Nonlinear Analysis and Differential Equations, Vol. 6, 2018, no. 1, 25 - 41
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988/nade.2018.843

Solving a Class of Partial Differential Equations
with Different Types of Boundary Conditions by
Using a Generalized Inverse Operator:

Decomposition Method

Nawal A. Al-Zaid !, Huda O. Bakodah' and Abdelhalim Ebaid?

' Department of Mathematics, Faculty of Science-Al Faisaliah Campus
King Abdulaziz University, Jeddah, Saudi Arabia

? Department of Mathematics, Faculty of Science, University of Tabuk
P.O.Box 741, Tabuk 71491, Saudi Arabia

Copyright © 2018 Nawal A. Al-Zaid, Huda O. Bakodah and Abdelhalim Ebaid. This article is
distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper, a class of partial differential equations has been studied by the
Adomian decomposition method. A generalized inverse operator has been
developed to solving various partial differential equations with different types of
boundary conditions (Dirichlet, Neumann, and mixed). Several examples in
physics and fluid mechanics have been analyzed by the present approach, where a
remarkable accuracy has been achieved.
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1 Introduction

Since the beginning of the 1980, Adomian has developed a so-called
decomposition method [1, 2]. The main advantage of this method is that it can be
used directly for solving all types of differential and integral equations, linear or
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nonlinear, with constant or variable coefficients. Over the last 30 years, the
Adomian decomposition method (ADM) has been applied to obtain the solution
of a wide class of initial or boundary value problems [3-6], but when initial and
boundary conditions have to be imposed, there are still difficulties that can be
encountered. Most researchers obtained the solutions of initial and boundary value
problems by using either initial or boundary conditions. In 1987, Adomian [7]
suggested the modified method (MADM) which has applied on the heat equation
u, = u,, with initial and boundary conditions, using two canonical forms for u, one

inverting the L, operator and the other inverting the L, operator, adding and
dividing by two. For the Dirichlet problem, for the heat equation, Adomian used
the operator L, defined by

L 0=[ 0T (o (L.1)

For Dirichlet problem, Lesnic [8] proposed the inverse operator defined by

L ()= o o X% ax (o 12)

Xg 0 xq Xo

In [9], Aly et al., defined L' as

()= o ’Zr(.)dx "7 (x )de '1(~)dx (1.3)

z (x) in Eq. (1.3) is to be determined such that L, can be expressed only in

terms of the boundary conditions. In this paper an improved formula shall be
proposed for the generalized inverse operator based on the MADM [8]. We shall
use the ADM with the improved inverse operator to deal with partial differential
equations with Dirichlet, Neumann and mixed boundary conditions.

2 Derivation of the Inverse Operator
2.1 Dirichlet boundary conditions.

To study the generalized form for the inverse operator, we consider the L,
operator in the form

L, :ﬁg(q(x)gj p(x)=0- (2.1)

We define the inverse operator L as
1

Ly ()= LX T ,)dx 'X‘Cr p(x")(.)dx "z (x )Eﬁdx 'X! p(x")(-)dx", (2.2)

Where z (x ) is to be determined such that L., can be expressed only in terms of
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the boundary conditions u (t,a) and u (t,b). With this definition, we can easily
get

LAl u:u(t,x)—u(t,a)—q(c)au(t’c)'faX ! dx'—z (x )[u(t,b)-u(t.a)]

XX XX 8X q(x,)
ou(tc)e 1 ,
+z (x)q(c) u(gx )Iaq(x') X', (2.3)

In order to express L_:L _u in terms of the two boundary conditions only, we have

XX XX

ou(t,c .
to eliminate the coefficient multiplying % by setting

au(te)ex 1 au(te)ep 1
dx’ dx'=0.
~a(e)—, Lq(x,) x'+z(x)a(e)— Lq(x,) X
o . . ou (t,c) :
Solving this equation forz (x ) assuming that q (c )T =0, gives
oo™
Z(X):bql—- (2.4)
Jo g™’
aq(x’)
Substituting (2.4) into (2.3), yields
.LX 1’ X’
Ly LU =u (t,x)—u (t,a)—%[u (t,b)-u (t,a)]. (2.5)
Jo g™’
aq(x’)

Here, if p (x ) =q(x) =1, we get the case of Lesnic in [8].

