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Abstract

The wide application of impulsive retarded integro-differential equations
in the modelling of dynamic systems is on the increase. Therefore, the analysis of
the theory of the model equation in the Banach space is of great importance in
mathematical sciences. In this work, theorems on the existence and uniqueness of
the solution of system equation in the Banach space are formulated, and the
proves are provided using a defined compact semigroup S(.) of uniformly
bounded linear operators on the Banach space X , generated by an infinitesimal
generator A:D(A) — X . Results obtained satisfies Krasnolsel’skii theorem on

existence of solution on X and the Gronwall’s inequality on the uniqueness of
the exist solution.
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1. Introduction

Impulsive retarded integro-differential equation is an equation which involves
both the integral and the derivative of the unknown function, with time lag
incorporated in the state of the system, and a couple difference equations
(defining the impulsive term) which are satisfied at certain fixed or variable
impulse times. The application of this equation in the analysis of dynamic system
arises in many fields like biological models, fluid dynamics, and chemical sciences.
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The analysis of the theory of the impulsive retarded integro-differential equations
in the Banach space has attracted wide interest in mathematical science, and many
significant results abound in [1, 2, 3,4, 5,6, 7, 8, 9, 10, 11].

However, among the previous researches on retarded integro-differential
systems, few are concerned with the analysis of the solution of impulsive retarded
integro-differential equations of the form

>°<(t) — AX(t) = g(t, x,) + f f(s,x(s)ds, te[t,,T]

AX |t:tk =1 (x(t,)) (1.0)
X(ty) = X,

Therefore, motivated by the work of Benchohra [5], the aim of this
research is to formulate theorems and proves on the existence and uniqueness of
the solution of system (1.0) in the Banach space X , for A:D(A) — X being an

infinitesimal generator of a compact semigroup S(.) of uniformly bounded linear
operatorsin X .

2. Preliminary Results

Consider a piecewise continuous compact linear space PC(J, R”), such
thatx(t)ePC(J,R”),for J(t,,T) =R, being a compact interval in R, and
teld(t, T). Llet x ePC(t,—r,t]R") for x, =x(t—r) defining the delay
function, with a delay constantr >0 Let X = R" be a Banach space with norm
1| such that sup t||x(r)||r < x(t). Again, assume there exists 1 : PC(J, X)—R",

for Ax|_, =1,(x(t;)); k=1 ...,m defining an impulsive term experienced by
x(t)on J[t,,T]. The following definitions hold.

Definition 2.1
The resolvent set /(A) is the collection of values (4)such that Al — A
maps D(A)one- to-one onto X . The spectrum of A, denoted by &(A) is the
complement of the resolvent set.

Definition 2.2
If 21e¢(A),then Al — A is invertible, with its inverse R(1) = (Al —A)™
which is a closed linear map.
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Definition 2.3
Let A be an infinitesimal generator of a strongly continuous compact
semigroup S(.)such that

I. S(t): D(A) —» D(A), and A commutes with S(t)
ii. foreach n>0, A" is densely defined
iii. IS)|<M, for M >1.

Then, there exists a strongly continuous exponentially bounded family S(t),t>0
of bounded operators such that for S(0) =0, the resolvent of A is the Laplace
transform of S(t)written

R(A,A) = (Al —A)* = fe*ﬂ‘sa)dt, A>w, weR, (2.0)
for (w,o0) — £(A).

Definition 2.4
The function x(t) € PC(J, X )N (t,,t,.,) is said to be a solution of (1.0) if

i. X(t) is continuous ateach t e J(t,,T) = R,

ii. the derivative of x(t) exists and satisfies equation (1.0) for
t=t,, A, =1, (x(t)), k=1 ..,m,

so that

KO = 1) + [ RE-DM9(x) + KOOI + Y106, @)
where 1(t,)x, = I;OS(t)xodt, R(t) = j:n(t)sa)dt, K(X)(t) = ff(r,x(r))dr,

and by definition (2.2), [R(t)] < %

The following Krasnolsel’skii theorem on existence of solution on X will
be useful later.

