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Abstract

Recently, Koldobsky, Paouris and Zymonopoulou introduced the no-
tion of complex intersection bodies. From then, a number of important
geometric inequalities for them are established. In the present paper
we prove several new isoperimetric type inequalities for volume sums of
mixed complex intersection bodies.
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1 Introduction

The concept of an intersection body was introduced by Lutwak [12] in 1988.
Let K and L be origin symmetric star bodies in Rn. We say that K is the
intersection body of L and write K = I(L) if the radius of K in every direction
is equal to the volume of the central hyperplane section of L perpendicular to
this direction, i.e. for every ξ ∈ Sn−1,

∥ξ∥−1
I(L) = Vn−1(L ∩ ξ⊥).

Intersection bodies were used to solve the important Busemann-Petty problem
(see [3], [4], [5], [8], [17]).

The study of complex convex bodies just appears recent years, and results
appear only occasionally (see, e.g., [1, 7, 9, 10, 15, 16, 19]). To formulate the
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complex version, we need several definitions. Origin-symmetric convex bodies
in Cn are the unit balls of norms on Cn. We denote by ∥ · ∥K the norm
corresponding to the body K:

K = {z ∈ Cn : ∥ · ∥K ≤ 1}.

We identify Cn with R2n using the standard mapping

ξ = (ξ1, · · · ξn) = (ξ11 + iξ12, · · · , ξn1 + iξn2) 7→ (ξ11, ξ12, · · · , ξn1, ξn2).

Since norms on Cn satisfy the equality

∥λz∥ = |λ|∥z∥, ∀z ∈ Cn, ∀λ ∈ C,

origin symmetric complex convex bodies correspond to those origin symmetric
convex bodies K in R2n that are invariant with respect to any coordinate-wise
two-dimensional rotation, namely for each θ ∈ [0, 2π] and each (ξ11, ξ12, · · · ξn1, ξn2) ∈
R2n

∥ξ∥K = ∥Rθ(ξ11, ξ12), · · · , Rθ(ξn1, ξn2)∥K , (1.1)

where Rθ stands for the counterclockwise rotation of R2 by the angle θ with
respect to the origin. We shall say thatK is a complex convex body in R2n ifK
is a convex body and satisfies equations (1.1).

For ξ ∈ Cn, |ξ| = 1, denote by

Hξ = {z ∈ Cn : (z, ξ) =
n∑

k=1

zkξk = 0},

the complex hyperplane through the origin, perpendicular to ξ. Under the
standard mapping from Cn to R2n, the hyperplane Hξ turns into a (2n − 2)-
dimensional subspace of R2n orthogonal to the vectors

ξ = (ξ11, ξ12, · · · , ξn1, ξn2) and ξ⊥ = (−ξ12, ξ11, · · · ,−ξn2, ξn1).

The orthogonal two-dimensional subspace H⊥
ξ has orthonormal basis {ξ, ξ⊥}.

A star body K in R2n is a complex star body if and only if, for every ξ ∈ S2n−1,
the section K ∩H⊥

ξ is a two-dimensional Euclidean circle with radius ρK(ξ) =

∥ξ∥−1
K .
Given a convex body C ⊂ C and convex bodies K1, ..., K2n ⊂ Cn, the

mixed projection body ΠC(K1, · · · , K2n) in a complex vector space was defined
by Abardia and Bernig in [1]. Moreover, they established the Minkowski,
Brunn-Minkowski and Aleksandrov-Fenchel type inequality for mixed complex
projection bodies.
Theorem A[1]. Let K and L be convex bodies in Cn and C ⊂ C is a convex
subset and is not a point. Then

V (ΠC
1 (K,L))2n−1 ≥ V (ΠCK)2n−2V (ΠCL), (1.2)
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with equality if and only if K and L are homothetic.
Theorem B[1]. Let K and L be convex bodies in Cn and C ⊂ C is a convex
subset and is not a point. Then

V (ΠC(K + L))
1

2n(2n−1) ≥ V (ΠCK)
1

2n(2n−1) + V (ΠCL)
1

2n(2n−1) , (1.3)

equality if and only if K and L are homothetic.
Theorem C[1]. Let Ki be convex bodies in Cn, (i = 1, · · · , 2n− 1) and C ⊂ C
is a convex subset and is not a point. If 2 ≤ r ≤ 2n− 2, then

V (ΠC(K1, · · · , K2n−1))
r ≥

r∏
j=1

V (ΠC(Kj, · · · , Kj︸ ︷︷ ︸
r

, Kr+1, · · · , K2n−1)).