2.2 Neumann boundary conditions.

To study the generalized form for the inverse operator, we consider the L,,
operator in the form (2.1) and the inverse operator L as

Lo ()= ] & 7% j p(x")()ax —z (x )]q & 70 ’(x j p(x")(-)dx j (2.6)

0 b

In this case, z (x) is to be determined such that L. can be expressed only in
terms of the boundary conditions u, (t,a) and u, (t,b), hence
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L Lou=u(t,x)-u(t,c)-q(a)

XX XX

-z (x )[cu (t,c)—focu (t,x")dx '}

2.7)

autb) e x' .
2 ()alo) ML )joq(xx,)dx.

In order to express L in terms of the two boundary conditions only, we have to
eliminate the coefficient multiplyingu (t,c) by setting—u (t,c)—z (x )cu (t,c)=0
Therefore, z (x ) is given as (assuming that u (t,c)=0)

z(x)= _—1 (2.8)

c

Substituting (2.8) into (2.7), yields

L LU =u(t,x)—q(a)

au(t,a)jx LEPN :u(t,x’)dx’

XX XX ax ¢ q(X ]) C
_1 ou (t,b) c X' ’
- q(b) & jo 4 ,)dx (2.9)

It should be also noted hare that when p (x ) =(q(x) =1, the case of Aly et.al., [9]
is recovered.

2.3 Mixed boundary conditions.

Here, we have two types of problems:

(i) In many practical cases, Cauchy data cannot be specified at the same
location; instead only one boundary value can be prescribed, with another
condition specified at an interior location inside the specimen under
investigation. In such situations we have to solve a direct problem in the
region which then provides the Cauchy data at x =a for an inverse
problem formulated in the region.

To study the generalized form for the inverse operator, we consider the L,,

operator in the form (2.1) and the inverse operator L as

x 1 X "
L()= dx'| p(x")(.)dx - 2.10
201 i ot 210
Accordingly,
LA =u (t,x )-u(t,a)- (a)a“("a)j* L o (2.11)
Xx =xx 2T ) ’ q ox aq(xr) ! !

which is expressed in terms of the two boundary conditions only, i.e., u(t,a) and
u, (t.a),
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(i)  To study the generalized form for the inverse operator, we consider the
L, operator in the form (2.1) and the inverse operator L as

X 1 X "
Ly ()= ——=dx'| p(x")(.)dx , (2.12)
O=1 g Tp
and hence,
_ autb)e 1,
Lo LU =u(t,x)-u(t,a)-q(b) ™ J'a q(x')dx : (2.13)
which is expressed in terms of the two boundary conditions only, i.e., u(t,a) and
u, (t.b),

When p(x )=0q(x) =1, we recover the case of Lesnic [8].

3 Analysis of the Improved Adomian Decomposition Method

Consider the following general example of the single second-order nonlinear
inhomogeneous temporal-spatial partial differential equation

LU (t,x)+Leu(t,x)+Nu(t,x)=g(t,x), (3.2)
1 o0 0 o’
whereL,, = p(x)&(q (x)&j p(x)=0, L, =7

andNu (t,x )=f (t,x,u(t,x),u, (t,x ),u, (t,x)) is a nonlinear operator which is

assumed to be analytic and g (t,x )is an inhomogeneous term. Adomian [7]

suggested a modified method (MADM) using two canonical equations for u, as
follows

Lou (t,x) =g (t,x)—Lu (t,x)—Nu(t,x), (3.2)
LU (t,x)=9(t,x)—Lu(t,x)—Nu(t,x). (3.3)
It is clear that L, and L, are invertible, so, Adomian [7] applied the inverse

operator L. on both sides of Eq (3.2) and the inverse operator L.} to both sides of

Eq (3.3), then adding the two equations and dividing by two, we obtain a single
equation for u.

