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Abstract

In this paper we introduce and demonstrate new modified Caccioppoli-
Tilli variational inequalities. Caccioppoli’s inequalities are a fundamen-
tal element of the theorems on the regularity of weak solutions of elliptic
partial differential equations. Knowing new modified Caccioppoili-Tilli
inequalities we could get new regularity results.
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1 Introduction

In this paper we introduce and prove new modified Caccioppoli-Tilli variational
inequalities. Caccioppoli’s inequalities are a fundamental element for theorems
on the regularity of weak solutions of elliptic partial differential equations, refer
to [1, 2, 4, 5,6, 7].

In his article [12] P. Tilli, using a modified Caccioppoli inequality, proves,
in an alternative way, the famous theorem of De Giorgi - Nash - Moser, refer
to [2, 10, 11].

Furthermore, the use of Caccioppoli-Tilli inequalities has allowed an al-
ternative proof of the regularity of scalar p-arminic functions, refer to [8, 9.
In this paper we will demonstrate some modified Caccioppoli-Tilli inequal-
ities concerning the modulus of the gradient and Hessian of weak solutions
of systems of elliptic partial differential equations. Let u € W' (Q,R™) N

W22 (Q,R™) we define
T = /14 |Vu|? (1)

loc
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and
Vp = max {T? — a"t,0} = (1% — da’t) (2)

with @ > 1 and t > 0, where |[Vu[> = 3 3 (@uk)z; moreover, with Hu we de-
k=1i=1

note the Hessian matrix of the function u and we define |Hu|* = . 3 (Bi,juk)Q.
k=14j=1

We will study the variational inequalities, which we will call modified Caccioppoli-

Tilli inequality and which hold for the solutions of the following PDEs system

0= zn: Em: / 05 (TP20F) 0 de Wy € C.(Q,R™) (3)

i=1 k=1 Q

for every s =1,...,n.
Our main result is the following:

Theorem 1 Let u € W (Q,R™) N W22 (,R™), withn > 2, m > 1 and

loc

p > 2, be a weak solution of the PDFEs system

0= Zn: Xm: / 05 (TP20%) O dx Vi € C. (2, R™)

i=1 k=1 Q

for every s = 1,...,n, where T = \/1+ |Vu|*. If |Vu| € L2 (Q) then tre
positive constant depending only on p and n denoted by Cy, Cy and Cs exist,
such that for every xo € ) the following modified Caccioppoili-Tilli inequailities

hold

/ TP V) |Hul® dv < Cy / VT V) dH ! (4)
By(xo) 9By (z0)

/ P2V VT da < Cy / TP |\VT| V) dH ! (5)
Bo(z0) 0Bo(o)

/ VOt T2 (VTP de < Cy / TP |NVT| V) dH ! (6)
Bo,at 9By (o)

for everyy > 1 and 0 < o < %dist (20, 00).
To prove the previous Theorem 1 we will use the following Proposition

Proposition 2 Let g : R" — R be L"-summable. Then

+o00

/gdg;:/ / gdH" " | dr (7)

R" 0 \vB.(0)
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In particular, we see

for LY a.e. v > 0.
Proof. See Proposition 1 pag 118 of [3]. m

Remark 3 The minima of the vectorial function

J(u, Q) = /Tp dx 9)

Q

are solutions of (3); therefore the Theorem 1 could be the first step for an
alternative proof of the continuity of the gradient of the p-harmonic functions
in the case p > 2.

2 Proof of Theorem 1

Since

Os (Tp_28iuk) =0, (Tp_Q) ok + T2 9 u (10)

we get

Z/ (T772) O™ + TP? 9yu¥) 00" da (11)

i=1 k=1

Q
for every ¢ € C° (©,R™) and for every s = 1,...,n. We now that

05 (TP7%) = (p—2) TP°0,T = (p — 2) T*~ 4228 u ;u! (12)
j=1 f=1
then, since u € W (Q,R™) N W22 (Q,R™) and |Vu| € L, (), we deduce
that 9, (T772) ou” € L2, (Q) and TP29;u” € L2 (Q) for every i,5s = 1,..n
and k = 1,...,m. Since Wy* (Q,R™) is dense in C® (Q,R™) it follows that

n m

o—ZZ/ (TP72) o + TP 2 0pu®) O de W € W2 (,R™)

i=1 k= 19
(13)
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2v/n
then, choose ¢ = 7? V7 ou®, with v > 1 and n € C (B, (%)), n = 1 on

