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Abstract

In this paper, we have defined the parallel curve D of the adjoint
curve C of a curve C in three-dimensional Weyl spaceW3. Also, we have
obtained the conditions to be involute-evolute, Bertrand and Mannheim
curve pair of the curve C and the parallel curve D of the adjoint curve
C of the curve C.
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1 Introduction

A manifold with a conformal metric gij and a symmetric connection ∇k satis-
fying the compatibility condition

∇kgij − 2Tkgij = 0 (1)

is called a Weyl space which will be denoted by W (gij, Tk). The vector field
Tk is named the complementary vector field. Under a renormalization of the
metric tensor gij in the form

g̃ij = λ2gij (2)

the complementary vector field Tk is transformed by the law



22 Nil Kofoğlu

T̃k = Tk + ∂klnλ (3)

where λ is a scalar function [8].
If under the transformation (2), the quantity A is charged according to the

rule

Ã = λPA (4)

then, A is called a satellite of gij with weight {p}.
The prolonged derivative and prolonged covariant derivative of A are re-

spectively defined by [3,9]

∂̇k = ∂kA− pTkA (5)

and

∇̇kA = ∇kA− pTkA. (6)

Let v
r

i (i, r = 1, 2, 3) be the contravariant components of the vector field v
r

in W3(gij, Tk). Suppose that the vector fields v
r

i (i, r = 1, 2, 3) are normalized

by the conditions gijv
r

iv
r

j = 1 (j = 1, 2, 3)

The prolonged covariant derivative of the vector field v
r
is given by [10]

∇̇k v
r

i =
s

Tk
r
v
s

i. (7)

The quantities

q
τ
rs
=

s

Tk
r
v
s

k (k, q, r, s = 1, 2, 3; r ̸= s) (8)

and

r

S
s
=

r

Tk
s
v
s

k (9)

are called the Chebyshev curvature of the first kind and the geodesic curvature
of the lines of the net (v

1
, v
2
, v
3
) [10], respectively.

The vector fields

ai
rs

=
q
τ
rs
v
q

i , ci
s
=

r

S
s
v
r

i (i, q, r, s = 1, 2, 3) (10)

are called the Chebyshev vector fields of the first kind and geodesic vector
fields of the net (v

1
, v
2
, v
3
), respectively.

Since the net (v
1
, v
2
, v
3
) is an orthogonal net, we have [10]
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r

Tk
r
= 0 ,

p

Tk
r
+

r

Tk
p
= 0 (r ̸= p). (11)

Matsuda and Yorozu showed that every circular helix in E3 is a typical
example of Bertrand curve. The circular helix is one in a family of special
Frenet curves. They proved that no special Frenet curve in En(n ≥ 4) is a
Bertrand curve. Besides, they gave generalization of Bertrand curve in 2003
[7].

Chrastinova presented parallel curves in three-dimensional space in 2007
[2].

Liu andWang studied Mannheim partner curves in three-dimensional space.
They obtained the necessary and sufficient conditions for the Mannheim part-
ner curves in Euclidean E3 in 2008 [4].

Tunçer and Ünal studied the properties of the spherical indicatrix of a
Bertrand curve and its mate curve and presented some characteristic prop-
erties in the cases that Bertrand curve and its mate curve are slant helices,
spherical indicatrices are slant helices and they also discussed that the spherical
indicatrices made new curve pairs in the means of Mannheim, involute-evolute
and Bertrand pairs. Additionally, they investigated the relations between the
spherical images and introduced new representation of spherical indicatrices
in 2012 [11].

Yüksel et al. studied parallel curves in Minkowski 3-space in 2014 [12].

Keskin et al. obtained characterization of the parallel curve of the adjoint
curve of a given curve in E3 and discussed the conditions to be involute-evolute,
Bertrand and Mannheim curve pair of the given curve and parallel curve of
the adjoint curve of the given curve in 2016 [5].

2 Preliminaries

Let C : xi = xi(s) be a curve in three-dimensional Weyl space W3 (i = 1, 2, 3).
s is the arc length parameter of C. Let us denote the Frenet apparatus of C
by {v

1

i, v
2

i, v
3

i, κ, τ}. Let C:yi = yi(s) be adjoint curve of C. Let us denote the

Frenet apparatus of C by {vi
1
, vi
2
, vi
3
, κ, τ}. The adjoint curve C is defined as

v
1

k
•

∇k y
i = v

3

i (12)

[6]. Relations between Frenet apparatuses of C and C are in the following
form
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vi
1
(s) =vi

3
(s),

vi
2
(s) =− vi

2
(s),

vi
3
(s) =vi

1
(s),

(13)

and

κ(s) =τ(s),

τ =κ(s),
(14)

[6].
Let D:zi = zi(s∗) be a curve (i = 1, 2, 3; s∗:arc length parameter of D).

