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Abstract

In this paper, using Black-Scholes assumptions, we derive an analyt-
ical closed form solution for the pricing of a quanto forward and option
contract. We use techniques of stochastic calculus and continuous time
in order to establish a closed form solution for a quanto forward and
option.
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1 Introduction

The pricing of quanto options using the Black—Scholes model (Black and Sc-
holes, 1973) are extremely inaccurate in an empirical framework, due to the fat
tails observed in financial returns (see among others, Mittnik et al, 2000 and
Opschoor et al, 2018). Park et al (2013) price quanto options in a stochastic
volatility framework, within the Black and Scholes model. However, the skew-
ness of financial data makes their findings imprecise. Kim et al (2015) improve
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the Black and Scholes option pricing model for quanto options by introducing
random time changes into normal tempered stable (NTS) distribution, which
enables infinite jumps as well as capturing random varying time in stochastic
volatility.

In this paper we present an analytical solution for the quanto forward and
option prices, under Black-Scholes assumptions, which satisfies the general
Feynman-Kac pricing partial differential equation (Janson and Tysk, 2006).
In contrast with competing derivations assuming discrete time, the current
research of developing a closed-form solution for quanto forwards and options
allows the validation of the application of continuous time assumption and
shows that errors can occur while adopting the former approach, especially
when sampling frequencies are minuscule. Through this approach, extensions
can be made to more complicated derivative securities, especially when they
have dividend yield and intermittent income prior to the execution date. Also,
numerical values can be very efficiently computed from the newly found ana-
lytical formula.

The next section introduces the notations and assumptions used in the
pricing. The third section first prices the quanto forward contract. Based on
the price of the quanto forward, we use the Black-Scholes pricing formula to
price the European quanto option. Finally, we conclude by discussing possible
shortcomings and how further research can improve the pricing, especially
when parametric assumptions are changed.

2 Assumptions and notation

Consider a probability space (€2, F, P) where ) is a set of outcomes, F a o-
field, and P a probability measure and a time interval 7 = [0,7]. For any
s,t € T with s < t the family F; is called a filtration. We assume an underlying
share price S follows a stochastic process. S is adapted to the filtration F;,
if S; can be determined by information available at time t. That is S; is F-
predictable for any ¢t € 7. The return process X; is a function of S, and (X)
is the variation of X, which is known as the realized variance of the returns
on S. By is a Brownian motion, which is the limit, as A, — 0, of a Gaussian
discrete-time random walk.

Biyn, = By + e/ Dy

Where ¢, are i.i.d standard normal distribution: e, ~ N(0,1). An It6 process
X has the form:

t t
X =Xo+ / psds + / osdB,
0 0
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Where X, a constant, y; and o; are adapted processes satisfying regularity
conditions. The It6 process has the following properties:

dt - dt =0,
dBy - dt =0,
dBt . dBt = dt
Consider a function f(¢,z) whose partial derivatives % g—f and % are well-
defined and continuous, and an It6 process X;
dXt = /Ltdt + O'tdBt.
This implies that Y; = f(t, X;) is also an Ito6 process and
af af 10%f
dY; = —=—dt + —dX; + dX.
v = Gt Xt e (4K 0
af of 102 f of
— ———0f| dt + =—0:dB
~ o T et T aaa ) M g

The second equality follows from the fact that (dX;)* = o2dt. The market is
arbitrage-free if and only if there exists a risk-neutral measure Q).

According to Girsanov (1960), let B be a Brownian motion and P be
the corresponding Wiener measure. Let n; be an adapted process satisfying
Novikov’s conditions.Then a process

t 1 t
é.t = €Xp <_/ anBT - _/ n72—d7-)
0 2 0

is a martingale and we can define a new measure () by

Q(A) = E"(1aér)

equivalent to P. Equivalent means that measures P and () agree which events
have zero probability. Moreover, the process B? defined by

t
BtQ = B, —|—/ nsds,
0
is a Brownian motion under ). Then

EQ[Sr] = EP[¢7S7].

Consider the discounted price process S;/Sp;. Assume there exists an
equivalent martingale measure () such that for 7" > ¢,
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St Sy
K [_} _ 5
! So,r So,t

At this point in the analysis, we fix an arbitrary time horizon 7' > 0 and
introduce the following assumptions: (i) The real interest rate r is constant.
(ii) Markets are arbitrage-free. (iii) The underlying share price S satisfies

ds
?t = rdt + O'tdBt, St >0 (2)
t

where B; is a Brownian motion. (iv)
T
/ odr s finite. (3)
t

(v) B; and B¢ are independent
dB,dB] = pdt. (4)

From assumption (ii), we know that on a filtered probability space (2, F, P),
there exists an equivalent probability measure () such that Va,p € R and
Vit < T, a power contract paying at time 7', S has time-t price equal to
aE?Sg, where E? denotes the F;-conditional Q)-expectation. We are now in
the position to derive the pricing formulae for quanto forward contracts and
quanto European options.

