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Abstract

In this paper we introduce and demonstrate new modified Caccioppoli-
Tilli variational inequalities. Caccioppoli’s inequalities are a fundamen-
tal element of the theorems on the regularity of weak solutions of elliptic
partial differential equations. Knowing new modified Caccioppoili-Tilli
inequalities we could get new regularity results.
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1 Introduction

In this paper we introduce and prove new modified Caccioppoli-Tilli variational
inequalities. Caccioppoli’s inequalities are a fundamental element for theorems
on the regularity of weak solutions of elliptic partial differential equations, refer
to [1, 2, 4, 5, 6, 7].

In his article [12] P. Tilli, using a modified Caccioppoli inequality, proves,
in an alternative way, the famous theorem of De Giorgi - Nash - Moser, refer
to [2, 10, 11].

Furthermore, the use of Caccioppoli-Tilli inequalities has allowed an al-
ternative proof of the regularity of scalar p-arminic functions, refer to [8, 9].
In this paper we will demonstrate some modified Caccioppoli-Tilli inequal-
ities concerning the modulus of the gradient and Hessian of weak solutions
of systems of elliptic partial differential equations. Let u ∈ W 1,p (Ω,Rm) ∩
W 2,2
loc (Ω,Rm) we define

T =

√
1 + |∇u|2 (1)
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and
Vp = max {T p − apt, 0} = (T p − apt)+ (2)

with a > 1 and t > 0, where |∇u|2 =
m∑
k=1

n∑
i=1

(
∂iu

k
)2

; moreover, with Hu we de-

note the Hessian matrix of the function u and we define |Hu|2 =
m∑
k=1

n∑
i,j=1

(
∂i,ju

k
)2

.

We will study the variational inequalities, which we will call modified Caccioppoli-
Tilli inequality and which hold for the solutions of the following PDEs system

0 =
n∑
i=1

m∑
k=1

∫
Ω

∂s
(
T p−2∂iu

k
)
∂iψ

k dx ∀ψ ∈ Cc (Ω,Rm) (3)

for every s = 1, ..., n.
Our main result is the following:

Theorem 1 Let u ∈ W 1,p (Ω,Rm) ∩ W 2,2
loc (Ω,Rm), with n ≥ 2, m ≥ 1 and

p > 2, be a weak solution of the PDEs system

0 =
n∑
i=1

m∑
k=1

∫
Ω

∂s
(
T p−2∂iu

k
)
∂iψ

k dx ∀ψ ∈ Cc (Ω,Rm)

for every s = 1, ..., n, where T =
√

1 + |∇u|2. If |∇u| ∈ L∞loc (Ω) then tre

positive constant depending only on p and n denoted by C1, C2 and C3 exist,
such that for every x0 ∈ Ω the following modified Caccioppoili-Tilli inequailities
hold ∫

B%(x0)

T p−2 V γ
p |Hu|

2 dx ≤ C1

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1 (4)

∫
B%(x0)

T p−2 V γ
p |∇T |

2 dx ≤ C2

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1 (5)

∫
B%,at

V γ−1
p T 2p−2 |∇T |2 dx ≤ C3

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1 (6)

for every γ ≥ 1 and 0 < % < 1
2
dist (x0, ∂Ω).

To prove the previous Theorem 1 we will use the following Proposition

Proposition 2 Let g : Rn → R be Ln-summable. Then

∫
Rn

g dx =

+∞∫
0

 ∫
∂Br(0)

g dHn−1

 dr (7)
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In particular, we see

d

dr

 ∫
Br(0)

g dx

 =

∫
∂Br(0)

g dHn−1 (8)

for L1 a.e. r > 0.

Proof. See Proposition 1 pag 118 of [3].

Remark 3 The minima of the vectorial function

J (u,Ω) =

∫
Ω

T p dx (9)

are solutions of (3); therefore the Theorem 1 could be the first step for an
alternative proof of the continuity of the gradient of the p-harmonic functions
in the case p > 2.

