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Abstract

In this paper, we have defined the parallel curve D of the adjoint
curve C of a curve C' in three-dimensional Weyl space W3. Also, we have
obtained the conditions to be involute-evolute, Bertrand and Mannheim

curve pair of the curve C' and the parallel curve D of the adjoint curve
C of the curve C.
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1 Introduction

A manifold with a conformal metric g;; and a symmetric connection Vy, satis-
fying the compatibility condition
Vigij — 2T%gi; =0 (1)

is called a Weyl space which will be denoted by W (g;;, 7). The vector field
T}, is named the complementary vector field. Under a renormalization of the
metric tensor g;; in the form

Gij = Ngij (2)

the complementary vector field T} is transformed by the law
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fk = Tk + 8kln)\ (3)

where A is a scalar function [8].
If under the transformation (2), the quantity A is charged according to the
rule

A=)"A (4)

then, A is called a satellite of g;; with weight {p}.
The prolonged derivative and prolonged covariant derivative of A are re-
spectively defined by [3,9]

O = OpA — pTi A (5)

and

ViA = Vi A — pTA. (6)

Let v (i,7 = 1,2,3) be the contravariant components of the vector field v

in Wg(g:j, Ty). Suppose that the vector fields v (i,7 = 1,2,3) are normalize(rl
by the conditions gijgizf =1(j=1,2,3) '

The prolonged covariant derivative of the vector field v is given by [10]

The quantities
i:fkgk(k,q,r,s:1,2,3;7"7&3) (8)
and
b= T, ot ©)

are called the Chebyshev curvature of the first kind and the geodesic curvature
of the lines of the net (11), v, g) [10], respectively.

The vector fields

)

w Q0=

a'=T1v", ¢ =
TS q s

v (i,q,r, 8 =1,2,3) (10)

<

s

are called the Chebyshev vector fields of the first kind and geodesic vector
fields of the net (11), v, g), respectively.

Since the net (11), v, g) is an orthogonal net, we have [10]
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T p r
T r p

Matsuda and Yorozu showed that every circular helix in E? is a typical
example of Bertrand curve. The circular helix is one in a family of special
Frenet curves. They proved that no special Frenet curve in E™(n > 4) is a
Bertrand curve. Besides, they gave generalization of Bertrand curve in 2003
[7].

Chrastinova presented parallel curves in three-dimensional space in 2007
2].

Liu and Wang studied Mannheim partner curves in three-dimensional space.
They obtained the necessary and sufficient conditions for the Mannheim part-
ner curves in Euclidean E? in 2008 [4].

Tuncer and Unal studied the properties of the spherical indicatrix of a
Bertrand curve and its mate curve and presented some characteristic prop-
erties in the cases that Bertrand curve and its mate curve are slant helices,
spherical indicatrices are slant helices and they also discussed that the spherical
indicatrices made new curve pairs in the means of Mannheim, involute-evolute
and Bertrand pairs. Additionally, they investigated the relations between the
spherical images and introduced new representation of spherical indicatrices
in 2012 [11].

Yiiksel et al. studied parallel curves in Minkowski 3-space in 2014 [12].

Keskin et al. obtained characterization of the parallel curve of the adjoint
curve of a given curve in E? and discussed the conditions to be involute-evolute,
Bertrand and Mannheim curve pair of the given curve and parallel curve of
the adjoint curve of the given curve in 2016 [5].

2 Preliminaries

Let C' : ' = 2'(s) be a curve in three-dimensional Weyl space W3 (i = 1,2, 3).
s is the arc length parameter of C'. Let us denote the Frenet apparatus of C
by {?i,gi,gi, Kk, 7T} Let Ciy' = y'(s) be adjoint curve of C'. Let us denote the
v’

Frenet apparatus of C by {511, )

,5;,%, 7}. The adjoint curve C is defined as
ko i _ i
VI VY =y (12)

[6]. Relations between Frenet apparatuses of C' and C are in the following
form
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7(s) =ui(s)
7)== y(s) (13
7(s) =u'(s)
and
E(s; z;i ,, (14)
[6].

Let D:z' = 2'(s*) be a curve (i = 1,2,3;s"arc length parameter of D).
Let D be parallel curve at distance r from the curve C'. Then, the following
equations are valid:

gii(y' = 2Ny = 27) =12, (15)
giﬁli(yj — ) =0, (16)
gij(?k Vi ?i)(yj —2)+ gz'j?l?j = 0. (17)

Definition 2.1 Let C : 2 = 2'(s) and C:y' = y'(s) be two curves in
Ws. {21;’, zz)i, g’} and {E;,ﬁ;,@;} are the Frenet frames of C' and C, respectively.
{?211,621} is linear dependent, then (C,C) curve pair is called a Bertrand curve
PaiT.