Let D be parallel curve at distance r from the curve C. Then, the following
equations are valid:

gij(y
i − zi)(yj − zj) = r2, (15)

gijv
i

1
(yj − zj) = 0, (16)

gij(v
1

k
•

∇k v
1

i)(yj − zj) + gijv
1

iv
1

j = 0. (17)

Definition 2.1 Let C : xi = xi(s) and C:yi = yi(s) be two curves in
W3. {v

1

i, v
2

i, v
3

i} and {vi
1
, vi
2
, vi
3
} are the Frenet frames of C and C, respectively.

{v
2

i, vi
2
} is linear dependent, then (C,C) curve pair is called a Bertrand curve

pair.

Theorem 2.2 Let (C,C) be a Bertrand curve pair. d(xi(s), yi(s)) is con-
stant.

Definition 2.3 Let C : xi = xi(s) and C:yi = yi(s) be two curves in W3.
Let {v

1

i, v
2

i, v
3

i} and {vi
1
, vi
2
, vi
3
} be the Frenet frames of C and C, respectively.

In tangent vector field v
1

i of C coincides with principal normal vector field vi
2

of C, in other words, if gijv
1

iv
1

j = 0, C is involute of C and C is evolute of C.

Definition 2.4 Let C : xi = xi(s) and C:yi = yi(s) be two curves in W3.
The principal normal lines of C coincides with the binormal lines of C, then
C is called a Mannheim curve and C is a Mannheim partner curve of C. The
pair (C,C) is called a Mannheim pair.
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3 Parallel Curve of the Adjoint Curve in W3

Using (16), yj − zj can be written as the following form:

yi − zj = a2v
2

i + a3v
3

i (18)

for appropriate coefficients a2, a3.

Theorem 3.1 Let C : yi = yi(s) be a curve in W3. Then, we have the
following parallel curve D of the curve C:

zj =

∫ s

s0

v
1

i ds∓
√

r2 − 1

κ2 v
3

i +
1

κ
v
2

i. (19)

Proof. Substituting (18) in (17), we have

gijκv
i

2
(a2v

2

j + a3v
3

j) + gijv
i

1
vj
1
= 0 (20)

or

κa2 + 1 = 0 (21)

where v
1

k
•

∇k v
1

i = κvi
2
, gijv

i

2
vj
2
= 1, gijv

i

2
vj
3
= 0 and gijv

i

1
vj
1
= 1.

From (21), it is obtained as a2 =
−1
κ
.

From (15), we have gij(y
i − zi)(yj − zj) = r2 = a22 + a23. Therefore, we obtain

a23 = r2 − a22 = r2 − 1
κ2 and a3 = ∓

√
r2 − 1

κ2 .

Corollary 3.2 Let C : xi = xi(s) be a curve in W3. Let C:yi = yi(s) be
adjoint curve of C and D:zi = zi(s∗) be parallel curve of C. From (13), (14),
and (19), we have

zj =

∫ s

s0

v
3

i ds∓
√

r2 − 1

τ 2
v
1

i − 1

τ 2
v
2

i. (22)

Theorem 3.3 Let C : yi = yi(s) be adjoint curve of C and D:zi = zi(s∗)
be the parallel curve of C in W3. The arc-length s∗ is given by differential
equation:

f(s) =

√
(a3τ − v

1

k
•

∇ka2)2 + (a2τ + v
1

k
•

∇ka3)2 (23)

where a2 = a2(s) and a3 = a3(s).
Proof. C and D satisfy (15), (16) and (17). From (19), we have
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v
1

k
•

∇kz
i = (

⋆
v
1

k
•
⋆

∇kz
i)f(s) =

⋆
v
1

i
f(s) =vi

1
− (vk

1

•

∇ka3)v
i

3
− a3v

k

1

•

∇kv
i

3

−(vk
1

•

∇ka2)v
i

2
− a2v

k

1

•

∇kv
i

2

=vi
1
(1 + κa2) + (a3τ − vk

1

•

∇ka2)v
i

2
−

−(vk
1

•

∇ka3 + a2τ)v
i

3

(24)

where
⋆
v
1

k
•
⋆

∇kz
i =

⋆
v
1

i
. Using a2 =

−1
κ

in (24), we obtain

v
1

k
•

∇kz
i = (

⋆
v
1

k
•
⋆

∇kz
i)f(s) =

⋆
v
1

i
f(s) = (a3τ−vk

1

•

∇ka2)v
i

2
−(vk

1

•

∇ka3+a2τ)v
i

3
. (25)