2 Proof of Theorem 1

Since

∂s
(
T p−2∂iu

k
)

= ∂s
(
T p−2

)
∂iu

k + T p−2 ∂isu
k (10)

we get

0 =
n∑
i=1

m∑
k=1

∫
Ω

(
∂s
(
T p−2

)
∂iu

k + T p−2 ∂isu
k
)
∂iψ

k dx (11)

for every ψ ∈ C∞c (Ω,Rm) and for every s = 1, ..., n. We now that

∂s
(
T p−2

)
= (p− 2)T p−3∂sT = (p− 2)T p−4

n∑
j=1

m∑
f=1

∂ju
f ∂jsu

f (12)

then, since u ∈ W 1,p (Ω,Rm) ∩W 2,2
loc (Ω,Rm) and |∇u| ∈ L∞loc (Ω), we deduce

that ∂s (T p−2) ∂iu
k ∈ L2

loc (Ω) and T p−2 ∂isu
k ∈ L2

loc (Ω) for every i, s = 1, ...n
and k = 1, ...,m. Since W 1,2

0 (Ω,Rm) is dense in C∞c (Ω,Rm) it follows that

0 =
n∑
i=1

m∑
k=1

∫
Ω

(
∂s
(
T p−2

)
∂iu

k + T p−2 ∂isu
k
)
∂iψ

k dx ∀ψ ∈ W 1,2
0 (Ω,Rm)

(13)
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for every s = 1, ..., n. Let us fix x0 ∈ Ω and 0 < τ < % < R0 = min
{

1, dist(x0,∂Ω)
2
√
n

}
,

then, choose ψk = η2 V γ
p ∂su

k, with γ > 1 and η ∈ C∞c (B% (x0)), η = 1 on

Bτ (x0), 0 ≤ η ≤ 1 on B% (x0) and |∇η| ≤ C̃
%−τ with C̃ > 0, since

η2 V γ
p ∂su

k ∈ W 1,2
0 (Ω,Rm)

and

∂iψ
k = 2η ∂iη V

γ
p ∂su

k + η2
[
γV γ−1

p ∂i (T
p) 1{T p>at} ∂su

k + (T p − at)+ ∂isu
k
]

we get

2Θ1,s (B% (x0))+2Θ2,s (B% (x0))+Θ3,s (B% (x0))+Θ4,s (B% (x0))+Θ5,s (B% (x0))+Θ6,s (B% (x0)) = 0

for every s = 1, ..., n where

Θ1,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η ∂iη V

γ
p ∂su

k dx

Θ2,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η ∂iη V

γ
p ∂su

k dx

Θ3,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η2 γV γ−1

p ∂i (T
p) 1{T p>at} ∂su

k dx

Θ4,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η2 V γ

p ∂isu
k dx

Θ5,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η2 γV γ−1

p ∂i (T
p) 1{T p>at} ∂su

k dx

Θ6,s (B% (x0)) =
n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η2 V γ

p ∂isu
k dx

(14)
Summing on s = 1, ..., n it follows

Θ1 (B% (x0))+Θ2 (B% (x0))+Θ3 (B% (x0))+Θ4 (B% (x0))+Θ5 (B% (x0))+Θ6 (B% (x0)) = 0
(15)
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where

Θ1 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η ∂iη V

γ
p ∂su

k dx

Θ2 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η ∂iη V

γ
p ∂su

k dx

Θ3 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η2 γV γ−1

p ∂i (T
p) 1{T p>at} ∂su

k dx

Θ4 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

∂s (T p−2) ∂iu
k η2 V γ

p ∂isu
k dx

Θ5 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η2 γV γ−1

p ∂i (T
p) 1{T p>at} ∂su

k dx

Θ6 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η2 V γ

p ∂isu
k dx

(16)
Now let us analyze some terms of the last equation. Let us start with the term
Θ6 (B% (x0)) that we can write

Θ6 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

η2 T p−2 V γ
p

(
∂isu

k
)2
dx

=

∫
B%(x0)

η2 T p−2 V γ
p

m∑
k=1

n∑
s=1

n∑
i=1

(
∂isu

k
)2
dx

=

∫
B%(x0)

η2 T p−2 V γ
p |Hu|

2 dx

then
Θ6 (B% (x0)) ≥ 0 (17)

Now, let us consider the term Θ4 (B% (x0)), that we can write

Θ4 (B% (x0)) =
n∑
s=1

∫
B%(x0)