Theorem 2.2 Let (C,C) be a Bertrand curve pair. d(z'(s),y'(s)) is con-
stant.

Definition 2.3 Let C : 2' = 2(s) and C:y* = y'(s) be two curves in W.
Let {21)’,12)1,%)@} and {511,5;,6;} be the Frenet frames of C' and C, respectively.

In tangent vector field 1111 of C coincides with principal normal vector field E;

of C, in other words, if giﬂlﬁ?j =0, C is involute of C and C is evolute of C.

Definition 2.4 Let C : 2 = 2°(s) and C:y' = y'(s) be two curves in Ws.
The principal normal lines of C coincides with the binormal lines of C, then
C is called a Mannheim curve and C is a Mannheim partner curve of C. The
pair (C,C) is called a Mannheim pair.
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3 Parallel Curve of the Adjoint Curve in W;

Using (16), 47 — 27 can be written as the following form:
Y — 2 = azgi + aggi (18)
for appropriate coefficients as, as.

Theorem 3.1 Let C :y' = y'(s) be a curve in Ws. Then, we have the
following parallel curve D of the curve C':

J— — 2 = =i )
z /sozl)ds:FwT EZ%’)—I—E?QJ. (19)
Proof. Substituting (18) in (17), we have
R NS
9iiFY (azg +a37 )+ 9577 =0 (20)
or
Fay+1=0 (21)

R VA = e R e -

where v szl) RU', 9i07 1, 90T 0 and 9T 1.
From (21), it is obtained as ay = =,
From (15), we have g;;(y" — 2*)(y’ — 27) = r* = a3 + a3. Therefore, we obtain
a§:T2—a%:T2—E—12 and az = F 7“2—% .

Corollary 3.2 Let C' : z' = z(
adjoint curve of C and D:z' = 2i(s*
and (19), we have

s) be a curve in Ws. Let C:yt = y'(s) be
s*) be parallel curve of C. From (13), (14),

27:/ gzdsqiwfr’?—;zlﬁ—ﬁgl. (22)
S0

Theorem 3.3 Let C :y' = y'(s) be adjoint curve of C and D:z" = z'(s¥)
be the parallel curve of C' in W3. The arc-length s* is given by differential
equation:

f(s) = \/(a;ﬁ — 11)’“ V.kag)Q + (aoT + 1{’“ V.kag)Z (23)

where ay = as(s) and az = as(s).

Proof. C and D satisfy (15), (16) and (17). From (19), we have
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kv i _ i _ ot R T N T g
VI V2t = (0 V') fs) = v f(s) =" = (07Via3)T — azu™Viy
ko —i kv i
(vl Vkag)g azv] Vk%
=T (1 + Fa) + (a57 — 0" Vo) —

—(V*"Vas + ay7)0
1 3
I , 1 . .
wherml) V2" =, Using ay = — in (24), we obtain

ot Vid' = (z*lﬁv*kzi) F(s) = z*lf F(s) = (aﬁ—va'kag)gi—(va'ka3+aﬁ)@;. (25)

Taking norm of (25), we get

f(s)= \/(aﬁ — '111’“ Vyan)? + (1{’“ Vas + asT)?. (26)

Corollary 3.4 Let C : y' = y'(s) be adjoint curve of C' and D:z" = 2'(s*)
be the parallel curve of C. From (22), we have

f(s) = \/(agm - 111"3 V.kag)2 + (11;’“ Vyas + ask)?. (27)

After this step, for convenience, let us take as as and as are prolonged

covariant constants. Hence, 1{'“ Vias = zljk Vias = 0. Then, we have f(s) as

f(s) = \/a%fi2 + a3k? = \/(ag + a3)k? = Vr2k? = rk. (28)

Theorem 3.5 Let C :y' = y'(s) be adjoint curve of C and D:z' = 2'(s*)

be the parallel curve of C. D and C are an involute-evolute curve pair if and

only if Kk =0 and r = ¢Ti2 where T # 0.

