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Abstract

In this article, we investigate a new type of an Impulsive Sequential
Fractional Differential Equations (ISFDEs) with Boundary Value Prob-
lem (BVP). Some new existence and uniqueness results are obtained by
using the contraction mapping principle and the Schauder fixed point
theorem.
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1 Introduction

The study of Fractional Differential Equations appended with Boundary Con-
ditions (BCs) have received considerable attention among the researchers.
These attentions can be attributed to widely-used of fractional differential
equations tools in many scientific fields such as chemistry, biology, physics,
control theory, viscoelasticity, electrochemistry, signal processing, nuclear dy-
namics, etc; see[[1], [2], [3], [4], [5], 6], [7], [8], [9], [10], [11], [12], [13]]. In
fact, both Sequential Fractional Differential Equations (SFDEs), and Impul-
sive Fractional Differential Equations (IFDEs), have received a great deal of
attention from many authors see [ [14], [15], [16], [17]]. However, a new topic
has been investigated by combining both SFDEs and IFDEs, which in turn
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produced ISFDEs to be a much wider case. We develop the existence theory
for our problem , which defined below by (1).

In 2013 [14], fixed point theory used to establish the existence results for
a sequential integro-differential equation of fractional order with some BCs,
which is given as:

(CD* + XD Yu(t) = pf (t,u(t)) +qlPg (t,u(t)), 0 <t <1,
u(t) =0, u(l) =0,z(1) =0,

where ¢D® denotes the Caputo fractional derivative of order a.

In [15], the standard fixed point theorem has been used to obtain some
existence results of the solutions for following problem:

(‘DY + kD> Na(t) = f(t,z(t), t€[0,1], 2 < a < 3,
s)ﬁ_1

ﬂﬂzO,M@%:Qx@):aAn@%@ﬁ—x

where ¢D%denotes the is the Caputo fractional derivative of order a, 0 < n <
¢ < 1, is given continuous function.

(s)ds, B >0,

In 2012 [16], studied the following problem that consists of IFDEs with
nonlinear BCs:

‘Diu(t) = f(t,u(t),u(w (t))) telJ,

Au(t) 1=y, = Tx(u(tr)), k=

A (1) =, = Te(ulty)), k=1,...,m,
()(@JE[ﬁm

subject to the nonlinear boundary value condition as follows: go(u(0),u (1)) =
0, 90(¢'(0),u (T)) = 0, with D7 is the Caputo derivative of order .

In [17] Shuai and Shugin, discussed a BVP for an IFDEs. They transferred
the BVP into equivalent integral equation. Banach fixed point theorem and
Schauder fixed point theorem. were

used to acquire the existence of the solutions of the following problem:

Dox(t) = f(t), <la <2, teJ=1[0,1], t #1t,

Az(t) iy, = Lo(z(ty), k=1,...m, t, € (0,1),

AL () e, = Tn(x(t)), k=1, ..;m,ty, € (0,1)
2(0) = h(x), 2(1) = g (),
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g(x) = max/\ﬁ(fgg')l h(z) = mmﬁfl(x()'”, where 0 < §;;¢ < 1, # t,) =

1,2,...n and A, Kk are given positive constants.
Based on previous studies, in this topic we concentrate on the existence
results of solutions of ISFDEs with BCs which is given as follows:

‘D YD 4k u(t) = f(tut), 1<B<2, 0<t<T, (1)

au(0) + D "'u(0) = wo, bu(T)+ ‘D NT) = wy,

Au(t) |y, = ulty) —ulty) = wk< (k) k=14,

Au/(t) fe=r, = v/ (ty) — ' (t) = di(ulty), k=1,..¢q
where °DP is the Caputo derivative of order 8 € (1 ,2], and D is the ordi-
nary derivative and f € (J x R, R), ¢y, ; € C(RXR), a,b € R, k €
R, Au(t) iz, = u () —u(ty), A(t) |ime, =0 (t;) — (tk) Here, re-

spectively, the right and the left limits of w(t) at t = t; are represented by
u (t;) and u (t,;) :

2 Preliminary Notes

We introduce throughout this section some concepts of fractional calculus and
fractional differential equations appended. Let J = [0,7],J" = [0,T]\ {t1,...,t,},0 =
to <ty <--- <ty <ty1 =T, and introduce the Banach space

PC(J)={u:J— R|ueC(J'),and u(t}), u(t;) exist, and u(t;) = u(ty),1 <k < q},
with the norm ||z|| o, = sup,¢; [2(t)] .