η2 V γ
p ∂s

(
T p−2

) n∑
i=1

m∑
k=1

∂iu
k ∂isu

k dx

since we know that the following relationships hold

n∑
i=1

m∑
k=1

∂iu
k ∂isu

k = T ∂sT

and
∂s
(
T p−2

)
= (p− 2)T p−3 ∂sT
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then we get

Θ4 (B% (x0)) = (p− 2)
n∑
s=1

∫
B%(x0)

η2 V γ
p T

p−2 (∂sT )2 dx

= (p− 2)

∫
B%(x0)

η2 V γ
p T

p−2

n∑
s=1

(∂sT )2 dx

= (p− 2)

∫
B%(x0)

η2 V γ
p T

p−2 |∇T |2 dx

It follows that

Θ4 (B% (x0)) ≥ 0 (18)

Let us consider the term

Θ7 (B% (x0)) = Θ5 (B% (x0)) + Θ3 (B% (x0))

since

Θ5 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

η2 T p−2 γV γ−1
p ∂i (T

p) 1{T p−2>at} ∂isu
k ∂su

k dx

= Θ5 (B%,at)

=
n∑
i=1

∫
B%,at

η2 T p−2 γV γ−1
p ∂i (T

p)
n∑
s=1

m∑
k=1

∂isu
k ∂su

k dx

=
n∑
i=1

∫
B%,at

η2 T p−2 γV γ−1
p ∂i (T

p) T ∂iT dx

= p
n∑
i=1

∫
B%,at

η2 T p−1T p−1 γV γ−1
p ∂iT ∂iT dx

= p
n∑
i=1

∫
B%,at

η2 T 2p−2 γV γ−1
p (∂iT )2 dx
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and

Θ3 (B% (x0)) =
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%,at

η2 ∂s
(
T p−2

)
∂iu

k γV γ−1
p ∂i (T

p) ∂su
k dx

= Θ3 (B%,at)

= (p− 2) p
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%,at

η2 T p−3 γV γ−1
p ∂sT ∂iu

k T p−1 ∂iT ∂su
k dx

= (p− 2) p
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%,at

η2 T 2p−4 γV γ−1
p ∂su

k ∂iu
k ∂iT ∂sT dx

= (p− 2) p
m∑
k=1

∫
B%,at

η2 T 2p−4 γV γ−1
p

n∑
s=1

n∑
i=1

∂su
k ∂iu

k ∂iT ∂sT dx

≥ (p− 2) p
m∑
k=1

∫
B%,at

η2 T 2p−4 γV γ−1
p

(
n∑
i=1

∂iu
k ∂iT

)2

dx ≥ 0

hold, where B%,at = B% (x0) ∩ {T p > at}, then we get

Θ7 (B% (x0)) = Θ7 (B%,at)

≥ p
n∑
i=1

∫
B%,at

η2 γV γ−1
p T 2p−2 (∂iT )2 dx

= p

∫
B%,at

η2 γV γ−1
p T 2p−2 |∇T |2 dx

and

Θ7 (B% (x0)) ≥ p

∫
B%,at

η2 γV γ−1
p T 2p−2 |∇T |2 dx ≥ 0 (19)

Considering the relations (15), (17), (18) and (19) we have

0 ≤ Θ7 (B% (x0)) + Θ4 (B% (x0)) + Θ6 (B% (x0)) = −2Θ1 (B% (x0))− 2Θ2 (B% (x0))
≤ 2 |Θ1 (B% (x0))|+ 2 |Θ2 (B% (x0))|

(20)
Now we have to estimate |Θ1 (B% (x0))| e |Θ2 (B% (x0))|.
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Let us start with the term |Θ1 (B% (x0))|:

|Θ1 (B% (x0))| =

∣∣∣∣∣∣∣
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

∂s
(
T p−2

)
∂iu

k η ∂iη V
γ
p ∂su

k dx

∣∣∣∣∣∣∣
= (p− 2)

∣∣∣∣∣∣∣
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−3 ∂sT ∂iu
k η ∂iη V

γ
p ∂su

k dx

∣∣∣∣∣∣∣
≤ (p− 2)

n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−3 |∂sT |
∣∣∂iuk∣∣ η |∂iη| V γ

p

∣∣∂suk∣∣ dx
≤ (p− 2)

n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−3 |∇T |
∣∣∂iuk∣∣ η |∇η| V γ

p

∣∣∂suk∣∣ dx
≤ (p− 2)

n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−3 |∇T | η |∇η| V γ
p

1

2

(∣∣∂suk∣∣2 +
∣∣∂iuk∣∣2) dx

and using Young Inequality it follows

|Θ1 (B% (x0))| ≤ (p− 2)