The standard Adomian decomposition method defines the solution u (t,x ) by the
decomposition series

u(t,x):iun(t,x), (3.4)
n=0
and the nonlinear term Nu (t, x ) is defined as
Nu(tx)=Y A, (t,x), (35)
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where A_denotes the Adomian polynomials which can be computed from the
relation

n! i-0

A, ! {dd;n N (ii,ui HH , N>0- (3.6)

We shall use this technique with the improved inverse operator to deal with partial
differential equations with Dirichlet, Neumann and mixed boundary conditions.

3.1 Dirichlet boundary conditions.

Consider Eq (3.1) subject to the initial conditions
u(0,x)=p,(x) ,u (0,x)=p,(x), (3.7)
and the Dirichlet boundary conditions
u(t,a)=hy(t), u(t,b)=h,(t). (3.8)
Firstly, we consider the t -partial solution as
Lou(t,x)=g(t,x)-L,u(t,x)-Nu(t,x), (3.9)

. ) 3 ) a1 t ot .
Applying the inverse operator L' defined by L;*(.) = IO IO (.)dtdt on both sides of

Eqg. (3.9) and using the initial conditions, gives
u(t,x)=u(0,x)+tu, (0,x )+L;g (t,x )-L'Lu(t,x)—L/Nu(t,x), (3.10)

Secondly, we consider the x -partial solution as
Lou(t,x)=0g(t,x)—Leu(t,x)-Nu(t,x). (3.11)

Applying the inverse operator L defined as in Eq (2.2) on both sides of Eq.
(3.11), and using the boundary conditions, yields

x 1
dx’
u(t,x):u(t,a)—%[u (t,0)-u (t,a)]+ Lt (t.x )~ Ly L (t,x)
d !
N Thhe
—LNu (t,x). (3.12)

Next, we average the partial solutions, i.e., adding the two partial solutions in Eq.
(3.10) and Eq. (3.12) and then divide by two to obtain
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[ gt
u(t,x):% u(0,x)+tu, (0,x )+u(t,a)—

Ib 1’ dx '

2 q(x’)

Lig (tx)+L;g (t.x)

—L LU (X ) =L Lyu (t,x ) —L!Nu (t,x )= Ly Nu (t,x )). (3.13)

Substituting Eq. (3.4) and Eq. (3.5) into Eq. (3.13), gives

% 1 J.ax (i,)dx’
>u, (tx) =3 u (0.x) +tu, (0,x)+u(t,a)—bql—'[u (t.b)-u(t,a)]
L o™

-L'L,, Zu (t,x) ZUn(t,x)—LgliAn (t,x)—L;iiAn (t,x)j. (3.14)

1
dx’

1 L X'

uy = (ox)+tut(o,x)+u(t,a)-%[u(t,b)-u(t,a)]
aq(x’)
+Lt‘tlg(t,x)+L;§g(t,x)),

1 _ -

u +1=§|: Lttlexun I‘x):ELttL’In_Lttl'A‘n xx n] n=0. (315)

3.2 Neumann boundary conditions.

Consider Eq. (3.1) subject to the initial conditions in Eq. (3.7) and the Neumann
boundary conditions

u, (t,a)=hy(t) ,u, (t,b)=h,(t)- (3.16)

Firstly, we consider the t -partial solution as in Eq. (3.10). Secondly, applying the
inverse operator L defined as in Eq. (2.6) on both sides of Eq. (3.11), and using
the boundary conditions, gives

ou(t, x 1 , 1 , ,
u(t,x)=q(a) ua(x a)J.C q(x')dx —Efou(t,x )dx
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1 6u(t,b)J«; X'

