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Abstract

In this paper, we establish some new convergence theorems for new
nonlinear mappings satisfying the following condition:

(S) there exists an MT-function ¢ : [0,00) — [0, 1) such that

A(T2.Ty) < plda,p)max {d(z.0).

+ (1 — p(d(z,y)))dist(A, B)

[d(Tz,z) +2d(Ty,y) + d(y, TJ:)]}

for all z € A and y € B.
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1. Introduction and preliminaries

Let M be a nonempty subset of a metric space (X, d). If the fixed point
equation T'x = x has at least one solution, then we state that the map T :
M — X has a fixed point in M (that is, d(x, Tz) = 0). By our experience, the
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equation T'x = x does not necessarily have a solution. In this case, we turn to
find an element z € M such that d(x,Tx) is minimum and call the x is the
best approximation of the fixed point of T

The cyclic mappings and the best proximity points were introduced by
Kirk, Srinavasan and Veeramani [10] in 2003. Some new results on cyclic
mappings have been established in the literature, see e.g. [1, 9, 11-12, 14].

Definition 1.1 [10]. Let A and B be nonempty subsets of a metric space
(X,d). A mapping S : AUB — AUB is called a cyclic mapping if

S(A) C B and S(B) C A. (1.1)

Definition 1.2 [9]. Let A and B be nonempty closed subsets of a complete
metric space (X, d). A cyclic mapping T: AUB — AUB is called a cyclic
contraction if for some a € (0,1), the condition

d(Tz,Ty) < ad(z,y) + (1 — a)dist(A, B)

holds for all x € A | y € B, where dist(A, B) = inf{d(z,y) : z € Aand y € B}.

Theorem 1.3 [9]. Let A and B be nonempty closed subsets of a complete
metric space X. T: AUB — AUB be a cyclic contraction mapping, x; € A
and define z,,1 = Tx,, n € N. Suppose {z3,_1} has a convergent subsequence
in A. Then there exists € A such that d(z, Tx) = dist(A, B).

Theorem 1.4 [12, Proposition 6]. Let A and B be nonempty subsets
of a metric space (X,d). Suppose T: AUB — AUB is a generalized cyclic
contraction mapping then starting with any xo € AU B, we have d(z,, Tx,) —
dist(A, B), where Tx,, = x,.1, n € NU{0},

lim d(z,, z,.1) = dist(A, B).

n—o0

All over this paper, we denote by N and R the sets of positive integers and
real numbers, respectively. Let f be a real-valued function defined on R. For
c € R, we recall that

limsup f(z) =inf sup f(x)
T—c e>0 0<|z—c|<e
and
limsup f(z) = inf sup f(x).

z—ct >0 0cg—c<e
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Definition 1.5 [3-8, 14]. A function ¢ : [0,00) — [0,1) is said to be an
MT -function (or R-function) if

limsup p(s) < 1 for all ¢ € [0, 00)

s—tt

Obviously, if ¢ : [0,00) — [0,1) is a nondecreasing function or a nonin-
creasing function, then ¢ is an MT-function. Hence the set of M7 -functions
is an important class.

In 2012, Du [5] first proved the following characterizations of MT-functions.

Theorem 1.6 [5]. Let ¢:[0,00) — [0,1) be a function. Then the following
statements are equivalent.

(a) ¢ is an MT-function.

(b) For each ¢ € [0,00), there exist r" € [0,1) and " > 0 such that
o(s) < for all s € (t,t+£Y).

(c) For each t € [0,00), there exist r® € [0,1) and £/ > 0 such that
o(s) <r® for all s € [t,t + ).

(d) For each t € [0,00), there exist r® e [0,1) and e® > 0 such that
o(s) < r® for all s € (¢, + 7).

(e) For each t € [0,00), there exist r§4) € [0,1) and 5%4) > 0 such that
o(s) <Y for all s € [t,t+ e®).

(f) For any nonincreasing sequence {x,, tnen in [0, 00), we have 0 < sup p(z,) <
neN
1.