3 Pricing

Quanto Forward Contract: Assume that both the foreign asset price S; and
the exchange rate X; follow a geometric Brownian motion:

ds
— = j,dt + 0,dBs,
St

dx N

7: = /,Lxdt -+ Uﬂdet s

dB:dBY = pdt,

where S; is the foreign asset price, and X; is the home price of one unit of the
foreign currency. Let r and 7, be the domestic and the foreign interest rates
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respectively,
45
— = rdt,
SP
s’
(ff = T'fdt.
Sy

Consider a quanto forward contract which pays XSy — F at time T. Here X
is a fixed exchange rate and F' is the quanto forward price in units of domestic
currency. We derive F' that makes the market value of the quanto forward
contract at time t equal to zero. Let V be the value of the derivative security
described. Given no arbitrage and the fundamental theorem of asset pricing
we obtain Vi = XSp — F. We derive the price of a European quanto option
that pays max(X Sy — K, 0) at time T, risk-neutral valuation, and asset pricing
equation. Under the risk-neutral measure (), we obtain

Vi o |:VT:|
L —E¥ |=—|,
SP LSy
SO
V; = S_ZE?[VTL
T
= e "TTOEL V7).

We require F' such that V; = 0, which means there is no money exchanged
today. Hence

E¢[Vr] =0,
E¢[X Sy — F] =0,
F =E?[XS7].

In order to find this value, we need to study the dynamics of S; under risk-
neutral measure (). Under (), the asset price is a martingale as the return under
@ is equal to the risk free rate. Given that we have two Brownian motions B}
and BY; we assume that 7y and 7, are the prices of risks associated respectively.
Now, by Girsanov’s theorem we have

dB}° = dB; + n,dt,
dB"9 = dB* + n,dt.
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We need to find 7, and 7, such that measure () is an equivalent Martingale
measure, i.e. the discounted prices should be martingales. Let domestic and
foreign risk price assets have prices S? and S,? ' and

d 0
% = rdt,

t

sy’

Due to the fact that these are risk-free assets, they do not have any diffusion
(stochastic) terms. Steps (A)-(F) yield the requested results.

(A) From the domestic point of view, the foreign risky asset is an asset
with risky price Y; = S; X;. Applying Ito’s lemma, we obtain a process for dY;.
If Y, = f(t, 5, X,),

dY, = fudt + fs,dS; + fx,dX; + % [fs,5, (dS0) + fx,x, (AX0)? + 2fs,x, (dS:) (dX})]
= 0dt + X,Sy(podt + 04dBS) + S, X, (odt + 0,dBY)
+ % [0 (dS))* + 0 (dX,)?
+2 (tht(usux(dtf) V ps0pd BEdt + 0, dB3dt + 0, dBS puadt + Osadedefﬂ
— XS, (jtsdt + 0,dB?) + Se X, (ftadt + 0,dB2) + X,Si(0,0.pdt).

Then we have

dy,
Ttt = (pts + po + 0x0.p)dt + 0, dB; + 0,dBY. (5)

(B) From the point of view of a domestic investor, the foreign risk free asset

is a risky asset with price Z, = S I X,. Applying Ito’s lemma to get a process

for dZ;, where Z, = f(t, Sto’f, X;). Thus

1 2
AZ, = fydt + fsdS} + fxdX, + 5 [fss (aSP7) + frex (4X0) + 2fsx (d5P) <dXt>}
= 0dt + X, 5P rpdt + X597 (updt + 0,dBT)
1 2
+3 {0 (dS,?’f ) +0(dX,)” +28P X, (rppa(dt)® + rfamddet)l

= X, S rpdt + XS (ppdt 4+ 0,dBT) + S 2,(0)
= X, SMrsdt + X, SP (pgdt + 0,dBY),
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from which we obtain

dz,

= (¢ + pz)dt + 0,dBY. (6)
Z

Now, under the risk-neutral measure, the discounted prices of non-dividend

Y;
paying assets must follow a martingale. Thus, we apply Ito’s lemma to d ( SO)

Zy
and d <Sof)

(€)
57) ~ot 5+ () o
d{ =5 ) =0dt + —5 + dS!
(S? SO\ (S,)?
1 2 2Y; 0 -1 0
2 {( o+ A+ 2 pdSia
Y . oy,
- S_? [(MS + pg + pawas)dt + O'SdBt —+ UIdBt] _ @Tdt
1| 2Y, 9y, G0 )
9 |:(SO;3 (S?)2T2<dt)2 B (d§0;2 (T(MS + o + Uxasp> (dt)Q + TaxdtdBt ) ,
t t

from which we obtain

Y, Y,
d (53) / (Sé) = (pts + piz + pogos — 1) dt + 03dB} + 0,dBy. (7)