—Eq(b) > OOI(X,)dx'Jrl_;ig(t,x)—L;il_Hu(t,x)—L;iNu(t,x). (3.17)

On adding the two partial solutions in Eq. (3.10) and Eq. (3.17) and dividing by
two, we obtain

u(t,x) :%(u (0,x )+tu, (0,x )+q (a)éu(g)t(,a) LX q(i ,)dx '—%I:u (t,x")dx’

1 GU(t,b) c X'
_Eq(b) OX '[Oq(x’)

—L LU (t,x )= Lg'Nu (t,x )= L Lu (t,x ) =L Nu (t,x )) (3.18)

it —xx

dx"+Lgg (t,x )+Lg (t.x)

Substituting Eq. (3.4) and Eq. (3.5) into Eq.(3.18), gives

0

Du, (tx ):%(u (0,x )+tu, (0,x )+q (a)au (t’a)r L dx'—lj.;u (t,x")dx’

ox ¢ q(x’) c

n=0
1 GU(t,b) c x' . _
~a(b)= joq(x,)dx FLg (tx)+Lg (tx)
—Lttlexiun(t,x)—LnliAn(t,x)—LXiLniun(t,x)—iniAn(t,x)j-(3.19)
n=0 n=0 n=0 n=0

and hence, the recurrence relations become

8u(t,a)J.cx L oger 1p

1
UOZE(U (O’X)_H:ut (O,x)+q(a) X q(x”) c 0

1 ou(t,b) e x’ L _
_Eq(b) éx )qu(x’)dx +Lnlg(t,x)+LXig(t,x)J,
Upia Z%[_Lnlexun _L;i Lttun _Lt;lAn _L;;LAn] ,n=>0. (320)

3.3 Mixed boundary conditions.

(i) Consider Eq (3.1) subject to the initial conditions in Eq (3.7) and the mixed
boundary conditions

u(t,a)=hy(t), u,(t,a)=h,(t), (3.21)

Firstly, we consider the t -partial solution as in Eq (3.10). Secondly, applying the
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inverse operator L. defined as in Eq (2.10) on both sides of Eq. (3.11) and using
the boundary conditions, we get

u (t,x)=u(t,a)Jrq(<':1)au§(’a)_[aX q(il)dx’+ing (tx)-LgLu(t.x)

—LxNu (t,x). (3.22)

From Eq. (3.10) and Eqg. (3.22) we obtain

u(t,x):%[u (0, )+tu, (0,x )+u (t,a)+q(:'sl)aua(:(’a)jaX q(i,)dx’JrLt‘tlg (t.x)+Lga (tx)

—L L u(t,x)- Ltthu(t,x)—L;iLttu(t,x)—L;iNu(t,x))- (3.23)

Substituting Eq. (3.4) and Eq. (3.5) into Eq. (3.23) gives

ni;un(t,x):%[u (0,x )+tu, (O,x)+u(t,a)+q(a)au (t,a)J-ax 1 g

OX q(x’)
+Lg'g (t,x )+ Lo (t,x)-Lg szu t,x)
LAY AL (LX) - L U, (X)) - L S A, (t,x)j- (3.24)
n=0 n=0 n=0

with the corresponding recurrence relations

U, :%[u (0,x )+tu, (0,x )+u (t,a)+q (a)au (t'a)'[: Loy

OX q(x”
+Lg (t,x )+ L9 (t,x ))
[ L u, — u, —LA, —LiA, | .n=0. (3.25)

(i) Consider Eq (3.1) subject to the initial conditions in Eq. (3.7) and the mixed
boundary conditions

u(t,a)=hy(t), u,(t,b)=h,(t), (3.26)

We first consider the t -partial solution as in Eq (3.10). Then, applying the inverse
operator L defined as in Eq (2.12) on both sides of Eq.(3.11), and using the
boundary conditions, we get
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u(t,x):u(t,a)+q(b)aug(’b)ﬂq(1 )dx +L0(t,x)