Definition 1  The Riemann-Liouville fractional integral of order o is given

as
1

—_— xx—ro"lgrdr,x>0,a>0,
R

provided the integral exists.

18‘+9(5U) =

Definition 2 The Caputo fractional derivative of order o for a continuous
function g(t) is given by

D glo) = e (1) [ o=l

where n = [a] + 1, [a] and [a]denotes the integer of o.

Lemma 3 Let a > 0. then the fractional differential equationy

‘D%(t) =0,
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has the solution
g(x) = by + bix + box® + ...+ bz
where b; € R, i =0,1,2,3,...n—1; n=[a] + 1.
Lemma 4 The set F C PC ([0,T], R") is relatively compact if and only if

(i) F is uniformly bounded , that is, there exists C' > 0 such that ||u| < C
for each v € F';

(ii) F is quasi-equicontinuous in [0, T].

Lemma 5 Let M be a closed convex and nonempty subset of a Banach space
X. Let &, ®y be the operators such that

(i) ®1u+ Pov € M whenever u,v € M;
(i) ®1 is compact and continuous;

(iii) @ is a contraction mapping.
Then there exists z € M such that z = &1z + $5z.

Lemma 6 For any z € C (J), the solution of the problem
(¢DP + Kk cDP Yu(t) = z(t) teJ, (2)

with BCs s given by

t) = /0 M (t,m) z (m)dm + dy (t) / M, (T,m)z (m)dm (3)

+d2(t)/0 MQ(T,m)Z(m)dm+d3(t)/0 z(m)dm + dy (t Z%

+d5 (t) Z @Z’;( + ijlw Z p]2w

J=1j j=k+1
- Z w] +d6( ) te [tk7tk+1)7 k= 0717“'7QJ
j=k+1
where
e("""—1)b (1—e "k e "t —1
di(t) = ——=—, do(t) = —F——, ds(t) =,
R U B T R A e
B efntb_ Iu B efntb _ M B (,u _ e*fctb) elit]‘
w0 =g 0= m = ()

6—/41&6/{15]- 1 6—th — 1— e—nt
= () 0= () e (G5 )
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and

M (t,m) = ﬁ / e (5~ )2 s,

t t
/ M (t,m)z (m)dm = / e =911 () ds,
0 0

M, (t,s) = ! 5 / (t —m)" " My (m,s)dm

r(2—

_ ﬁ /0 L g < /0 s e“(sm)lﬁlz(m)dm> ds
_ ﬁ/OT(T—s)l_ﬁ (/0le (s,m)z(m)dm) ds
_ ﬁ/f (/mT(T—m)lﬁM1 (s,m)ds) 2 (m) dm

_ /OTM2 (T, m) = (m) dm,

_ —K g (T B S>1_ﬁ —Ks
[L—(bG T—K/O F<2——ﬁ>e dS),

and Z(k}:kﬂ = 0.

Proof. The general solution of (1) on (tx,tr41] (K = 0,1,2,...,¢) can be
expressed as

t
u(t) = e "ay + by + / e PO 4 (5) ds, (5)
0

where ay and by, are arbitrary constants. At this point, linear equation (5) is
used in order to find the BCs. Considering (5) on [to, 1], leads to

t
u(t) = e ag + by + / e "I 2 (s)ds, t € [to, 1], (6)
0

solving the Caputo derivative by using (5) on [to, 1], implies that

‘D Mu(t) = —kag /Ot %e"“ds — /Ot % (m /OS e_“(s_m)lﬁ_lz(m)dm) ds

(7)

tt— )P

Now, applying the BC au(0) + ¢D’~'u(0) = wy by using obtained equations
(6) and (7) on jo, we find that

a (ao + bg) = Wop. (8)
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Next, tor t =T we write equation (5), as following