Theorem 2.0
Let Y < X be a close convex non empty subset. Let Q, R be two operators such

that
i Qx+PyeY, for x,yeY
ii. Q is a contraction mapping
iii. P is compact and continuous.
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Then, there existsaz €Y suchthat Qz+Pz =z

Main Result

Assume the following hypothesis hold:
Ai1. The functions f,g:J — X are continuous, and there exist K,,K, >0
such that
lott,x)—g(t,y,)| < K,,and | f(t,x)— f(t,y)| <K,, for
f,gePC([t,, T], X), t<T.

Az.  ThefunctionLr:J — R, satisfies Lr = %b(K1 +K,b)<a<lfortel

Theorem 2.1
Let A be an infinitesimal generator of a strongly continuous compact

semigroup {S(t)}, such that |S(t)] <M, t>0, and f, g satisfy As, L, satisfy A..
Then system (1.0) has a unique solution for every X, € X if

L=(K1+K2bT)£a(%bj, O<a<l. (2.2)

Proof
Consider the operator T : PC(J, X) — PC(J, X), such that

(0O = 1E)% + [ RE-9(.x) + K@M+ X1 () @3)

Assuming sup| f (t, 0)|=M,, sup [g(t, 0)] = M, sup|i ¢, x(t, ))|< N, and the
ted te[ty—r, T t=ty .

exists &> L{M(b[(Kl + M) + (K, + M)+ [x])+ Nk}, (2.4)
l-a| A

such that T, = {x(t) e C(3) :ft—t,|<b, x| < | defines a close nonempty and
convex set.

Therefore, forany xeI"_,

[mx) @) < M ||x0||+% f latz.x,)+ K@)z + |1t x(t,))|
< M| + %f lo(z.x. — 9(z.0)| + |a(r.0)[1d 7 +%f K@)z + N,

M M
< M||x0||+7b[K1 + M1]+7j; K(x)(z)dz +N,.
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But K(x) =] f(s,x(s))ds, such that

RGE f [ f (5, %(s)) - f (5,0)[+  (5.0)|[1ds

<[K, + M,]Ib;.
Hence,

M
)@ < = B0, + MK, + M) 1+ o)+ Ny
<¢
Again, consider x, y e PC(J, X), so that

[(M)@ - ) )] < %f lo(z,x.) - 9(z,y,) + K@) - K(y)(2)|d7 + N,
<[ e x) - atey 0+ [ T 60D - F (5, yoMas] B N,
M ¢t] e
|d7+7.[t0 UTO

M
< Tb[Kl + K b Jx = v+ N

<2l - 9(ey.)

f(5,X(s)) = f (s, y(s))||ds}dr N,

<Lrfx-y|+N,

Therefore

ITx) () — (TY)(X)]| < e — y]|+ N, - (2.5)

This result is immediately followed by theorem (2.2), by making the following
assumptions:

As.  The function g:Jx X — X is continuous, and there exists a continuous
positive non decreasing functiony :(0,00)—(0,0), and p e L'(J,R,)such that
||g(t, X, )||£ p(t)y(”x(r)”x ), foru = ||X(r)||, t,<r<t teft,,T] and

f p(r)dz <M, satisfying,
M ¢t -
v, () < gkl(jjt:l p(t)dtj =71, k=123, .. (2.6)

Theorem 2.2
If the hypothesis of theorem (2.1) holds such that f, g satisfy (A1), (As) and

-1
L=K,b, s&(%bj 0<5<1, 2.7)

then system (1.0) has a unique solution.
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Proof
By theorem (2.0), let
(PO = [ RE-DKEIEdr + 31t (), (2.8)
1O =1:)% + [ RE-7)g(r.x)()dr - 29)
Defining
gzﬁ[%(b[(Kz+M2)bT]+z//||,u||Mp+xo)+ Nk}, (2.10)

such that T, = {x(t) eC(J, X):t—t5|<b, |X| < g} is a close nonempty subset of
PC(J,X).