—Li Lt (t,x )= Ly Nu (t,x). (3.27)

Therefore, the two partial solutions in Eg. (3.10) and Eqg. (3.27) lead to

dx '+ Lg'g (t,x )+Lg(t,x)

u(t, X)—( (0,x )+tu, (0,x )+u (t, a)+q(b)au(t:b)jx (1

x")
L LU (£, % )= Lg'Nu (t,x ) — L Lu (t,x ) — L Nu (t,x )) (3.28)

Substituting Eq. (3.4) and Eq. (3.5) into Eqg. (3.28), we have

ou(t,b
éx ) amdx +Lg'g (t,x )+L0(t,x)

ni;un (t,x):;[u (0,x )+tu, (0,x )+u (t,a)+q(b)

n=0 n=0

-L'L, Zu (t.,x) ZA (t,x)—L;;Lni ~L} iAn j (3.29)
n=0

with the recurrence relations:

_l aU(t,b) x 1 a
uo—z(u(o,x)ﬂut (0,x)+u(t,a)+q(b) ~ L 100 )dx +L g (t,x)+L,g(t, x)]
[ L'l U, — L L, =LA, = LgA, ] .n >0. (3.30)

4. Numerical illustrations

To demonstrate the applicability of the proposed method, it has been applied in
this section on some classical problems with the corresponding numerical results.

Example 1

Consider the following linear homogeneous heat equation

u, =u, , 0<x <1 t>0,

with the initial/boundary conditions:

u(0,x)=x20<x <1,

u(t,0)=2t,u(t,1)=1+2t,t>0.

Rewrite the heat equation in the operator form asL,u (t,x )=L,u (t,x ) where

2
L _9 ,and L = 0
ot

~ . Here, p(x)=q(x)=1, hence

t
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1 o0 0 o°

L, =———0q(X)— |=—.
X p(x)ax(q( )axj ox’°
We solve for L,, equation by applying the inverse operator

Ly ()= J;X dx ’1(.)dx "_x i‘dx ’:[(.)dx ",

on both sides of the previous equation, then we get
u(t,x)=2(1-x)t+x (1+2t)+LLu(t,x).

This gives the recursive relation:
Up=2(1-x)t+x (1+2t),

u,,=L,Lu,n>0.

Hence,

Uy =X +2t,

u, =x%-x,
u,,=0,n=1

Therefore, the exact solution u (t,x ) =x* + 2t is obtained from only two
components.

Example 2
Consider the system
1 0(_ ,0m 1 0(_,00
- —| X" — —| x*—|=f (t,x), 4.1
“ xzax( 8xj+ax28x( axj (t:x) (4.1)
1 0 06
0 —v— x2_ + = t,x), 4.2
7 () 2 ) pa e (00) “2)

with the initial conditions
w(0,x)=x7% ¢ (0,x)=0,0(0,x)=x2 0<x<I 4.3)

and the boundary conditions
o(t,0)=t? o(t1)=1+t>, 0<t<T
6(t,0)=-t% 0(t,1)=1-t> 0<t<T (4.4)
Rewrite the given system in the operator form as
Lyo-Lyo+al,o=f (t,x), (4.5)
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LO-yL,0+BLo=g(t,x), (4.6)
2
where L, :g, L, :%, and L, :%ai(ngj.Applying the inverse

operators L' and L;*on both sides of Eqg. (4.5) and Eq. (4.6), respectively, we
obtain
o(t,x)=w(0,x )+t g (0, )+Lf (t,x)+L;" (Lyo)—aly (L,0), 4.7

O(t,x)=0(0,x)+L"g (t,x)+rL* (L, 0)- AL (L), (4.8)