2

 n∑
i=1

∫
B%(x0)

T p−3 |∇T | η |∇η| V γ
p

n∑
s=1

m∑
k=1

∣∣∂suk∣∣2 dx
+

n∑
s=1

∫
B%(x0)

T p−3 |∇T | η |∇η| V γ
p

n∑
i=1

m∑
k=1

∣∣∂iuk∣∣2 dx


≤ n(p− 2)

∫
B%(x0)

T p−3 |∇T | η |∇η| V γ
p |∇u|

2 dx

≤ n(p− 2)

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx

then

|Θ1 (B% (x0))| ≤ n(p− 2)

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx (21)
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Now let us consider |Θ2 (B% (x0))|;

|Θ2 (B% (x0))| ≤

∣∣∣∣∣∣∣
n∑
s=1

n∑
i=1

m∑
k=1

∫
B%(x0)

T p−2 ∂isu
k η ∂iη V

γ
p ∂su

k dx

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
n∑
i=1

∫
B%(x0)

T p−2

(
n∑
s=1

m∑
k=1

∂isu
k ∂su

k

)
η ∂iη V

γ
p dx

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
n∑
i=1

∫
B%(x0)

T p−1


n∑
s=1

m∑
k=1

∂isu
k ∂su

k

T

 η ∂iη V
γ
p dx

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
n∑
i=1

∫
B%(x0)

T p−1 (∂iT ) η ∂iη V
γ
p dx

∣∣∣∣∣∣∣
≤

n∑
i=1

∫
B%(x0)

T p−1 |∂iT | η |∂iη| V γ
p dx

≤ n

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx

then it follows

|Θ2 (B% (x0))| ≤ n

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx (22)

Using the relations (17), (20), (21) and (22) we get∫
B%(x0)

η2 T p−2 V γ
p |Hu|

2 dx ≤ n(p− 1)

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx (23)

From the properties of the function η we deduce that∫
Bτ (x0)

T p−2 V γ
p |Hu|

2 dx ≤ n(p−1)C̃
1

%− τ

∫
B%(x0)\Bτ (x0)

T p−1 |∇T | η |∇η| V γ
p dx

Applying Proposition 2, for τ → % we have the Modified Caccioppoli-Tilli
Inequality ∫

B%(x0)

T p−2 V γ
p |Hu|

2 dx ≤ C1

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1
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where C1 = n(p− 1)C̃.
Using the relations (18), (20), (21) and (22) we get∫

B%(x0)

η2 T p−2 V γ
p |∇T |

2 dx ≤ 2n(p− 1)

(p− 2)

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx (24)

From the properties of the function η we deduce that∫
Bτ (x0)

T p−2 V γ
p |∇T |

2 dx ≤ 2n(p− 1)

(p− 2)

c̃

%− τ

∫
B%(x0)\Bτ (x0)

T p−1 |∇T | V γ
p dx

Applying Proposition 2, for τ → % we have the Modified Caccioppoli-Tilli
Inequality ∫

B%(x0)

T p−2 V γ
p |∇T |

2 dx ≤ C2

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1

where C2 = 2n(p−1)
(p−2)

c̃.

Using the relations (19), (20), (21) and (22) we get∫
B%,at

η2 γV γ−1
p T 2p−2 |∇T |2 dx ≤ 2n(p− 1)

p

∫
B%(x0)

T p−1 |∇T | η |∇η| V γ
p dx

(25)
From the properties of the function η we deduce that∫
Bτ,at

V γ−1
p T 2p−2 |∇T |2 dx ≤ 2n(p− 1)

pγ

c̃

%− τ

∫
B%(x0)\Bτ (x0)

T p−1 |∇T | V γ
p dx

Applying Proposition 2, for τ → % we have the Modified Caccioppoli-Tilli
Inequality∫

B%,at

V γ−1
p T 2p−2 |∇T |2 dx ≤ C3

∫
∂B%(x0)

T p−1 |∇T | V γ
p dHn−1

where C3 = 2n(p−1)
pγ

c̃.
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