(g) ¢ is a function of contractive factor; that is, for any strictly decreas-

ing sequence {z, }nen in [0, 00), we have 0 < sup p(z,) < 1.
neN

In 2014, Lin and Chang [14] first introduced the new concept of Karapinar’s
type MT -cyclic contraction as follows.



4 Ing-Jer Lin and Wei-Ting Chou

Definition 1.7 [14]. Let A and B be nonempty subsets of a metric space
(X,d). A cyclic mapping T: AUB — AUB is called Karapinar's type MT-
cyclic contraction, if there exists an MT-function ¢ : [0,00) — [0,1), such
that

d(Tz,Ty) < %w(d(%y))[d(w,y) +d(Tz,z)+d(Ty, y)|+ (1 - p(d(z, y))d(A, B)
holds for all z € A and y € B.

Lin and Chang [14] proved the following convergence theorems for Karap-
inar’s type MT -cyclic contraction.

Theorem 1.8 [14]. Let A and B be nonempty subsets of a metric space
(X,d). Suppose T: AUB — AUB is a Karapinar’s type MT-cyclic contrac-
tion, then there exists a sequence {z,}, such that

lim d(x,,z,+1) = d(A, B).

n—oo

In this paper, we establish some new convergence theorems for new non-
linear mappings satisfying the following condition:
(S) there exists an MT-function ¢ : [0,00) — [0, 1) such that
1
AT Ty) < pldCe.) max {dle. ), § AT 0) 4 20(Ty.) + dln T}

forall z € A and y € B.

2. Some new convergence theorems

In this section, we establish some convergence theorems with regard to the
best proximity points.

Theorem 2.1. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that

(S) there exists an MT-function ¢ : [0,00) — [0,1) such that

d(Te,Ty) < o(d(z, ) max {d<x, ). Hd(Tr. ) + 24(Ty.0) + d(y. Tx)]}
+ (1 — @(d(x,y)))dist(A, B)

forall x € A and y € B.
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Then there exists a sequence {x,}nen in AU B such that

lim d(x,, Tn1) = inlf\I d(xp, xye1) = dist(A, B).
ne

n—o0

Proof. Because T is cyclic, we have T(A) C B and T(B) C A. Let x; € A

be given. Define x,,41 = Tz, for all n € N. Then {z2,-1}, ., C A and {z2,},,

C B. We want to prove

neN

lim d(x,,T,1) = inlf\I d(xp, xpe1) = dist(A, B).
ne

n—yoo
If p(d(z1,x2)) = 0, then, by (S), we have
d(xe,z3) < dist(A, B) < d(xy,x5)
and
d(xe,x3) < p(d(xy,22))d(z1,22) + (1 — @(d(z1,22)))dist(A, B).

If o(d(x1,x2)) > 0, then, by (S) again, we have

d(zg,x3) < p(d(z1,x2)) max {d(xl,asg), %[d(:@, x1) + 2d(x3, z2) + d(asg,xg)]}
+ (1 — p(d(xy,x2)))dist(A, B)
1
< p(d(xy, x2)) max {d(xl, Ta), g[d(:vl, To) + 2d(xs, (173)]}
+ (1 — p(d(xy1, z2)))dist(A, B). (2.1)

Assume that )
g[d(l'l, IL‘Q) + Qd(fﬁg, .173)] > d(l’l, 1'2)

which implies

1
id(:@, x3) > d(x1, ).

It follows from (2.1) and above inequalities that

SH
w
v

8
w
~—
IN

o(d(z1, x2))[d(x1, 3) + 2d(x2, 23)] + (1 — @(d(z1,x2)))dist(A, B)

o(d(z1, z2))d(za, x3) + (1 — w(d(x1, 22)))dist(A, B)
(d(z1, 22))d(22, x3) + (1 — @(d(21, 22)))dist(A, B)
(d(21,29))d(w2, 73) + (1 — @(d(21, 22)))d(22, 73)

IN A A
€ € Nl—=ot =

I
S
—
8
g
S
N
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which leads a contradiction. Hence it must be
d(zy,xq) > %[d(ml,@) + 2d(xq, x3)]. (2.2)
By (2.1) and (2.2), we get
d(zg,x3) < o(d(z1,x9))d(21,22) + (1 — 0(d(21,22)))dist(A, B)

< p(d(z1, 72))d(21, v2) + (1 — @(d(21, 72)))d(21, T2)
= d(l’l,l’g).