For p(x)=q(x)=x", ;i is defined as
b X
_[—dx x" dx —z( )jirdx’jxr(.)dx”- (4.9)
aX 0

where z (x ) is defined as given in reference [10] by

, =0
z(x)=1b-a '
-1, r=123..
Atr=2, L, takesthe form
b X
—. " 1 ! 14
L ('):L X—dx 0x (.)dx +£X—2dx !xz(.)dx : (4.10)

Similarly, the inverse operator L,  as defined in (4.10) is applied on both sides of
Egs. (4.7) and (4.8) to give

Lao(t,x)=L,[o(0,x)+t e (0,x)]+L L} (t,x)
+Lg Ly (Lyo)—aly Lt (L, 0), (4.11)

L 0(t.x ) =L [0(0,x)+Be(0,x)]+LL g (t,x)

—ﬂLXXa;(t,x)+;/LXX L, (LXXG). (4.12)

Hence
L;i L, o=0,X)-20(,a)+o(t,b), (4.13)
L;i L, 6=0(t,x)-20(t,a)+06(,b), (4.14)

Substituting (4.13) and (3.14) into the system (4.11) - (4.12) gives
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Lyo(t,x) =Ly [@(0.x)+t @ (0,x) ]+ L L} (t,x)
+|_;1[a)(t X)—2a(t,a)+ot,b)]-al [0, x)-20(t,a) +6(t,b)], (4.15)

LxO(t.x) =L [0(0,x)+Ba(0,x)]+LL g (t.x)
—ﬂLxxw(t,x)+;/Lt‘1[t9(t,x)—249(t,a)+49(t,b)]. (4.16)

We rearrange (4.15) and (4.16) as
Llo(t,x)=Lyo(t,x)-Ly [@(0,x )+t g (0,x)]-LaLf (t,x)
+L{tl[2a)(t,a)—a)(t,b)]+oth‘t1[t9(t,x)—2«9(t,a)+49(t,b)], (4.17)

L{le(t,x):%[L;ie(t,x )-L;20(0x)]

g )+ L AL et x) - w(0,x)] + L [260(2)— 0¢.b)]. (4.18)
e

The new system (4.17)-(4.18) includes all conditions (initial and boundary), but
the problem that appears now is the inapplicability of Adomian decomposition

method, so we define two functions u (t,x ) with the conditions
u(0,x)=u, (0,x)=0 such that

2
a)(t,x):%, (4.19)
The other function v (t,x ) with the condition v (0,x ) =0 such that
ov
o(t,x)=—. 4.20
(tx)=2 4.20)

Substituting (4.19) and (4.20) into the system (4.17)-(4.18), we obtain

u(t,x)=L, [Za)t a)-o(t,b)|-al'[20(t,a)-0(t,b)]

—L [@(0,x) +t@, (0,% )] Lig L (t,x )+ Lgu, +alv,, (4.21)
v (t.x) =L [20(t,2)-0(t,b) -2 L2 [0(0,% )+ fo(0,x )]
v
L Lo Lo (t,x )+%in [V, +Bug]. (4.22)

The standard Adomian decomposition method defines the solutions u (t,x ) and
v (t,x ) by the decomposition series

“Su,, and v(tx) zv (4.23)
n=0

Substituting (4.23) into (4.21) and (4.22), we obtaln the recurrence relations as
follows
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u, =L [20(t,a)-o(t,b)]-aL [26(t.a)-6(t.b)]
Ly [2(0,x) +ta, (0,x)]- L Lf (t.x),

vo=L"[20(t,a)-0(t,b ]—— +[6(0.x)+ Bew(0,x)] —EL;iLt’lg(t,x),
¥
a=Lyu, +alv, . n>0,
Vo zll_;i v, +ﬂunn] ,n>0. (4.24)
y

