, unique-
ness, and continuous dependence on the initial condition of solutions of the
differential equation (1). We assume f € C* (R?\(R x {0}),X). Each function
fE(z) with € XT or x € X~ can be extended to a continuous function up to
r € X°. Each function D f*(z) with z € X* or € X~ can be extended to a
continuous function up to x € X°. fT(z1,0) — f~(x1,0) is a C'-function with
respect to z;. For all (z1,0) € X° it holds that f (x1,0) - f; (x1,0) > 0.The
assumption fy (z1,0)- f5 (z1,0) > 0 for all (x1,0) € X° states that f7, f; <0,
or fi7, f; > 0. This assumption excludes all sliding phenomena on the X°
manifold and shall be relaxed in future work. It implies a discontinuity in
+/— direction if both f;, f; < 0 or a discontinuity in —/+ direction if
both f,7, f; > 0. Let the flow of the system given by (1) be defined by
Si(zg) = (21(t),22(t)) € X, where (z1(t), x2(t)) € X is its solution with ini-
tial value ((x1(0),22(0)) = xy. Hence the flow Sixy maps the initial point
xo at time ¢ = 0 to a point z(t) at time ¢ > 0. An adjacent trajectory is
defined by Sy(zo + 1) := (y1(0),42(0)) € X, where (y1(0),v2(0)) € X, and
Inl]l > 0 and time 8 > 0. Let K C X be positively invariant if S;zq € K
for all £ > 0 and all zp € K. A periodic orbit © of the system (1) is a
set defined by Q := {Si(zo) : t € [0,7T], such that Sr(zg) = zo} C X,
with minimal period T > 0. Let K C X and K # @ be a compact, con-
nected and positively invariant set which contains no equilibria. Moreover,
set KT:=KnN{reR*: x>0} and K~ := KN{z € R?: 29 < 0}. We now
define a neighborhood A(2) of €2 consisting of a set of points z( in X such that
the distance between S;(zo) and €2 vanishes as t — co. The basin of attraction
A(Q) of an exponentially asymptotically stable orbit €2 is the set defined by

A(Q) = {my € X : dist(S,x0, Q) —=+ 0}

Theorem 1. Let assumptions above hold, and let ) # K C R? be a com-
pact, connected and positively invariant set with f*(z) # 0 for all x € K*.
Moreover, assume that W+ : X* — R are continuous functions and let the
orbital derivatives (W) exist and be continuous functions in X* and contin-
uously extendable up to Xog. We set K® :={x € K : 19 =0}. Let the following
conditions hold:
1. Ly = max Ly+(z,0%) < —v <0
lo® [[=e=W=@) v Lf (a)
Ly (w,v%) = V@ {(3)T [Df* ()] v* + (VWH(2), f*(2))[[0*]?}
for all x € K*.
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@ V@) (@) wr @) wt @
2. . * Pl 26

@ (F@)*+ (@)

for all x € K° with fy(z) <0, fF(z) <0.

<1

Then there is one and only one peritodic orbit @ C K. Moreover, € is ex-
ponentially asymptotically stable with exponent —v < 0 and for its basin of
attraction the inclusion K C A(Q)) holds.

The next result generalizes theorem 3 in Stiefenhofer and Giesl ([14], p.516)
to a full neighborhood of z. It provides the conditions for a point x to belong
to an exponentially asymptotically stable periodic orbit. The theorem below
is also stated in a companion paper in this journal called ” Economic Stability
of Non-Smooth Periodic Orbits in the Plane: Omega Limit Sets Part 17, where
we characterize solutions near a point z € K, define a correction mapping
and show its contraction property. It remains to define a Poincaré-like map
P and study its stability property and to complete the proof of existence and
uniqueness of the period orbit 2. We define F(t) as a smooth function in a
direction which is not perpendicular to f(S;z).

S
() = L5)_
1f (S]]
Theorem 2. Let assumptions of theorem 1 hold. Let v € K* satisfy x €
w(z). Assume there is a continuous map F : Ry — R? with ||F(t)|| = 1 and

(F(t), f(Six)) >0 for allt > 0. Furthermore, assume that there are constants
d,v >0 and C > 1 such that for all n € R* with n L F(0) and || n ||< 6
there is a piecewise multi valued mapping T2 : RS — Ry such that T=T(t;)
depends continuously on n and satisfies

g'tST(ti) g%-thegi. (2)
1 2 +
g IST) <5 tvhel (3)
2 1 4 1
z < T(E) < = Vs + 4
arg) s (gig) e N
and
ISy (@ + 1) = Seall < Ce |1y | (6)

forallt > 0. Then x is a point of an exponentially asymptotically stable period
orbit €.
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2 A Poincaré-like map P