Next, if ¢(d(x3,22)) = 0, then, by (S), we have
d (x4, x3) < dist(A, B) < d(xq,x3)
and
d (x4, x3) < o(d(z3,22))d(z3, 22) + (1 — @(d(3,22)))dist(A, B).
If o(d(xs,x2)) > 0, then, from (S) again, we have

1
d(zyg,23) < p(d(rs,x2)) max {d(atg, Ta), g[d(m, x3) + 2d(x3, o) + d(xs, x4)]}
4 (1 - (d(s, 22)))dist(A, B)
1
< p(d(xq, x3)) max {d(arg, x3), g[?d(l‘g, x3) + d(x3, x4) + d(xs, x4)]}
+ (1 — p(d(xq, z3)))dist(A, B). (2.3)
If £(2d(xs, x3) + d(x3, 24) + d(x2, 24)] > d(22, 23),then we obtain
d(zs, x4) + d(z2, 24) > 3d(z2, 73)
which deduces
d(zg, x3) + 2d(x3, 24) > d(x3,24) + d(T2, 24) > 3d(22, T3)

and hence
d(Ig, ZL’4) > d(CL’Q, 1'3).

By (2.3) and above inequalities, we have

d(rs,x,) < ég@(d(@,m))[?d T, x3) + d(x3,14) + d(22,24)]

+ (1 — p(d(xe, x3)))dist(A, B)

(
)

< % (d(l’g,l'g))[?)d(x mS) + 2d(3§'3, l’4)]
)

(1 — p(d(z2, x3)))dist(A, B)
< p(d(xe, x3))d(xs3, x4) + (1 — @(d(x2, x3)))dist(A, B)

< w(d(zg, v3))d(73, 14) + (1 — @(d(72, 73)))d(23, T4)
< d($3, .2134)

+
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which is a contradiction. So it must be

1
d(zg, x3) > E[Zd(m, x3) + d(xs3,z4) + d(xo, 24)]. (2.4)
Using (2.3) and (2.4), we have

d(xs,x4) < o(d(xg,x3))d(z2,x3) + (1 — @(d(z2,23)))dist(A, B)
< d(z2,x3).

Similarly, if ¢(d(z3,x4)) = 0, then, by (S), we have
d(xy,z5) < dist(A, B) < d(x3,x4)
and hence
d(z4,v5) < o(d(xs, x4))d(x3, 24) + (1 — @(d(z3,24)))dist(A, B).

If p(d(z3,x4)) > 0, then, by (S), we obtain
d(zyg,25) < p(d(rs,x4)) max {d(atg, xy), é[d(m, x3) + 2d(xs5, 4) + d(xy4, x4)]}
+ (1 — p(d(x3,24)))dist(A, B)
1
< w(d(x3, v4)) max {d(Is» T4), g[d(l’i%a 4) + 2d(z4, x5)]}
+ (1 — p(d(xs,24)))dist(A, B). (2.5)
If [d(xs, 24) + 2d (a4, 5)] > d(x3,24), then we obtain
1
§d($4, 1’5) > d(l’g, Q34).