Then, for x,y eI,

||(¢x)(t)+(wx)(t)||sj||R(t—r Y@z + 1 X0+ 1t + j IR(t-2)g(z, x,)(@)|d=

SME"K(X)(T)"dT-FN +%x +Mj otz x)|dr

< MHk, + M B TN, +%xo+—j (e)w|xjd=
(K + Moy 1+ Ny + 0+ () ple)dr

< —{ (bI(K, + M, )b, 1+ M, +x, )+ Nk}

and so (X)) + (wx)(®) T,

Again, using equation (2.8), for x, y € X, then by hypothesis As,
o0 -] < [ Rt K00+ 106,60 [ ReE- ke + 10,60

< 2] [KO9(E) - K@l - 11, 6]

M
< Tb[biT Ix=y|+N,

<S|x-y|+N,
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Therefore, (¢x)(t) is a contraction mapping.

Also by equation (2.9) and hypothesis Az
M
@] < Mx; + =~ [ p@w|x()dz. (2.12)

Consider the function |x()] < u, t, <7 <t, te[t,, T], then
M ¢t
(W)®) < Muo += [ P (1)d7,
for C = My, =v(0), v(t) > (1), telt,,t,],

W )(O) = % PO (u(t)) < % pO7(v(1))

J-v(t) dv <M
Oy (v) A

[ t p(t)dt

4( M N
(wv)(t) <& 1(7.';0 p(t)dtj =11,
and so for |x,(z)|, ... <, telty,t],

sup|(wx)(t)] < 7, (2.12)

Continuing this process for t<[t,,T], n=0,1 2, ....

W20 < May + = [ piO)t 213

so that for any constant 7, , sup ||(wx)t)] <7, ,
teft,-T1]

-1

lox) O] <ve <2 M P pwyat]| =7,
A

and
X)) < {Mxg,m,, n=12,3,..}=n". (2.14)

Hence, w)t)eY < X,and y:Y Y.

Showing that (wx)(t) is relatively compact:

Since Y < X is bounded, then (yx)(t) €Y is bounded and equicontinuous. Indeed,
let t,,t, € J, such that forany >0, e<t, <t,, and the following implies.
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620() - )] = [ Rt -9 x )d7 ~["R(t, - 0)g(e.x,)de
+Efe
+ [ RC, -llo(x.)

The right hand side will tend to zero as t, —»t;, for e sufficiently small, as a
consequence of the continuity of S(t), in the uniform operator topology for t >0

and the compactness of S(t). Thus |(wx)(t,)— wX)(t,)| — Oas t, —>t,, which is

dr

R(t, —7) —R(t, — 7)o (z. x,)
|R(t2 -7)—R(t, - r)||||g(r, X,)

dr

dr

independent of x,. As a consequence of Arzela- Ascoli theorem, it suffix to show
that w maps Y into a precompact set X . Let €>0be any value satisfying
O<e<t.Then

(w;@a):IGJXO+R&3f{Ra—r—exxax)dr. (2.15)

Since S(t) is a compact operator for each te J, theset U_= {(y/ex)(t) | x e 1“6_} is
relatively compact in X for each g, 0 <e<t. And so

6700 - 0] = || RE-0g(e x )dz - RE[R(t- e -0)g(ex)de

<M. [ ot x)de

A
M t
<My W) pe)dr

S%MM@MW

which implies that U _is relatively compact in X .
Showing that y is continuous:
Let {x,} be a sequence in T,such that x, —x for xe X, and by the

continuity of gin Jx X, theng(t,x,) — g(t,X,), for n > . So

)0 - 0] = || Rt (%) - 9z, x.))de

dr

—0, as n—> oo,

M
<~ [lot %) -g(x,)