In the remaining two steps of the proof of theorem 2 we need to show that a
period orbit §2 exists and that it is exponentially asymptotic stable. Existence
of a periodic orbit €2 requires to define a Poincaré-like map P which maps open
sets into themselves, P : Uy — Uy, where the compact sets Uy are subsets of
the hyperplane H. Once P is defined, we show that it is contracting, which
shows existence of 2. Now we define a Poincaré-like map P and show that
the diameter of P*(Uy) decreases. Let’s consider a point € K such that
02

r € w(x). Set §* := STy Lhus there is a minimal time period 7™ >

3ty + 2% so that Sp«x € Bs«(x). By the correction mapping lemma?
there is a Ty € [T — to, T* + to| such that the point x; := Spx = 7(Srx)
that by condition (25) of the correction mapping lemma it holds that z; € H
and || z; — z ||< 2. Observe that ¢; > 2 (to + QW

2||lxy —z|| < dy < 6; < 4. By condition (6) of theorem 2 a point ¢ in the
compact set Uy with Uy := H N Bs,(x) will move to a point q1 by Sre(1,)q
which satisfies || ¢ — z1 ||< Ce™ || g — 2 ||< m < 69. The point 7(q1)
satisfies m(q1) € H by the correction mapping lemma. Moreover, by condition
(25) we have that || m(q1) — 21 [|< (ko+1) || ¢t — 21 ||[< 2. Hence, we are now

in a position to define the Poincaré-like map by

P:{ Up — U (7)

>. Now, set 03 :=

q = 7(Ste)q)-

Remark 1. The Poincaré-like map P is a return map. However, it is not
necessarily the first return map to the hyperplane H.

It remains to prove that P(U,) C Uy. By calculation

1 P@) ~ 1< P) — o |+ 21— 2 < 24 2
Note that P is continuous. Continuity of P directly follows from continuity of
7, Sr and TZ. By definition of the projection map 7 we have P(q) = S-(4)q for
a continuous map 7 with 7(q) > % —tg > w > 0 for all ¢ € Uy. We
now show that the diameter of the sets defined by the return map decrease.
We first define the compact sets Uy by P.

Uy == P*(Up) for all k € N. (8)

2Correction map lemma in companion paper of this journal.
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Lemma 1. Let the compact sets U, C H be defined for all k € N by the return
map P* in definition (8). Moreover, define for all k € N the points xy by

Tp 1= Pk<U0) e U,.

Then the following properties hold for all k € N

Uk C Uk71 (9)
. 0.
diamUy, < Qk_il (10)

Proof. We first show statement (9). For £ = 1 we have
Uy =P(Uy) C Up.
For k > 2 we have
PH(Us) = P*'P(Uy) € P (Uh).

Since P is continuous, it follows that since U, are images of U_; under P
that Uy are compact sets by induction. We now show statement (10). We
remarked that P does not necessarily have to be a first return map. We now
take this into consideration and show that we reach the same points no matter
whether we apply 7 after each return or only once at the end. We provide a
characterization of Uy. The points pybelong to the forward trajectory through
the point z. Hence we define T} such that x, = P(xg_1) = Sru,, for all

k € N. Also xy := p. Moreover, we know that T > w > 0. We now
set for all k € N

and
G = Sra(s, 1yd

=1
and claim that P*(q) = m(qx) holds for all ¢ € Uy and all k € N. In particular
we have the characterization Uy = 7(V}). Now, pick any & € N. Then we
already know that m(z;) = 2 = P*(x) and x;, € Uy N7 (V},). This is the claim
for ¢ = x. Moreover , we have that Uy, (V) C H, and all points of both
Ui and m(Vj) can be written as Sy, ¢ with ¢ € Uy, where 7; are continuous
functions. This is used to prove that P*(q) = 7(gx) holds for all ¢ € Uy and
all £ € N.
Let’s consider

Q(7,q) = (zx, — p, F(0)) for all g € U,.

By equations (11) and (15)of the companion paper we have that Q(Zle Ti.) =
(r — 2, F(0)) = 0 and 0,Q(7,q) = (f(S-q), F(0)) > % > 0 for all S;q € B;,.
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In particular 3TQ(Z§C:1 T;.) # 0. Hence by the implicit function theorem
there is a unique continuous function 7(¢) near x such that Q(7(q),q) = 0.
This is equivalent to S;;)¢ € H. Since both, 7, and 7, are such functions, they
have to coincide near the point . Hence, by a prolongation we obtain 71 = 7
on Uy C Bs,(a). Thus for g, = Spes~ 7,)q we have that Pk(q) = m(qx) as we
wanted to show. We now want to prove statement(10). Hence we consider a
point ¢ € Uy. Thus for g, = ST;;(ZleTi)q we have that P*(q) = m(qx) as we
have shown above. From condition (6) of theorem 2 we obtain that