By (2.5) and above inequalities, we get

d ($47 5175)

AN
€ € Nl=or =

—~

o(d(x3, x4))[d(x3, 4) + 2d(24, 25)] + (1 — (d(23,24)))dist(A, B)

o(d(x3,x4))d(zg, x5) + (1 — @(d(x3,24)))dist(A, B)

d(w3,24))d(z4, 25) + (1 — p(d(23,24)))dist(A, B)
d(9337$4)) (24, 25) + (1 — p(d(z3, 24)))d(24, T5)

IN A A

I
U
—
5%
8
N

which leads a contradiction. Hence

d(xs3,xy4) > %[d(xg,m) + 2d(xy, x5)). (2.6)
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From (2.5) and (2.6), we have

o(d(x3,x4))d(x3,24) + (1 — @(d(23,24)))dist(A, B)

d(zs,xy) < dist(A, B) < d(xs,x4)
and
d(ze,v5) < @(d(xs, x4))d(x5, 24) + (1 — @(d(z5, 24)))dist(A, B).

If p(d(xs5,z4)) > 0, thenFrom (S) again, we obtain

d(zg,x5) < p(d(rs,x4)) max {d(x5,x4), %[d(xﬁ, xs) + 2d(xs, 4) + d(x4,x6)]}
+ (1 — p(d(xs,4)))dist(A, B)
< p(d(zy, x5)) max {d(u, Ts5), %[Zd(m, x5) + d(xs, v6) + d(xy, x6)]}
+ (1 — p(d(xy, z5)))dist(A, B). (2.7)
If %[Qd(.’m, x5) + d(xs, x6) + d(x4, x6)] > d(24,x5), then we obtain
d(xs5, ) + d(x4, x6) > 3d(T4, x5)
which deduces
d(zy, x5) + 2d(zs5, v6) > d(x5,26) + d(v4, T6) > 3d(24, T5)

and hence
d(xs,x6) > d(xy,x5).

So we get

d (ZE5, 1‘6)

IA

o(d(xq, w5))[2d(x4, 5) + d(x5, 26) + d(24, 76)]
— p(d(zy,25)))dist(A, B)

(
)
o(d(xg, x5))[3d(x4, x5) + 2d(x5, 26)]
o(d(z4,x5)))dist(A, B)

(d(zg,x5))d(T5,26) + (1 — @(d(24, 75)))dist(A, B)
(d(z4,25))d(w5, 26) + (1 — (d(24, 75)))d(25, )

(.735, 3:6)

AN IN AN+ N+
€ 6 D ul= Do
|

=
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which leads a contradiction. So we confirm that

—_

d(xy,x5) > =[2d(xy, x5) + d(5, 6) + d(24, T6)].

ot

From (2.7) and above inequalities, we have

< p(d(xy, x5))d(xyg, z5) + (1 — p(d(zg, x5)))dist(A, B)
S d($4, 1'5).

Hence, by induction, we obtain a sequence {x,}, . satisfying

d ($n+17 In+2) < d(xm In+1) (2-8)

and

d (Tnt1, Tn2) < @(d(zn, Tpg1))d(@n, Tpsr)+(1—o(d(2h, Tni1)))dist(A, B)  for all n € N.
(2.9)

Clearly, (2.8) shows that the sequence {d(z,, z,,+1)} is nonincreasing in [0, 00),

and hence we know

nh_)IIC}O (T, Tpy1) = ilelg d(xp, Tpy1)  exists. (2.10)

Since ¢ is an MT-function, by Theorem 1.6, we obtain

0 < sup(p(d(zn, Tnt1))) < 1.

neN
Let
n = sup(p(d(Tn, Tni1)))-
neN
Then

0 < p(d(Tn, Tnt1)) <y <1 forallneN. (2.11)
Taking n = 1 in (2.9), we have from (2.11) that

d(z2,23) < @(d(xy,x2))d(z1,22) + (1 — @(d(xy1,x2)))dist(A, B)
< nd(x1,z2) + dist(A, B). (2.12)

Taking n = 2 in (2.9) and using (2.11) and (2.12), we obtain

d(zs,z4) < p(d(xe,z3))d(xe,23) + (1 — @(d(x2, 23)))dist(A, B)
< p(d(x2, 23)) [Ind(21, 22) + dist(A, B)] + (1 — p(d(x2, 23)))dist(A, B)
< n*d(xy,9) + dist(A, B). (2.13)
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Taking n = 3 in (2.9) and using (2.11) and (2.13), we get

d(z4,25) < o(d(ws, 4))d(ws, 71) + (1 — (d(x3, 74)))dist(A, B)