Koldobsky, Paouris and Zymonopoulou [10] firstly introduced the complex
intersection body and considered the complex Busemann-Petty problem.

For mixed complex intersection operator, Wang [15] established the follow-
ing dual Minkowski, Brunn-Minkowski type inequalities for complex intersec-
tion bodies:
Theorem D[15]. Let K and L be star bodies in Cn. If 0 ≤ i ≤ 2n − 2,
1 ≤ j ≤ 2n− 3, then

W̃i(I
C
j (K,L))2n−2 ≤ W̃i(I

CK)2n−j−2W̃i(I
CL)j, (1.4)

with equality if and only if K and L are dilates.
Theorem E[15]. Let K and L be star bodies in Cn. If 0 ≤ i ≤ 2n − 2,
0 ≤ j ≤ 2n− 4, then,

W̃i(I
C
j (K+̃2L))

4
(2n−i)(2n−j−2) ≤ W̃i(I

C
j K)

4
(2n−i)(2n−j−2) + W̃i(I

C
j L)

4
(2n−i)(2n−j−2) ,

(1.5)
with equality if and only if K and L are dilates.

Wu [16] obtained the following Aleksandrov-Fenchel type inequalities for
mixed complex intersection bodies in Cn:
Theorem F[16]. Let K1, ..., K2n−2 be star bodies in Cn. If 0 ≤ i ≤ 2n − 1,
2 ≤ r ≤ 2n− 2, then

W̃i(I
C(K1, · · · , K2n−2))

r ≤
r∏

j=1

W̃i(I
C(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2)), (1.6)

with equality hold if and if Ki, (i = 1, · · · , r) are all dilations of each other.
In 2004, Leng [11] defined the volume difference function of convex bodies

D,L ∈ Rn where D ⊆ L, by

DV (K,D) = V (K)− V (D)
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and obtained Minkowski and Brunn-Minkowski type inequalitie. Since this
seminal paper, inequalities for differences of geometric functionals have become
the focus of increased attention (see e.g., [13], [18], [19], [20], [21], [22]).

In 2005, the volume sum function was first introduced in [23] as follows: If
K and D are star bodies, then the dual quermassintegral sum function of the
star bodies K and D, S

W̃i
(K,D), is defined by

S
W̃i
(K,D) = W̃i(K) + W̃i(D),

where 0 ≤ i ≤ n− 1. When i = 0, we have

SV (K,D) = V (K) + V (D),

which is called the volume sum function of the star bodies K and L.
The aim of this paper is to establish the following new Minkowski, Brunn-

Minkowski and Aleksandrov-Fenchel type inequalities for volume sums of com-
plex intersection bodies.
Theorem 1.1. Let K, L and D be star bodies in Cn. Let D be a dilated copy
of D′. If 0 ≤ i ≤ 2n− 2, 1 ≤ j ≤ 2n− 3, then

S
W̃i
(ICj (K,L), ICj (D,D′))2n−2

≤ S
W̃i
(ICK, ICD)2n−j−2S

W̃i
(ICL, ICD′)j,

with equality if and only if K and L are dilates and (W̃i(I
CK), W̃i(I

CL)) =
µ(W̃i(I

CD), W̃i(I
CD′)), where µ is a constant.