B (x0),0<n<1lon B,(xp) and |Vn| < Q% with C' > 0, since

forevery s =1,....,n. Letusfixxzg € Qand 0 < 7 < o < Ry = min {1, diSt(Io’m)},

n’ V) ok € Wi? (Q,R™)
and
ot = 2n o V) Oguf + n? [’y‘/;flﬁi (TP) 1rosary Osu® + (TP — at), &Suk}
we get
2015 (B, (20))+202,5 (B, (20))+03,s (B, (20))+O4,5 (B, (0))+O5,5 (B, (20))+66,5 (B, (20)) =0

for every s = 1,...,n where

O1.5 (B, (10)) = > 95 (TP2) Ok n O V) OguF dx
1=1k=1B,(z0)

@2,8 (BQ (:CO)) = Z Z P2 aisuk n 8177 ‘/p’y asuk dx
1=1k=1B,(z0)

@3,5 (Bg (550)) = Z Z Os (Tp_g) &'Uk 772 ”ng_l 0; (Tp) 1{TP>at} asuk dx
1=1k=1B,(z0)

Ous (By (w0)) => > [ 0s(T772) OuF V) O;uF da
1=1k=1B,(z0)

Os,5 (B, (20)) = 21 14;213 - P2 Oy > YV 71 0; (TP) 1izrsary Osu® da
1= = 0 xQ

@6’3 (BQ (LU())) = Z Z Tp—2 &;suk 772 ‘/p’y 8isuk dx

s
i
)
i)
I

By (o)
(14)
Summing on s = 1, ..., n it follows

O1 (B, (20))+O2 (By (70))+03 (B, (70))+04 (B, (70))+0s5 (B, (70))+6s (f%é;«“o)) =0
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where
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NIE
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(16)
Now let us analyze some terms of the last equation. Let us start with the term
Og (B, (x0)) that we can write

9 (B, (o)) = 33} / PTP2VY (0dt)? da

s=1i=1 k=lp 7\
= / TV i Zn: Zn: (&Suk)2 dx
B, (x0) k=1 s=1 i=1
- / > TP2 VY |Hul® da
By(o)
then
O (B, (x9)) >0 (17)

Now, let us consider the term ©4 (B, (x¢)), that we can write

n

OuB, () =Y [ 1017 Y Y a0t do

8:139(20) i=1 k=1

since we know that the following relationships hold

n

i=1 k=1

and
Os (TP_Q) =(p—2) P39, T
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then we get
04 (B, (o)) = / V) TP (0,T)° da
s= 1139(x0
— / RN K (88T)2 dzx
l3g(x0 = 1
— / VTP |\VT)? d
By (z0)
It follows that
©4 (B, (79)) > 0 (18)

Let us consider the term

07 (B, (0)) = O5 (By (20)) + O3 (B, (20))

since
O5 (B, (x0)) = Z / 22 7‘/;]_181- (T?) Lipe—25a1) O u” O.u” dx
s=1 i=1 k=1p
9(10)
- @5( @at)
S REESFRTTEED v UM
i= IBQaf s=1 k=1

— Z/ 2T 2 AV 9, (TP) T 0T da

1= 113gat

= pz / n? TP1TP™ 1’yV”’ Lo, T 0,T dx

1= 113@at

_ pz / R 24V (OT)? da

1= 113@at



New modified Caccioppoili-Tilli inequalities 75

and

n n m

O3 (B, (x)) = Z Z Z / n* 0, (Tp’2) Ou” nyJ’l 0; (TP) du” dx

s=1 =1 k::lBg,at

= 63 (Bg,at)