Suppose that a=B=y=1"f (t,x)=2, g (t,x )=—6,hence after calculating the

components u,,i=0,12,.. and v,,i=0,1,2,... then substituting (4.24) into

(4.23), the solution is obtained after solving the resulting equations. Applying the
proposed method, we obtain the following terms

u0=lt4—ix“—i—1 1yt t?,
6 20 20 2

U =—X" +—-1°X X =— —t7,
60 6 18 180 3 12
l:ix4 1o 1., 1 12,
3 6 18 45 6
z‘iXA liog2o 1o 7 10 l(lxz l]ts,
12 6 9 36 6 3\ 6 6
v2=ix4t+—x4—1x2t2+ix2t+1x2+£t+l—£t2,
60 12 6 18 9 180 36 6

We note that using only 10 components then the absolute errors becomes zero. In
Fig. 1, the solution by the proposed method is compared with the exact solution.

L.0q / 0.3 y

/ //
0.9 /s 0.4+
/ //
0.84 // 0.39 7/
s rd
03 - 0.2 7/
4 s
0.6 // 0.1 Y
/ 7
0.5 // 02 03 04 /b5 06 07 08 0% 10
P o1 - stepost
0.4 // e
-~ g
024
0.3 T T T T T T , el
0.4 0.5 0.6 0.7 0.8 0.9 1.0
st epott 0.3-

""" Approximate of Adomian decompositon
— — Exact Solution

""" Approximate of Adomian decomposition
— — Exact Solution

Fig. 1. The graphs for the exact and the approximate solutions example 2.
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Example 3.

Consider the following non dimensional BVP [11]

10 ow) dp ,
——|ru(r)—|=—+M ‘o,
rar(ﬂ()ﬁrJ dzJr @

with the mixed boundary conditions:

5—&):0 atr=0, w=-1atr=h(z),
or

where h(z):l,j—p:—l,M =1. Firstly, we rewrite the given equation in the
z

operator form L, @ =-1+®, where the differential operator L, is defined in the
10

form Lr=F6—r(ry(r)§r),and the inverse operator L ‘is defined by

)= {ﬁ(r) [t (.)dr”}dr'.
Applying L., we get L,* Ha%(ru(r)g—fﬂ =o(r,z)-o(lz).

Operating with L *, it then follows
o(r,.z)=w(lz)+L(-1+o).

Now we decompose @(r,z) as i“’n (t,x )and according to the modified
n=0

decomposition method, the solution @(r,z ) can be elegantly computed by using
the recurrence relation

This gives

r’ 1 r’ 3
I )

4 2
a)l — Lrl(a)o):_r__sL-i_(i—i_ij’
64 16 64 16

The other solution-components ,, @;,... can be obtained. The absolutes errors are
given at different values of r in Table 1.
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Table 1. The absolutes errorsat 0<r <1

r N=3 N=5 N=10

0.0 -6.81559245e-03 -2.04780013e-04 -1.83105434e-07
0.1 -6.71933832e-03 -2.01832306e-04 -1.8046765%9e-07
0.2 -6.43436500e-03 -1.93115973e-04 -1.72668237e-07
0.3 -5.97192208e-03 -1.79005419e-04 -1.60043422e-07
0.4 -5.35036578e-03 -1.60105033e-04 -1.43135696e-07
0.5 -4.59456444e-03 -1.37220728e-04 -1.22667814e-07
0.6 -3.73505667e-03 -1.11321946e-04 -9.95083075e-08
0.7 -2.80695258e-03 -8.34959543e-05 -7.46301849%e-08
0.8 -1.84856578e-03 -5.48965935e-05 -4.90648978e-08
0.9 -8.99761046e-04 -2.66900003e-05 -2.38538696e-08
1.0 7.80000000e-34 -8.76543000e-34 -2.09014927e-37

Conclusion

In this paper, the generalized inverse operator based on the modified Adomian
decomposition method was presented to solving partial differential equation with
Dirichlet, Neumann, and mixed boundary conditions. The proposed method has
been applied on several examples in physics and fluid mechanics and the obtained
numerical results were highly accurate.
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