Taking norm of (25), we get

f(s) =

√
(a3τ − v

1

k
•

∇ka2)2 + (v
1

k
•

∇ka3 + a2τ)2. (26)

Corollary 3.4 Let C : yi = yi(s) be adjoint curve of C and D:zi = zi(s∗)
be the parallel curve of C. From (22), we have

f(s) =

√
(a3κ− v

1

k
•

∇ka2)2 + (v
1

k
•

∇ka3 + a2κ)2. (27)

After this step, for convenience, let us take as a2 and a3 are prolonged

covariant constants. Hence, v
1

k
•

∇ka2 = v
1

k
•

∇ka3 = 0. Then, we have f(s) as

f(s) =
√

a23κ
2 + a22κ

2 =
√
(a23 + a22)κ

2 =
√
r2κ2 = rκ. (28)

Theorem 3.5 Let C : yi = yi(s) be adjoint curve of C and D:zi = zi(s∗)
be the parallel curve of C. D and C are an involute-evolute curve pair if and
only if κ = 0 and r = ∓ 1

τ2
where τ ̸= 0.

Proof. Let us denote Frenet apparatuses of D and C by {⋆
v
1

i
,
⋆
v
2

i
,
⋆
v
3

i
,
⋆
κ,

⋆
τ} and

{v
1

i, v
2

i, v
3

i, κ, τ}, respectively. If D and C are an involute-evolute curve pair,

gij
⋆
v
1

i
vj
1
= 0.

We know that, v
1

k
•

∇kz
i = (

⋆
v
1

k
•
⋆

∇kz
i)f(s) or v

1

k
•

∇kz
i =

⋆
v
1

i
f(s) or

⋆
v
1

i
=

1
f(s)

v
1

k
•

∇kz
i.
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By means of (24), we get

1

f(s)
v
1

k
•

∇kz
i =

1

f(s)
[vi
1
(1 + κa2) + a3τ v

i

2
− a2τ v

i

3
] =

⋆
v
1

i
(29)

Since C is the adjoint curve of C, the equations (13) and (14) are satisfied.
Then,

⋆
v
1

i
=

1

f(s)
[vi
3
(1 + τa2)− a3κv

i

2
− a2κv

i

1
] (30)

Since gij
⋆
v
1

i
vj
1
= 0, from (30), we obtain κ = 0 or a2 = 0. From here, a3 = 0,

i.e., r = ∓ 1
τ
is obtained. The proof is completed.

Now, let us calculate κ and τ in terms of magnitudes in Weyl space:

v
1

k
•

∇kz
i = vi

3
+ a2v

k

1

•

∇kv
i

2
− a3v

k

1

•

∇kv
i

1
(31)

v
1

k
•

∇kz
i = vi

3
+ a2v

k

1
ai
21
− a3c

i

1
(32)

where

ai
21

=
1

Tk
2
vk
1
vi
1
+

3

Tk
2
vk
1
vi
3

(33)

ci
1
=

2

Tk
1
vk
1
vi
2
+

3

Tk
1
vk
1
vi
3
. (34)

vk
1

•

∇kv
i

2
= ai

21
=

1

Tk
2
vk
1
vi
1
+

3

Tk
2
vk
1
vi
3

(35)

(−κvi
1
+ τvi

3
)gijv

j

1
=

1

Tk
2
vk
1

(36)

−κ = gija
i

21
vj
1
=

1

Tk
2
vk
1

(37)

κ = −
1

Tk
2
vk
1

(38)

where gijv
i

1
vj
1
= 1 and gijv

i

3
vj
1
= 0.

Besides

vk
1

•

∇kv
i

3
= −τvi

2
(39)

P

Tk
3
vk
1
vi
P
=

P
τ
31
vi
P
= ai

31
(40)
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1

Tk
3
vk
1
vi
1
+

2

Tk
3
vk
1
vi
2
= ai

31
= −τvi

2
(41)

1

Tk
3
vk
1
gijv

i

1
vj
2
+

2

Tk
3
vk
1
gijv

i

2
vj
2
= gija

i

31
vj
2
= −τgijv

i

2
vj
2

(42)

2

Tk
3
vk
1
= gija

i

31
vj
2
= −τ (43)

τ = −
2

Tk
3
vk
1

(44)

where gijv
i

1
vj
2
= 0 and gijv

i

2
vj
2
= 0.