7, dZ, 7, .
ZU) —odt + =L ds:
d(59> +S?*((&))
YA ) —1
+ = 10(dZ)* + =21 (dS%) +2——dSYdZ
{( 1) (S?)g( +) (G oris

Zy 7y
SO [(rf + po)dt + 0,d B} | — @rdt

2 22,57
SOV22(dt)? ¢
(S9)° s(5) T - (dSP)*

5 (r(ry + 112 (dt)? + ro,dtdBy)

124
2

From which we obtain

7 Z,
d| 5 )/ (5o ) = (s +pe—r)dt +0udBy. ®)
St St
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We use Girsanov’s theorem to express (3) and (4) under the risk-neutral

Y; VA

measure. Rewriting —g and —é under Q).
St Sk

(E)

Y, Y,

d (S_é) / <S_E) = (:U’s + g + POLOs — T — 0N — 0'937793) dt+0-sde€S7Q+0-$dth7Q'
t t

(9)

(F)

d 23 / 28 = (ry + pta — 7 — 0u1,) dt + 0,dB} 9. (10)
S S

Thus, both processes (9) and (10) have zero drift under Q. We use this
property in order to solve for 7, and 7,. Therefore,

OsNs = Us + pos + poso, — Ty
OxMe =7+ by — T
yields

d
% = (s — o )dt + 0,d )P
t

Applying It6’s lemma to In(S;) yields
ds, (ds,)?

= (ry — poyo,)dt + o, dBC.
f t

Since (dS;)* = Sto2dt,

dIn(S;) = (ry — poyos — 02 /2)dt + o dBC.
Integrating from ¢ to T yields

T T T
/ dIn(S;)dr = / (ry — pogos — o7 /2)dr + / o,dBy9dr.
t t +
In(Sr) = In(S) = (ry — poso, — 02/2)(T — 1) + 0y(By® = B?),
St = Siexp |(1y — poo, — 2 /2)(T = ) + 0, (B3 - B}9)] .
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We now conclude that

F =E¢(XSr) = XE?(Sy).
1
Using the property that Eexpz = exp <E(x) + Evar(x)> we derive

EZ(Sr) = B S,exp |(ry — poe, — 02/2)(T — 1) + o, (By® — B;9)|
— SR exp |(ry = poso, — 02/2)(T — ) + o,(By® — B;9)]
= Syexp [EZ { () — pov0, — 02/2)(T — ) + 0,(B}? - B}9)}|

1
+ 5var { (ry = pouo, = 02/2)(T = 1) + 0,(B? = B} .

= S;exp {(rf — poyo, — a2 [2)(T —t) + 102(T — t)}

2 S
= Spexp{(ry — poyos)(T —1)}.
It follows that

F = XSiexp|(ry — po,os)(T —t)] (11)

as requested. Next, let’s find the price of a European quanto option paying
max(X Sy — K,0) at time 7. Let this price be denoted by P. We apply the
Black-Scholes pricing formula.

_ _ K
max(XSr — K,0) = X max(Sy — <’ 0). (12)
, . . K .
Let P be the price of an option that pays max(Sr — ba 0) at maturity.

Given no arbitrage and the fundamental theorem of asset pricing: P = XP.
Thus, we price P’ first then multiply it by X. This yields

— = (ry — po,os)dt + UsdBts’Q

E? (E) = (ry — poyog)dt # rdt.

This is not an arbitrage because the foreign asset S; is denominated in for-
eign currency. At this point we cannot directly use the Black-Scholes formula.
Let ¢ =r —1rf + po,os, then

dSy

— = (r —q)dt + o, dB°.
St



26 Pascal Stiefenhofer, Siddharth Kumar and Andros Gregoriou

This is now analogous to pricing an asset using the Black-Scholes formula
with constant dividend yield (q).

P’ = exp(—q(T — £))S:N(dy) — exp(—r(T — t))%N(dg)

P=XP =exp((ry —r— poos)(T — )X SN (dy) — exp(—r(T — t))KN((d2>),
13

where

. XSt 0'3
d, = In <7 +(ry = poso, + 2)(T = t)) / (as T t)

d2:d1—0's T —t.

4 Conclusions

Using Black-Scholes assumptions, this paper provides an analytical closed form
solution for the pricing of a quanto forward and option contract. This is a
desired contribution to the mathematical finance literature given that, most
prior research obtains quanto option solutions using numerical techniques and
Monte-Carlo simulations. Our solution provides very interesting avenues for
further research. First, stochastic volatility could be incorporated into the
pricing methodology (Heston, 1993), as both option and currency volatility
is typically time-varying. More advanced derivatives can also be written on
quanto, like quanto swaptions and quanto-forward floating-strike Asian op-
tions, for which higher parametric sophistication and processes for additional
variables like interest rate would be required.
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