= (p—=2)p Z Z Z / n? TP—3 fy\/;”l O, T OuF TP~ 0, T O,u” dx

s=1 i=1 kZIBg,at

= (p—2)p Z Z Z / n? T4 fy‘/;?’l du” ok 0,7 0, T dx

s=1 i=1 kZIBg,at

= (p—-2)p)>_ / TP AV N ok 0k 0T 0,T da

h=1p” s=1 i=1
m n 2

> (p—2)pz / n* T 47‘/;’1 <Zazuk81T> dx >0
k=lp ; i=1

hold, where B, . = B, (o) N {T? > at}, then we get

O7 (B, (20)) = ©O7(Bgat)

> pz / n* 7\/;,7_1 T2 (@T)2 dx

iZIBQ,at
~ b / AV VTP da
Bg,at
and
0 (B, (w0) 2 p [ VT VT do 2 0 (19)
BQ,at

Considering the relations (15), (17), (18) and (19) we have

0 < O7(By (20)) + 4 (B, (0)) + O (B, (20)) = =201 (B, (20)) — 202 (B, (0))
< 2[01 (Bg (20))] + 2[02 (B, (w0))|

(20)
Now we have to estimate |©; (B, (x¢))| e |O2 (B, (z0))|-
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Let us start with the term [0©; (B, (x))|:

01 (B, (20))] = S [ o) outgon vy out i

and using Young Inequality it follows

01 (B, (0))| < Z [ 19T 19l vy Y fod e

i=1 By (x0) s=1 k=1
+Z / TP=3 VT n |V WZZ}@M’ da
Bg IO) =1 k=1

< n(p-2) / T3 VT [Vl V3 [ Vul? da
Bg(x())

< np—2) / TV VT V| VI de
Be(ffo)

then
101 (B, (20))] < nlp —2) / TV g |V VI de (21)

By (z0)
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Now let us consider |09 (B, (z0))|;

n n

02 (B, (x0)| < S [ ot nony;oat s

1 1
s=1 i= kl B,(x0)

)

i=1 By (w0 s=1

O;suf dsu ) 778mV}7dx

n

2.

n u

i i1

s
- Z / et | = T ndinV, dx
=1 By (wo)
= / TP~ (0,T) ) oV, dx
iZIBQIO)
-1
< / TPV |OT| 11 |0m| V) da
=L By (wo)
< n / TV VT g (V| V) da
BQ(wO)
then it follows
105 (B, (z0))] < n / T 19Ty [V V] de (22)
Bg(xo)

Using the relations (17), (20), (21) and (22) we get

[ ATy (P de <np -1y [ 1 T Vel Ve (23)
BQ(C"O) BQ(IU)

From the properties of the function n we deduce that

/ T2V |Hu|® dz < n(p—l)CQ — / TP~ |VT| n |Vn| V) da
B, (w0) By (z0)\Br(z0)
Applying Proposition 2, for 7 — o we have the Modified Caccioppoli-Tilli
Inequality
/ TPV |Hul® dv < Cy / VT VY dH !

By(xo) 9By (z0)
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where C7 =n(p — 1)C.
Using the relations (18), (20), (21) and (22) we get

_ 2n(p — 1) -
2Py VTP de < ————2 / Tt |\ VT Y 24
R = VT 0 [Vl V) de (24)

Bo(0) By (20)
From the properties of the function n we deduce that

om(p—1) ¢
T2V (VTP dp < PP =D @ =1 VT VY da
: (P—2) o—7 !

B-(z0) BQ(LEO)\BTuO)

Applying Proposition 2, for 7 — o we have the Modified Caccioppoli-Tilli
Inequality

/ P2V VT da < Cy / T |\VT| V) dHm!

By (o) 0Bo(o0)

where Cy = %5.

Using the relations (19), (20), (21) and (22) we get
2 —1 2p—2 2 2n(p — 1) -1
AV TP VT de < ———F TP VT 0 |Vl V) do

Bg,at BQ(xO)
(25)
From the properties of the function n we deduce that

omp—1) ¢
/ VLT \WTR de < np=1)_¢ / ™ \VT| V) de
roe-T

Brat Bo(20)\Br(z0)

Applying Proposition 2, for 7 — o we have the Modified Caccioppoli-Tilli
Inequality

/ VO T2 VTP de < Cy / TP |\VT| V) dH !
Bg,a,t 839(‘%0)

2n(p—1) ~

where Cy = o C
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