Theorem 1.2. Let K, L and D be star bodies in Cn. Let D be a dilated copy
of D′. If 0 ≤ i ≤ 2n− 2, 0 ≤ j ≤ 2n− 4, then

S
W̃i
(ICj (K+̃2L), I

C
j (D+̃2D

′))
4

(2n−i)(2n−j−2)

≤ S
W̃i
(ICj K, ICj D)

4
(2n−i)(2n−j−2) + S

W̃i
(ICj L, I

C
j D

′)
4

(2n−i)(2n−j−2) ,

with equality if and only if K and L are dilates and (W̃i(I
C
j K), W̃i(I

C
j L)) =

λ(W̃i(I
C
j D), W̃i(I

C
j D

′)), where λ is a constant .
Theorem 1.3. Let K1, ..., K2n−2 and D1, ..., D2n−2 be star bodies in Cn. Let
the bodies Dj, (j = 1, · · · , r), 2 ≤ r ≤ 2n − 2, be dilated copies of each other.
If 0 ≤ i ≤ 2n− 1, then[

S
W̃i
(IC(K1, · · · , K2n−2), I

C(D1, · · · , D2n−2))
]r

≤
r∏

j=1

S
W̃i
(IC(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2), I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2)),
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with equality holds if and if K1, ..., Kr are dilates and(
W̃i(I

C(K1, · · · , K1︸ ︷︷ ︸
r

, Kr+1, · · · , K2n−2)), ..., W̃i(I
C(Kr, · · · , Kr︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2))

)

= γ

(
W̃i(I

C(D1, · · · , D1︸ ︷︷ ︸
r

, Dr+1, · · · , D2n−2)), ..., W̃i(I
C(Dr, · · · , Dr︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2))

)
,

where γ is a constant.

2 Preliminary Notes

A body is a compact set with nonempty interior. A set K is star-shaped with
respect to the origin if every line through the origin which meets K does so
in a closed line segment (see [14]). Let K ⊂ Rn be a star shaped body (with
respect to the origin), the radial function ρ(K, ·) : Rn\{o} → R is defined by

ρ(K, x) = ρK(x) = max{λ ≥ 0 : λx ∈ K}.

The Minkowski functional ∥ · ∥K : Rn → R is defined by ∥x∥K = min{λ ≥ 0 :
x ∈ λK}. Obviously, ρK(x) = ∥x∥−1

K , for x ∈ Rn\{o}. Two star bodies K
and L are said to be dilates (of one another) if ρK(u)/ρL(u) is independent of
u ∈ Sn−1.

If the Minkowski functional of a star body K in R2n is Rθ-invariant (that
is, satisfies equation (1.1)), then we say that K is a complex star body in Cn.

For K and L be star bodies in Cn and λ1, λ2 ≥ 0 (not both zero), the radial
sum λ1 ·K+̃2λ2 · L is a star body whose radial function is given by (see [10],
[15])

ρ(λ1 ·K+̃2λ2 · L, ·)2 = λ1ρ(L1, ·)2 + λ2ρ(L2, ·)2. (2.1)

Let K1, ..., K2n be star bodies in Cn, the dual mixed volume Ṽ (K1, ..., K2n)
has the following integral representation (see [15]):

Ṽ (K1, ..., K2n) =
1

n

∫
Sn−1

ρ(K1, u) · · · ρ(K2n, u)du, (2.2)

where du is the spherical Lebesgue measure on S2n−1. We write Ṽ2(K1, ..., K2n−2, L)
for Ṽ (K1, ..., K2n−2, L, L), where Ki (i = 1, 2, ..., 2n − 2) appear once and L
appear twice. For i ≥ 0, j ≥ 0 and i+ j ≤ 2n, we write W̃i,j(K,L) for the dual
mixed volume V (K, ...,K,B, ..., B, L, ..., L), where K appears 2n− i− j times,
B appears i times and L appears j times. The dual mixed volume W̃i,j(K,K)

will be written as W̃i(K) and is called the dual ith quermassintegral of K.
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Let K1, ..., K2n−2 be star bodies in Cn. The mixed complex intersection
body IC(K1, ..., K2n−2) is defined by

ρ(IC(K1, ..., K2n−2), ξ)
2 =

1

2(n− 1)π

∫
S2n−1∩Hξ

ρ(K1, u) · · · ρ(K2n−2, u)du,

where du is the spherical Lebesgue measure on S2n−1 and Hξ is a 2n − 2
dimensional subspace of R2n orthogonal to the vectors ξ and ξ⊥.

Obviously, every mixed complex intersection body corresponds to an ori-
ginsy symmetric convex body R2n which is invariant with respect to any
coordinate-wise two dimensional rotation.