Theorem 3.6 Let C be the adjoint curve of C and D be the parallel curve of

C. D and C are a Bertrand curve pair if and only if −a2κ
2−a3(v

ℓ

1

•

∇ℓκ)+a3
3

S
1
τ =

λ,
where λ is a constant number.
Proof. Let us denote Frenet apparatus of D and C by {⋆

v
1

i
,
⋆
v
2

i
,
⋆
v
3

i
,
⋆
κ,

⋆
τ} and

{v
1

i, v
2

i, v
3

i, κ, τ}, respectively. If D and C are a Bertrand curve pair, then

gij
⋆
v
2

i
vj
2

= λ. Let us calculate
⋆
v
2

i
and inner product of

⋆
v
2
and v

2
. It is know-

ing zi =
∫ s

s0
v
3

i ds+ a2v
i

2
− a3v

i

1
and taking prolonged covariant derivative of zi

in the direction of vk
1
we have

vk
1

•

∇kz
i = vi

3
+ a2v

k

1

•

∇kv
i

2
− a3v

k

1

•

∇kv
i

1
(45)

= vi
3
+ a2

P

Tk
2
vk
1
vi
P
− a3

P

Tk
1
vk
1
vi
P

(46)

= vi
3
+ a2

1

Tk
2
vk
1
vi
1
+ a2

3

Tk
2
vk
1
vi
3
− a3

2

Tk
1
vk
1
vi
2
− a3

3

Tk
1
vk
1
vi
3

(47)

= vi
3
− a2κv

i

1
+ a2τv

i

3
− a3κv

i

2
− a3

3

S
1
vi
3
. (48)

The second order prolonged covariant derivative of zi is

v
1

ℓ
•

∇ℓ(v
k

1

•

∇kz
i) =− a2(v

1

ℓ
•

∇ℓκ)v
i

1
− a2κ

2vi
2
− a2κ

3

S
1
vi
3
+

+a2(v
1

ℓ
•

∇ℓτ)v
i

3
− a3(v

1

ℓ
•

∇ℓκ)v
i

2
+

+a3κ
2vi
1
− a3κτv

i

3
− a3(v

1

ℓ
•

∇ℓ

3

S
1
)vi
3
+

+a3(
3

S
1
)2vi

1
+ a3

3

S
1
τvi

2
.

(49)
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Since v
1

ℓ
•

∇ℓ(v
k

1

•

∇kz
i) =

⋆
v
2

i
, we get

gij
⋆
v
2

i
vj
2
= λ = −a2κ

2 − a3(v
1

ℓ
•

∇ℓκ) + a3
3

S
1
τ (50)

The proof is completed.

Theorem 3.7 Let C be the adjoint curve of C and D be the parallel curve
of C. D and C are Mannheim curve pair if and only if

−a3κ
2 − r2

3

S
1
κ2 + a22κv

1

ℓ
•

∇ℓτ − a2a3κ(v
1

ℓ
•

∇ℓ

3

S
1
)+

+a2a3
3

S
1
(v
1

ℓ
•

∇ℓκ)− a23(
3

S
1
)2 = λ,

(51)

where λ is a constant number.
Proof. Let us denote Frenet apparatus of D and C by {⋆

v
1

i
,
⋆
v
2

i
,
⋆
v
3

i
,
⋆
κ,

⋆
τ} and

{v
1

i, v
2

i, v
3

i, κ, τ}, respectively.If D and C are a Mannheim curve pair, gijv
i

2

⋆
v
3

j
=

λ. We know that
⋆
v
3

i
= εijk

⋆
v
1

j ⋆
v
2

k
where v

1

k
•

∇kz
i =

⋆
v
1

i
and v

1

ℓ
•

∇ℓ(v
1

k
•

∇kz
i) =

⋆
v
2

i
.

Now let us calculate inner product v
2

i and
⋆
v
3

j
. If the inner product is equal

to λ, D and C are a Mannheim curve pair.

gijv
i

2

⋆
v
3

j
= λ ⇒ −a3κ

2 − r2
3

S
1
κ2 + a22κv

1

ℓ
•

∇ℓτ − a2a3κ(v
1

ℓ
•

∇ℓ

3

S
1
)+

+a2a3
3

S
1
(v
1

ℓ
•

∇ℓκ)− a23(
3

S
1
)2 = λ,

(52)

where a2 = − 1
κ
, a3 = ∓

√
r2 − 1

κ

2
.
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