M
<=blg(e k) - g(ex,)
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which implies
lim|(yx,)(®) - W) )] = 0. (2.16)

Therefore y is continuous, and Krasnoselskii hypothesis of theorem (2.1) hold.
By inference, system (1.0) has a solution x(t) , defined by equation (2.1).
Proving uniqueness:

Let y(t) be another solution of (1.0), then

+[K )@ - K(y)@)|ld=

x® -y < [ Re-2llox) - 96 y,)

< % [ t [K, +K,b, Jx(z) - y(o)|d~. (2.17)

Defining 6(t) =|x(t) — y(t)|, then (2.17) implies

o) < %j [K, + K,b. J0(r)dr, (2.18)

and Gronwall’s inequality holds by equation (2.18), which implies uniqueness of

X(t).
3. Conclusion

An impulsive retarded integro-differential system was considered.
Theorems on existence and unigqueness of the system solution in the Banach space
were formulated using a defined compact semigroup S(.) of uniformly bounded
linear operators on the Banach space X , generated by an infinitesimal generator
A:D(A) —» X . The formulated theorems were proves to satisfies the
Krasnolsel’skii theorem on existence of solution on X, and the Gronwall’s
inequality on the uniqueness of the exist solution. Results obtained are
improvement on the qualitative analysis of impulsive retarded integro-differential
systems.

References

[1] R. P. Argawal, S. H. Saker, Oscillation of solutions to neutral delay
Differential Equations with Positive and Negative Coefficients, International
Journal of Differential Equations and Applications, 2 (2001), 449 — 465.

[2] D. D. Bainov, A. D. Myshkis, A. I. Zahariev, Sufficient Conditions for the
Existence of Bounded Non-oscillating Solutions of Functional Differential



24 Dodi K. Igobi and Etop Ndiyo

Equations of Neutral type, Rendiconti Matematica, 7 (1987), 353 — 359.

[3] D. D. Bainov, P. S. Simeonov, The Second Method of Lyapunov for Systems
with an Impulse Effect, Tamkang J. Math., 16 (1985), 19 -40.

[4] G. H. Ballinger, Qualitative Theory of Impulsive delay Differential Equations,
Waterloo Ontario, Canada, 1999.

[5] J. H. Benchohra, S. Ntouyas, Impulsive Differential Equations and Inclusions,
Hindawi Publishing Corporation, New York, NY 10022, USA, 2006.
https://doi.org/10.1155/9789775945501

[6] M. W. Haddad, V. S. Chellaboina, G. S. Nersesov, Impulsive and Hybrid
Dynamical Systems, Princeton University Press, 41 William Street, Princeton,
New Jersey, 2006.

[7] A. Halanay, D. Wexler, The Qualitative theory of Systems with Impulse,
Editura Academiei Republicii Socialist, Romania, Bucharest, 1968.

[8] J. K. Hale, J. Kato, Phase Spaces for Retarded Equations with Infinite Delay,
Funkcial Ekvac, 1978.

[9] D. K. Igobi, D. Eni, E. Eteng and J. Atsu, Asymptotic Stability results of
solutions Neutral Delay Systems, Journal of the Nigerian Association of
Mathematical Physics (NAMP), 19 (2011), 77-84.

[10] I. O. lIsaac and Z. Lipcsey, Oscillations in Linear Neutral Impulsive
Differential Equations with Constant Coefficients, Communications in Applied
Analysis, 14 (2010), no. 2, 123 — 136.

[11] F. Jiang and Y. Shen, A note on Existence and Uniqueness of Mild Solutions
to Neutral Stochastics Partial Differential Equations with non-Lipschitz
coefficients, Computer and Mathematics with Applications, 61 (2011), 1590 —
1594. https://doi.org/10.1016/j.camwa.2011.01.027

Received: December 10, 2017; Published: April 27, 2018


https://doi.org/10.1155/9789775945501
https://doi.org/10.1016/j.camwa.2011.01.027