< (d(xg,x4)) [Pd(z1, 32) + dist(A, B)] + (1 — ¢(d(x3, 24)))dist(A, B)
< nid(xy, 1) + dist(A, B). (2.14)
11

Taking n = 4 in (2.9) and using (2.11) and (2.14), we have

d(xs5,x6) < p(d(xy,x5))d(z4,75) + (1 — @(d(z4,25)))dist(A, B)
< (d(x4,x5)) [n*d(z1, 32) + dist(A, B)] + (1 — ¢(d(z4, z5)))dist(A, B)
< ntd(wy, 19) + dist(A, B).

Continuing this process, we obtain
dist(A, B) < d(zpy1, Tny2) < nd(x1,22) + dist(A, B). (2.15)

Due ton € [0,1), lim ™ = 0. By taking the limit as n — oo in (2.15), we get
n—oo

lim d(z,, ,+1) = dist(A, B). (2.16)
n—oo
Finally, we finish the proof by combining (2.10) with (2.16). O

Corollary 2.2. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that there ezists a non-
decreasing function u : [0,00) — [0,1) such that

1
AT Ty) < pld(o ) do. ), ST, )+ 20(T.0) + (. 7))
for all z € A and y € B. Then there exists a sequence {x, }nen in AU B such

that
lim d(x,,x,41) = ing d(xp, xpe1) = dist(A, B).
ne

n—o0

Proof. Since p is a nondecreasing function, p is an MT-function. Therefore,

the conclusion is immediate from Theorem 2.1. O

Corollary 2.3. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that there exists a nonin-
creasing function 7 : [0,00) — [0,1) such that

d(Tx,Ty) < 7(d(z,y))max {d(x, ), %[d(Tx, x) 4+ 2d(Ty,y) + d(y, Ta:)]}

+ (1 = 7(d(x,y)))dist(A, B)
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for all x € A and y € B. Then there exists a sequence {x,}nen in AU B such
that
lim d(x,, Tn41) = inlg d(xp, Tpe1) = dist(A, B).
ne

n—oo

Proof. Since 7 is a nonincreasing function, 7 is an M7 -function. Therefore,

the conclusion is immediate from Theorem 2.1. 0J
The following conclusions are immediate from Theorem 2.1.

Theorem 2.4. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that

(S) there exists an MT-function ¢ : [0,00) — [0, 1) such that

A(Tw,Ty) < po(d(r,y) (T, ) + 2(Ty,y) + d(y, T2)]
+ (1 — p(d(x,y)))dist(A, B)
forall x € A and y € B.

Then there exists a sequence {x,}nen in AU B such that

lim d(x,,T,41) = ing d(xp, xpeq) = dist(A, B).
ne

n—oo

Corollary 2.5. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that there exists a non-
decreasing function p : [0,00) — [0,1) such that

d(Tz,Ty) < —p(d(z,y)[d(Tz,z)+2d(Ty,y) + d(y, Tx)]

+ (1 — p(d(z,y)))dist(A, B)

o] =

for all z € A and y € B. Then there exists a sequence {x,}nen in AU B such
that

lim d(zp, x,11) = ir61£I d(xp, xpi1) = dist(A, B).

n—o0

Corollary 2.6. Let A and B be nonempty subsets of a metric space (X,d)
and T : AUB — AUB be a cyclic mapping. Suppose that there exists a nonin-
creasing function 7 : [0,00) — [0,1) such that
1
d(Tz, Ty) < ¢7(d(x,y))ld(Tz,2) +2d(Ty, y) + d(y, Tz)]
+ (1 = 7(d(x,y)))dist(A, B)
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for all x € A and y € B. Then there exists a sequence {x,}nen in AU B such
that
lim d(x,, Tn41) = inlg d(xp, Tpe1) = dist(A, B).
ne

n—o0
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