J3
[2C (ko + 1)

ZT,k

gk —zi [|[< Ce "= || g — 2 [|< (ko + 1)C

Note that both C' and (ko+1) > 1. By condition (25) of the correction mapping
lemma this yields

0
q) — zp ||= — 2 | < =————— forall k e N.
IP4@) = 1=l ) = 0 € g for all
As
diamUy = max || P*(¢) = P*(¢") |
q/7q/I€U0
< max | PX(¢) — @ || + max || 2, — P*(¢") |
q'€lo q"€lo
d3
< 2@'
This completes the proof. O

3 Existence of period orbit () and its stability

By construction of a sequence of compact sets U, with decreasing diameter,
we have shown in lemma 1 that for all k& € N there is one and only one point
Z which lies in all sets. We know that Z is a fixed point of P since P(Z) lies in
all compact sets Uy as well. Given a fixed point, there is a shortest time 7" > 0
so that Sy =  and thus 7 is a point of the periodic orbit €2. Since 7 = x,
with n L F(0) and || 1 ||< § we know by condition (6) of theorem 2 that both
points z and Z have the same w-limit sets. Thus = € w(x) = w(Z) = Q and z
is a point of the periodic orbit 2. Now we prove the following result.

Proposition 1. Define 6,, := | Staryq — Sip ||> 0. Then there

min
q€H,||ql|=04,t€[0,T]
are constants 04, ty > 0 such that for each ¢ € R?* with dist(q,?)) < &, there
is a t with | t' |< ¢ such that Siq = Spx +n with 0 € [0,T], || n [|< d,, and
(n, F(0)) = 0.



60 Pascal Stiefenhofer

Proof. Similar to the early part of the proof of proposition 2 we define new
coordinates. The main difference here is that we consider coordinates for all
points Spp with 6 € [0,T]. Hence by the coordinate system introduced in the

companion paper we obtain
zo(q) = Spq— Sex —yo(q)F(0) € F(0)*
ve(q) = (Seq — Sex, F(0)) € R
Mo(a) = (f(Seq) — f(Sox), F(0)) € R
ug(q) = f(Seq) — f(Sox) — Xo(q)F(0) € F(6)*

Since [0, 7] is a compact set the constants

fu = e | F(500) |
Oy 1= 92[%%}<F(9)’ f(Spx)y >0
ay = 91;1[3}%]<F(9), f(Sez)) >0

exist. We can choose ¢; > 0 such that for all ¢

1
wola)] < Sam

[us(q) | < fu
there is a 0 € [0,T] with || Sgq — Sez ||< §}. We define

4
k, = —
0 ame
, 1
€ = 2fM + §am
1 4 0
5/ — . — 1 ’ m
5 mm(2iﬂ+1 k6+1>
26
tho= =22
0 o

(15)
(16)

Proposition 2 (Generalized lemma). Let Siq € By (Sgx) hold for allt € [0, 7]
with 7 > 0. Then for all t € [0,7] and all 1 < 15 < T the following bounds

hold:

1
50m < Lya(S1q) <

1
2
1 1
3n(72 =) < W(Su) = w(Sna) < (Gom ) (7

and

H xQ(qu) - ZL’g(Sﬁq) H < k6 (yﬁ(smq) - y@(sﬁq))
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Proof. We first show inequality (17). By equation (11) we have
Stq = Sg:U + ye(Stq)F(Q) + l’g(Sﬂ])

Hence by differentiation we conclude that

f(Sq) = =S
= —yp(5:q) + —x0(Stq). (20)

By equation (11) we have z(S;q) L F(#) for all ¢t € [0,7], we conclude that
4L 29(Sq) L F(6) holds too. Moreover from equation (11) we obtain

Soq = Sex + ya(q) F(0) + z6(q). (21)

By (21) we have

f(Sq) = [f(Sex) + Xo(S:q) F(0) + ug(Siq)

Using (13) and (14) yields

f(Sig) = [(Sex) + (f(Siq) — f(Sep), F(0)) + [(Siq) = f(Sex) — Ae(S:q) F'(0)

which by little algebraic manipulation and using £ys(S;q) = f(Siq) yields

d

0 = Eye(StQ)F(Q) — f(Sox) + f(x)F () — Xo(Seq).