T
w(T) = e Ta, +b, +/O e FT=)181 5(s)ds. 9)

Taking the Caputo derivative by using(9) on ¢ € [t,,t,4+1), , we have

Dulr) = vy [ L= e [T i)

(10)
T—(T_s>1_6 B=12(s)ds
+/0 U s

Now, applying the BC bu(T) +¢ D?~1(T) = w; and using obtained equations
(9) and (10), we have

T
,uaq—l—bbq—wl—b/ My (T, m) z (m dm—l—/a‘/ My (T, m) z (m) dm— / (m)
0

Furthermore, using the impulsive condition Aw/(t) [,=, = ¥} (u(ty)) = (t+)
u'(t,, ), we derive

ap = Ap— 1——€k 1/1( ( ))7

agp = ag + — Z S (u(ty), k=1,..,q—1 (12)
" Jj=k+1
In the same way, using the impulsive condition Awu(t) =, = Yr(u(ty)) =

u(ty) — u(ty), we derive

b= b+ d(u(te)) + (i)
b=t D Gsult) - DD i), k=l..g-1  (13)

Also for k = 0 from a (ag + by) = wp, we obtain that

a(ag+by) = wo+a Y uy(ulty) + = D (ulty) — = 3 e (ulty))



On impulsive sequential fractional differential equations 289

Solving the last equation together with (11) for a, and b, , we get

b1
b—pa ' (b—p)

b T

+m/0 My (T, m) z (m)dm — b— / My (T, m) z (m) dm
1 T q

g [ e s S + S

e™I7 (u(t;))

aq = wy (14)

b— / M, (T,m) =z dm—l—(b 0 s My (T, m) z (m)dm
oo PR
(b—u)/o z(m)dm — (b_m;wu(m)— (b_ﬂ)&;wj(u(tj))

Now, by (12), (13), (14) and (15), we have

b1
b—mwa " (b—p)

b T
+m/o M, (T, m) z (m) dm — = M/MQ (T,m) z (m) dm

ap = wy (16)

+ﬁ/o z(m)dm—F_LZ@Z)j(u(tj)) KZ%
b 1 ¢ Kt
_ (b_u>/€z_; ’fJ¢ zk:le ”/J
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" <b+ =k an
b_ / M, (T, m) = )dm+b%/TM2(T,m)z(m)dm
<b—u>/o #(m)dm =G Z% ﬁ;wﬂuw

Ze% Z )~ L Y w)

Hence (16) and (17), imply

e "ay, + by = dy (t) /0 M, (T,m) z(m)dm + ds (t) /0 My (T,m) z (m)dm

(18)
+y (1) / = (m) dm + +ds (1 Zw] ) +ds () (u(ty)
+Zp1j¢ Z p2]¢ Z ¢j +d6()

j=k+1 j=k+1

Taking (18) into (5), we immediately derive the formula (3). Lemma is proved.
]

3 Main Results

Lemma 5 and 6, are exploited in this section to prove existence and uniqueness
results of solution of ISFDEs (1). Some assumptions have been formulated to
prove our main results. As follow:

(Hy) f:Jx R — R is a jointly continuous function.
(Hy) There exists a constant £; > 0 such that

\f(tuw)— f(t,v) < Lflu—v|, teJ uveR.

(H3) [vn(u) — ¥p(v)] < Ly Ju— o], [Pp(u) — ()] < Ly« [u—v|; |[p(u)] <
My, |95 (u)| < My

(Hy) |f(t,u)| < O(t) for (t,u) € J x R where ¥ € L= (J x R),0 € (0,5 —1).
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From (Hs)-(Hj) it follows that

If (t,u)| < Lylul + My, te€J, ueR, My:=sup{|f(t,0)]:0<t<T},
[e(u)] < Ly ful + My, My :=sup{[vp (0)] : k=1,...q},
[r(u)] < Ly My == sup{| (0)] : k =1,....,q} .