Proof. Let us denote Frenet apparatuses of D and C by {1}1,1;)1,2)@,/*{,?} and
{in,gi,gi,f@, T}, respectively. If D and C are an involute-evolute curve pair,

0 v = 0.
gljl 1

ok *

We know that, 111’“ Vizt = (11) Viz') f(s) or 11)’“ Vi = ?Zf(s) orv =

1 kv i
Fy ViE
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By means of (24), we get

1 k > i 1 — — —— ——i )
Ws)zlj Viz' = %[q(l—l—fmg)jtaﬁg —CLQT’%] = (29)
Since C'is the adjoint curve of C, the equations (13) and (14) are satisfied.
Then,

*1 1 i i %
v o= m[g (14 Tas) — aky’ — agmvl] (30)

Since gijl}lvlj =0, from (30), we obtain kK = 0 oray = 0. From here, ag = 0,

e, r= :F% 15 obtained. The proof is completed.
Now, let us calculate k and T in terms of magnitudes in Weyl space:

ko i _ i kv i kv i
v Viz =y +a2U1 Vk% azv! Vkvl (31)
vk sz’ = o' + ayvfa’ — asc’ (32)
1 3 121 1
where
i ki ok
h = ey ey (33
PP kd ok
¢ = 71}.31)1 v+ 71}1)1 v (34)
ko i i N ki ok
GV = S Y (35)
i i ik
(=rv' + 10" giyu’ = Iy (36)
ik
= gugy =T (37)
L
k=T (38)
2 1
Ciad — ] —
where giju'y 1 and 9ijy'v: 0.
Besides
kv i _ i

oo;ﬁ’*g
S
el
@S
I
e lav
s,
I
we,
~—~
W
(@)
SN—
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1 . 2 . ) .
Tk + Tro*o' = @' = —70° (41)
311 312 31 2
1 & o 2 i oo o o
Tiv" gi;v'v? + Trpv" giv'v! = gija'v?! = —7g;;0"0’ 42
3’“19”12 3klgzj22 92]312 91]22 ( )
2 i o
T = g..a'v’! = —1 43
3k | 91131 5 (43)
Aok
T = —Tkvl (44)
3

where gijvzv; =0 and gz»jgiv; = 0.
1

Theorem 3.6 Let C be the adjoint curve of C and D be the parallel curve of

_ . 3
C. D and C are a Bertrand curve pair if and only Z'f—CLQKQ—CLg(UlKVgH)‘F(Igel\T =

A,
where \ is a constant number. Do
Proof. Let us denote Frenet apparatus of D and C by {z} ,1;1 ,1; K, 7*'} and

{?i,gi,gi,fi, T}, respectively. If D and C are a Bertrand curve pair, then
giji;)lv?j = X. Let us calculate 1;1 and inner product ofi;) and v It s know-
ing 2' = fsso gl ds + aQ%i — aglii and taking prolonged covariant derivative of 2

in the direction of vlk we have

VPV ez = 00+ agv* Vot — az0t V! (45)
1 3 1 "2 1 1
. P ki P ki
=" + asTpv"v" — asTiRv"v" (46)
3 2 1 P 1 1P
. 1 ko 3 b i 2 b i 3 ko
="+ asTpv"v" + aTpv"v" — asTrv™v" — asTiv™0" (47)
3 2 11 2 13 112 113
. . . . 3
=" — aaRV" + agTV" — azkv’ — azdv’. (48)
3 1 3 2 13

The second order prolonged covariant derivative of 2* is

. . . 3
¢ k A ¢ i 2,0 _ i
v Vz(’l)l Viz') = ag(zlj Vm)zi k™Y aglﬁ?f’% +
—|—a2(vzv.g7')vi — ag(vgv.m)vi—i-
1 3 1 2
T (49
+agh™v' — agrTy’ — CL3<11) Vg?f)"% +

3 . 3 .
—l—ag(?f)Qvl’ + Cl/g?ngl.
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) . . L
Since g)’fvg(vakz@) =, we get

i . 3
950 ¥ = A = —azr” — a3 (v'V k) + age (50)

The proof is completed.

Theorem 3.7 Let C be the adjoint curve of C and D be the parallel curve
of C. D and C' are Mannheim curve pair if and only if

3 . .3
—agk? — 1“2?f/<o2 + agml)eVgT - agagﬁ(il)KVg?f)—F
5. 3 (51)
+a2a3?f(11)€Vm) — ag(?f)2 =\
where X is a constant number. o
*T %t xT % %
Proof. Let us denote Frenet apparatus of D and C by {21J S K, T} and
{zlji, gi,gi, K, T}, respectively. If D and C' are a Mannheim curve pair, gz-jviqgj =
k

N

7

x4 *J * . . % @ . . .
A. We know thatg = €ijk¥ U where g)kvkzl = and ’lIJZVg(IIJkaZz) =

NS *

Now let us calculate inner product 221’ and i;)]. If the inner product is equal

to X\, D and C' are a Mannheim curve pair.

L 3 . .3
gijvzvj =\ = —ask? — rRk% 4 a2k VT — aza3k(vIVR)+
23 1 1 11 (52)
3. 3
—|—a2a3?f(21)€Vm) - ag(?f)Q =\
2

where ay = —%, az = F/r? —

=
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