Using ap := (F'(0), f(z)) > 0 and rearranging yields

d

Eyg(Stq)F(G) = ap + Ao (5:q). (22)
Equation (22) with bound (15) yields condition (17) as required. Since we
consider the time interval ¢ € [0, 7] with 0 < 73 < 75 < 7 condition (18) follows
from

2
/ ayG(StQ)dt = yG(STz ) - yQ(an)

and bounds of condition (17). Now, we multiply (22) by %xg(Stq) and with
L29(Sq) L F(#) we obtain

d

2o(Siq) I* = (f(Seq), wo(Sta))

<
dt d
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which by (21) becomes

= (f(Sox) + uo(Stq), —xo(Seq))

d
at”
I —we(StCI) <l F(Sex) | + [l uo(Siq) |- (23)

Hence

| 26(S) — 2a(Sn) | = | / Cr(Sapit |
< / | (St |
/ U@+ lua(Seq) |t by (23)

T1

2(ry — )| f(2) by (15)
ko(y(Sr,q) — y(S-q)) by (18).

which proves condition (19). This concludes the prove of proposition 2. O]

IN

<
<

Lemma 2 (generalized lemma). Let

(24)

T Bysy(sep) — H':= Spx + F(0)*
o ¢ mo(q)

be a continuous map defined by
m9(a) = Sv@)q

where t'(q) is a continuous function satisfying |t'(q)| < 22 =t for all q €

B(S/ (Sep) - Th@n fOT [/U/H/ N B§/ (Sex) we hafue ao
I 76(q) — Sz [|[< (kg + 1) || Soq — Spa’ || - (25)

Proof. We only consider the case yg(q) < 0 we have that as long as S.q €
By (Spxr) with 7 > 0 we have that by condition (18) of proposition 2 yy(S;q) >
Yo(q) + Sag. For 7 = —O%yg(q) > 0 we have yg(Szq) > 0. Observe that | 7 |<
O%O(Sé = t;. The existence of a time ' € [0, 7] such that y,(Szq) = 0 is satisfied
is implied by the intermediate vale theorem. Uniqueness of ¢’ follows from
proposition 2 as yg(S-q) is monotonously increasing in7. Now, by the implicit
function theorem we can define the continuous function '(¢) by yg(Szq) = 0.
Since 1y and S; are continuous functions, it follows that ¢ is continuous. That
proves that the projection mapping 7y is also continuous as required.
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Next, we show by contradiction that 7 is close enough to zero so that a
trajectory Srq remains in By (Spx) for all time 7 € [0, 7]. Assume the contrary.
Let there be a 79 € [0, 7] with || S;,¢ — Sep ||= 07 and || S-q — Spp ||< ] for all
7 € [0,79]. Then by

f(Siq) = [f(Six) + Ag(Seq) F(0) + ug(Siq)

and bounds (15) we have

1
I 7(Sea) <2 F(Sa) + 30
for all ¢ € By, (Spz). This yields
5/1 = ” SToq_ SOI ||

< [ fSrqdr || + || Sqq — Sz ||
0

S |7~'|€0—|—52

< 4 <@—|-1):i
(7)) 2

Hence a contradiction. In the final step of the proof we need to show property
25. By (12) we have

yo(q) = (Srq— Sex, F(0))
= <S.,.q — Sgl’/, F(9)> + <SO«TI — Spz, F<0)>
(

with (Spa’ — Sypx, F(0)) = 0. Hence |yo(q) <|| Srq — Spz’ ||. Condition (19) of
proposition 2 implies that

| zo(mo(q)) — wo(q) 1< Ko | £(q) [< Ko || Srq — So’ || -
We conclude the following

| o(q) — Sex" | = |l zo(ma(q)) — wo(Se") ||

< N @o(mo(a)) — 2o(a)) | + || wo(wo(q)) — wo(Spa”) ||
< (ko +1) || Srg— Sea’ || -
This concludes the proof of lemma 2. O

Thus by above lemma we have
7Té : B(gé(Sg.iE) — Spx + F(Q)J‘

Hence, we can write my(q) = Sy(q)q = Sex +n with L F(0) and |t'(q)| < 1.
Now. by condition (equivalent of 41) we have that

I < (ko+)05 < .

This concludes the proof of lemma 2 .
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4 Conclusion

Economists frequently find their models to be systems of differential equations
with right-hand side discontinuities. The research initiated in [11] aims at
enhancing the theory of switching economic regimes towards a theory of ex-
istence, uniqueness, and exponentially asymptotically stability of non-smooth
periodic orbits. The theory proposed here also provides a formula for the basin
of attraction. The main advantage of our theory is that it does not require
the calculation of explicit solutions. This is a desirable result since solutions
to typically complex economic models may not be found. While our theory
is sufficiently rich to study a large class of macroeconomic models, its main
disadvantage, however, is that it only provides conditions for planar systems.
Moreover, it requires to find a Lyapunov function for which there is no con-
struction proof. The expansion of our theory to n > 2 dimensions would be a
natural development. This, however, is a nontrivial undertaking.
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