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Abstract 

 

The wide application of impulsive retarded integro-differential equations 

in the modelling of dynamic systems is on the increase. Therefore, the analysis of 

the theory of the model equation in the Banach space is of great importance in 

mathematical sciences. In this work, theorems on the existence and uniqueness of 

the solution of system equation in the Banach space are formulated, and the 

proves are provided using a defined compact semigroup (.)S  of uniformly 

bounded linear operators on the Banach space X , generated by an infinitesimal 

generator XADA )(: . Results obtained satisfies Krasnolsel’skii theorem on 

existence of solution on X  and the Gronwall’s inequality on the uniqueness of 

the exist solution.  
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1. Introduction 
 

Impulsive retarded integro-differential equation is an equation which involves 

both the integral and the derivative of the unknown function, with time lag 

incorporated in the state of the system, and a couple difference equations 

(defining the impulsive term) which are satisfied at certain fixed or variable 

impulse times. The application of this equation in the analysis of dynamic system 
arises in many fields like biological models, fluid dynamics, and chemical sciences. 
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The analysis of the theory of the impulsive retarded integro-differential equations 

in the Banach space has attracted wide interest in mathematical science, and many 

significant results abound in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11].  

 

However, among the previous researches on retarded integro-differential 

systems, few are concerned with the analysis of the solution of impulsive retarded 

integro-differential equations of the form  
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 Therefore, motivated by the work of Benchohra [5], the aim of this 

research is to formulate theorems and proves on the existence and uniqueness of 

the solution of system (1.0) in the Banach space X , for XADA )(: being an 

infinitesimal generator of a compact semigroup (.)S  of uniformly bounded linear 

operators in X . 

 

2. Preliminary Results 
 

Consider a piecewise continuous compact linear space  nRJPC , , such 

that  ,,)( nRJPCtx  for  RTtJ ),( 0  being a compact interval in  R ,  and 

),( 0 TtJt .  Let   )(,],,[ 0 rtxxforRtrtPCx t

n

t   defining the delay 

function, with a delay constant 0r  Let nRX   be a Banach space with norm  

.  such that  ).()(sup
0

txx
r

trt







 Again, assume there exists   ,,: nRXJPCI   

for mktxIx kktt k
.,..,1));((|  

  defining an impulsive term experienced by 

)(tx on ],[ 0 TtJ . The following definitions hold. 

 

Definition 2.1 

 The resolvent set )(A  is the collection of values )( such that AI   

maps )(AD one- to-one onto X . The spectrum of A , denoted by )(A  is the 

complement of the resolvent set. 

 

Definition 2.2 

 If )(A , then AI   is  invertible, with its inverse  1)()(  AIR   

which is a closed linear map. 
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Definition 2.3 

 Let A  be an infinitesimal generator of a strongly continuous compact 

semigroup (.)S such that 

 

i. )()(:)( ADADtS  , and A  commutes with )(tS  

ii. for each 0n , nA  is densely defined 

iii.  MtS )( , for 1M . 

 

Then, there exists a strongly continuous exponentially bounded family 0),( ttS

of bounded operators such that for 0)0( S , the resolvent of A  is the Laplace 

transform of )(tS written 
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Definition 2.4 

The function   ),(,)( 1 kk ttXJPCtx   is said to be a solution of (1.0) if                             

i. )(tx  is continuous at each  RTtJt ),( 0   

ii. the derivative of )(tx  exists and satisfies  equation (1.0) for 

            mktxIxtt kkttk k
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where 
0
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000 )()(
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0

)()()( dttSttR  ,   ,))(,())((
0
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t

t
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and by definition (2.2), 


M
tR )( .  

 

The following Krasnolsel’skii theorem on existence of solution on X  will 

be useful later. 

 

Theorem 2.0 

Let XY  be a close convex non empty subset. Let RQ, be two operators such 

that 

i. YPyQx  , for Yyx ,  

ii. Q  is a contraction mapping 

iii. P  is compact and continuous.  
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Then, there exists a Yz  such that zPzQz   

 

Main Result 
 

Assume the following hypothesis hold: 

A1 .  The functions XJgf :,  are continuous, and there exist 0, 21 KK  

such that 

 1),(),( Kytgxtg tt  , and 2),(),( Kytfxtf  , for  

TtXTtPCgf  ),,],([, 0
. 

A2.   The function  RJLr :  satisfies 1)( 21  


TbKKb
M

Lr for Jt  

 

Theorem 2.1 

 Let A  be an infinitesimal generator of a strongly continuous compact 

semigroup  )(tS , such that 0,)(  tMtS , and gf ,  satisfy A1 , rL  satisfy A2. 

Then system (1.0) has a unique solution for every Xx 0
 if 
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Proof 
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such that   


xbttJCtx ,:)()( 0  defines a close nonempty and 

convex set. 
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Therefore  
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This result is immediately followed by theorem (2.2), by making the following 

assumptions: 

A3. The function XXJg :  is continuous, and there exists a continuous 

positive non decreasing function ),0(),0(:  , and ),(1
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Theorem 2.2 

If the hypothesis of theorem (2.1) holds such that gf , satisfy (A1), (A3) and  
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 then system (1.0) has a unique solution. 
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Proof 

By theorem (2.0), let  
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Therefore, ))(( tx  is a contraction mapping. 

 

Also by equation (2.9) and hypothesis A3  
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Hence,  XYtx ))(( , and YY : .  

Showing that ))(( tx is relatively compact:        

Since XY  is bounded, then Ytx ))(( is bounded and equicontinuous. Indeed, 

let ,, 11 Jtt  such that for any 21,0 tt  , and the following implies. 

 

 



 

22                                                                                Dodi K. Igobi and Etop Ndiyo 
 
 





















2

1

1

1

1

0

2

0

1

0

),()(

),()()(

),()()(

),()(),()())(())((

2

12

12

2112

t

t

t

t

t

t

t

t

t

t

dxgtR

dxgtRtR

dxgtRtR

dxgtRdxgtRtxtx
















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which implies  
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Therefore   is continuous, and Krasnoselskii hypothesis of theorem (2.1) hold. 

By inference, system (1.0) has a solution )(tx , defined by equation (2.1). 

Proving uniqueness: 
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and Gronwall’s inequality holds by equation (2.18), which implies uniqueness of 

)(tx . 

 

3. Conclusion 
 

An impulsive retarded integro-differential system was considered. 

Theorems on existence and uniqueness of the system solution in the Banach space 

were formulated using a defined compact semigroup (.)S  of uniformly bounded 

linear operators on the Banach space X , generated by an infinitesimal generator 

XADA )(: . The formulated theorems were proves to satisfies the 

Krasnolsel’skii theorem on existence of solution on X , and the Gronwall’s 

inequality on the uniqueness of the exist solution. Results obtained are 

improvement on the qualitative analysis of impulsive retarded integro-differential 

systems. 
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