If K1 = · · · = K2n−i−2 = K and K2n−i−1 = · · · = K2n−2 = L, the mixed
complex intersection body IC(K1, ..., K2n−2) is written as ICi (K,L). If L = B,
ICi (K,L) is written as ICi (K) and is called the ith complex intersection body
of K. We simply write IC(K) rather than IC0 (K), which was first defined by
Koldobsky, Paouris and Zymonopoulou [10].

3 Main Results

In this section, we complete the proofs of Theorems 1.1-1.3. For the proof
of Theorem 1.1, we require the following lemma.
Lemma 3.1[23]. Let a, b ≥ 0, c, d > 0, then for 0 < p < 1, then

apc1−p + bpd1−p ≤ (a+ b)p(c+ d)1−p, (3.1)

with equality if and only if a/b = c/d.
Proof of Theorem 1.3. By inequality (1.6), we have for 2 ≤ r ≤ 2n− 2,

W̃i(I
C(K1, · · · , K2n−2)) ≤

 r∏
j=1

W̃i(I
C(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2))


1
r

.

(3.12)
Since Dj, (j = 1, · · · , r) are dilates of each other, it follows from inequality
(1.6) that

W̃i(I
C(D1, · · · , D2n−2)) =

 r∏
j=1

W̃i(I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2))


1
r

.

(3.13)
Combining (3.12) and (3.13), and using inequality (3.11), we obtain

W̃i(I
C(K1, · · · , K2n−2)) + W̃i(I

C(D1, · · · , D2n−2))
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≤

 r∏
j=1

W̃i(I
C(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2))


1
r

+

 r∏
j=1

W̃i(I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2))


1
r

≤

 r∏
j=1

[
W̃i(I

C(Kj, · · · , Kj︸ ︷︷ ︸
r

, Kr+1, · · · , K2n−2)) + W̃i(I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2))
]

1
r

.

Thus

S
W̃i
(IC(K1, · · · , K2n−2), I

C(D1, · · · , D2n−2))
r

≤
r∏

j=1

S
W̃i
(IC(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2), I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2)).

According to the equality conditions of inequalities (3.11) and (3.12), we see
that equality holds if and only if K1, ..., Kr are dilates and(
W̃i(I

C(K1, · · · , K1︸ ︷︷ ︸
r

, Kr+1, · · · , K2n−2)), ..., W̃i(I
C(Kr, · · · , Kr︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2))

)

= γ

(
W̃i(I

C(D1, · · · , D1︸ ︷︷ ︸
r

, Dr+1, · · · , D2n−2)), ..., W̃i(I
C(Dr, · · · , Dr︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2))

)
,

where γ is a constant.
From Theorem 1.3 we directly obtain

Corollary 3.5. Let Ki and Di be star bodies in Cn, 1 ≤ i ≤ 2n − 2. If the
bodies Dj, (j = 1, · · · , r), 2 ≤ r ≤ 2n− 2, are dilates of each other, then[

SV (I
C(K1, · · · , K2n−2), I

C(D1, · · · , D2n−2))
]r

≤
r∏

j=1

SV (I
C(Kj, · · · , Kj︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2), I
C(Dj, · · · , Dj︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2)),

with equality holds if and if K1, ..., Kr are dilates and(
V (IC(K1, · · · , K1︸ ︷︷ ︸

r

, Kr+1, · · · , K2n−2)), ..., V (IC(Kr, · · · , Kr︸ ︷︷ ︸
r

, Kr+1, · · · , K2n−2))

)

= γ

(
V (IC(D1, · · · , D1︸ ︷︷ ︸

r

, Dr+1, · · · , D2n−2)), ..., V (IC(Dr, · · · , Dr︸ ︷︷ ︸
r

, Dr+1, · · · , D2n−2))

)
,

where γ is a constant.



70 Feixiang Chen

4 Conclusion

In this paper, we prove the Minkowski, Brunn-Minkowski and Aleksandrov-
Fenchel type inequalities for volume sums of mixed complex intersection bod-
ies. We study a complex version of the inequalities for volume sums of mixed
(real) intersection bodies. It seems that not much has been done in this direc-
tion.
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