(Hs) There exist a function ¢ € PC (J, R) ,and nondecreasing function A :
R*™ — R™ (that is, A(yu) < yA(u) for all ¥ > 1 and u € R™) such that

[f(tu)] < <(E)A([[ull), for all (t,u) € J X R,
(Hg) There exist a constant Y > 0 such that W > 1.

We presented some simple estimations that are used in the forthcoming
theorems.

Lemma 7 For any z € PC ([0,T], R) we have

[t emzman| < {2 0= e, 09
/OZMl (T, m) 2 (m) dm| < { igﬁ(—ﬁl) (1—6‘“T)}I\z\|pc, (20)
/0 My (T, m) z (m) dm| < {E(THe”T—l)}Hszc- (21)

Theorem 8 Assume that (Hy)-(Hs) hold. If

Tt 0T T —KT _
fo = (nr 3 L) Wk ldl) + 2 (Th 4™ — 1) |jda] +Td3)(252;

+ (14 [[dall) Ly + (sl + llpasll + llp2;ll) 7Ly + llds]| < 1.

then the problem 1) has a unique solution on J.
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Proof. Show that the operator ® is contraction. To do so, let u,v € B.. For
t € [tk,tkt1), we have

— (®0)(1)]

/M1 (t,m) f (m,u(m ))dm+d1(t)/0 My (T, m) f (m,u(m))dm

+d2(t)/0 Mz(T,m)f(m,u(m))dm+d3(t)/0 f(m,u(m)) dm + dy (t ij

s (1) w5 (ulty +2pw Z P2 (u Z Ui(u(ty)) + ps (1)

j=k+1 j=k-+1

- /0M1 (t,m)f(m,v(m))dm+d1(t)/0 My (T,m) f (m,v(m))dm
+d2(t)/ MQ(T,m)f(m,v(m))dm+d3(t)/o £ (m, v (m)) dm

+dy (t Z% ) +ds ( )ZW(U(Q))+Zplj¢;(v(tg))
+Zp29w ij +d6()

j=k+1 j=k+1

consequently

|(@u)(t) — (Po)(?)]

Tﬂ_1 e T .
< ‘(HF(@ (1—e) 1+ Hle>+E (Tk + e — 1) ||da|| —|—T|\d3H> I
+ (14 [Idall) g (Lye + My) + (dg|| + [ldosll + lldo;]l) g (Lywe + My-)) lu — ]|

= Lo |lu=vllpe,

therefore, |(Pu)(t) — (Pv)(t)| < Lo ||u — v||pe . P is a contraction mapping.
So, the conclusion follows by the contraction mapping principle. m

Theorem 9 Assume that (Hs) and (H;) are holds. If
(14 Idall) gLy + (sl + l[pas | + lIposl) gLy <1,

then our BVP in (1) has at least one solution on J.
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Proof. Choose

1 TP (1 —eT)
> Q=9 1 1+ ||d
e e “ HLU <F(6) o (Bzi_;l)l— ( || 1”)
TU*1 Tofl
+ g (Th+ e = 1) |do]| + == |l 3H>
K (E) (ﬁ)

and denote B, = {u € PC(J, R), ||u||p < €}. The operators ®; and ¢, on B,
are Defined as

(Pyu)(t /Ml (t,m) f (m,u(m ))dm+d1(t)/0 My (T, m) f (m,u(m))dm

+ ds (1) /0 My (T, m) f (m,u(m))dm + ds (t) /0 z (m)dm,

and

(@)t Z i(ulty)) + ds (£) ) w5 (ulty)

j=1
q
+Zpljw ) + Z e (ulty) — 3 wy(u(ty)),t € .
J=k+1 j=k+1

Now, for u,v € B.,t € J, we have

[P1u+ Pov|l pe < Q4 (14 [[dal]) gLy + (sl + o1l + 2511 Ly

= Lo |lu = 0| pc-
The above depended on Holder inequality. Thus ®yu + $ov € B,. It is clear
that the operator @, is a contraction mapping. Moreover, the continuity of
f implies operator ®; is continuous and also ®; is uniformly bounded on B.

since
|®ull,o <Q<e.

Now, prove the ® is equicontinuous. Let T = JX R, fuax = Sy ey [ f(t,u)].
For any t; < s1 < 89 < t41, we have

[(Pu)(s2) — (Pu)(s1)]
< fimax { /082 M; (s2,m) — My (s1,m) dm + /5:1 M (s1,m) dm’

Tl (s2) — dy () / M, (T, m) f (m, u (m)) dm
T ldy (2) — da (s1)] / My (T, m) f (m,u (m)) dm

1ds (52)—ds ()] [ £ ()]



294 B. Sami
It tends to zero as s; — sp. This allude that & is equicontinuous on the
(tk,tks1] - @ is compact on B, by Lemma 4. =

Theorem 10 Assume that (H;) and (Hg) are holds. Then our BVP in (1)
has at least one solution on J.

Proof. This is made of two main parts: First part, ® maps bounded sets into
bounded sets in PC' (J, R). €is a positive number let B, = {u € PC (J,R) : ||u]] < e}
in PC (J, R) is a bounded set then

TP (1 e T)

du)(t)| < — 1+ ||d
|(Pu)(2)] T () (1+ [lda]l)
To—l ( T ) o—1
———— (Tk+e "™ = 1) ||do|| + ——= ||ds]|
o—1\1—0o o—1\1—0c
w () (=)
+ @+ lldall) aLy + (s ]| + sl + llp2; 1) L] ISl AClul]),

which, on taking the norm, for ¢ € [0, 1] yields
[Pul| < LoA ([Jull) [Is]]-

Second one: ® maps bounded sets into equicontinuous sets of PC'(J, R) . Let
ni,ng € [0,T] with n; < ng and u € B, where B, is bounded set of PC (J, R) .
Then we have

|(@u)(ns) — (Pu)(n1)]

n9 ni
Sﬁm[/ MﬂwmwaOWmMm+/ Mmmmmﬂ
0 no

T ldy () — dy () / M, (T, m) f (m,u (m)) dm
T lds () — da (ny) / My (T, m) f (m,u (m)) dm

- 1ds (na) — ds (ny)] /OTf(m,u(m))dm} |

Clearly, the right-hand side of what we did above tend to zero independently of
u € B, asny — n; — 0. Hence, ® satisfies (Hs) and (Hg), it follows by Arzela -
Ascoli theorem that ®:PC' (J, R) — PC (J, R) is completely continuous. Now,
construct the set A = {u € PC(J,R) : ||u|| < N}, the operator ®: A —
PC (J, R) is continuous and completely continuous , A, fu € OA, u = ¢ du, ¢ €
[0,T]. Therefore, by the nonlinear alternative of Leray-Schauder type. We
conclude that ® has fixed u € A which is a solution of (BVP). m
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4 Example

Example. Consider the problem

5
DI(D +2 )u(t) = <\/t+2—l—sint+tan_1u(t)> 1<2<20<t<1, (23)

Heret € [0,1],8 =
0.02, L, = 0.02, f(t,

,)\ = Q,T = l,a = 1,b = 1,UJO = 0,’&U1 = 0,£¢ =
(t)) = (Vt+2+sint + tan~' u(t)) and

|f(tu) — f(t,0)] < Ju—v+tan'u — tan™ v| < Lo|u — ).
With the given values, we find that

1
Lo=|—"
® (2 (0.902)
+ (1 + ]|1.652]]) 0.02 + (]|0.826]| + [|6.054] + []0.002]|) 0.02 + |0
=0.224 < 1.

1
(1-0.135) (1 +[0.471])) + 5 (1 - 0.135) [ 1.277] + ||0.471||) 0.02

Therefore, by Theorem 8, impulsive sequential fractional differential equa-
tion (23) has a unique solutionon [0, 1].
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