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Abstract

By using the order convergence and multiplicative order convergence,
we investigate the collectively multiplicative order convergence on the
lattice ordered algebras.
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1 Introduction

The theory of order convergence, unbounded order convergence in the vector
lattices, unbounded norm convergence, multiplicative norm convergence in the
normed lattice ordered algebras and multiplicative order convergence in the
f-algebras was studied by the some authors, for example, in [1], [4], [5], [6], [7],
8], [9], [10].

The aim of the present paper is to give collective versions of the multiplica-
tive order convergence.

We refer to the books [3], [11],[13] for any unexplained notion and termi-
nology on vector lattices.
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2 Preliminary Notes

Suppose that E is a real vector space.F is called an ordered vector space
if it is equipped with an order relation < (that is, transitivereflexive and
antisymmetric relation <) compatible with algebraic structure of £ in the
sense that it satisfies the following properties:

(1) If x,y € FE satisfy <y, then x + 2 <y + z forall z € E.

(2) If 2,y € F satisty 2 <y ,then ax < ay for every a > 0.

We say that an ordered vector space F is a vector lattice (Riesz space) if
the infimum and supremum of {z,y} exist for every z,y € E. We give the
notations called lattice operations V,A for = Vy = sup{x,y} and x Ay =
inf{x,y}.The positive part of a vector z € F is defined by a* = 2V 0, the
negative part of a vector x € F is defined by = = —2V0 and the absolute value
of a vector x € E is defined by |z| = 2T + 2. Theset EY ={z € E:xz >0}
is called the cone of a Riesz space E. A vector lattice E is called Archimedean
whenever %x 1 0 holds in FE for every x € E, where | 0 means that decreasing
and infimum is 0. A vector lattice ¥ under an associative multiplication is
called a Riesz algebra or lattice ordered algebra whenever the multiplication
makes F an algebra with the usual properties, and in addition, it satisfies the
property: the multiplication of positive elements is positive. A lattice ordered
algebra FE is said to be commutative if xy = yx for every z,y € E. There are
a lot of examples of lattice ordered alebras. For example, some lattice ordered
algebras are f-algebras, almost f-algebras, d-algebras.

Definition 2.1 [12] A lattice ordered algebra E is said to be an f-algebra
if E has the property that x ANy = 0 implies (zz) Ny = (zx) ANy = 0 for all
z€ ET.

Every Archimedean f-algebra is commutative.

Definition 2.2 A lattice ordered algebra E is said to be an almost f-algebra
if E has the property that x Ay = 0 implies xy = 0 for all x,y € F.

Every f-algebra is an almost f-algebra.

Definition 2.3 A lattice ordered algebra E is said to be a d-algebra if E
has the property that x Ay = 0 implies (xz) A (yz) = (zx) A (zy) = 0 for all
z€ ET.

Every f-algebra is a d-algebra.

A norm ||.|| on a vector lattice FE is called a lattice norm whenever |z| < |y|
implies ||z]| < ||ly|| for every x,y € E. A normed vector lattice E is called a
normed lattice ordered algebra if it is a lattice ordered algebra and

[yl <l lflyll
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holds for every x,y € E.
In this paper, we assume that all vector lattices are real and Archimedean
and all operators are linear and bounded.

3 Main Results

Definition 3.1 [1] A net (x,) in a vector lattice E is called order convergent
to x € E if there is a net (yg) in E such that yg | 0 and,for each
beta there exists an ap with |, — x| < yg for all a > ag. We denote it by
o-convergence To — .

Definition 3.2 [6] A net {z,} in a vector lattice E is called order con-
vergent to an element u € E whenever there exists another net {y,} of E
satisfying |xo — ul < yo 1 0. The element u is called the order limit of the net
{zo}. The order limits are uniquely determined.

Definition 3.3 [4] A net {x,} in a lattice ordered algebra A is called mul-
tiplicative order convergent to v € A if (|x, — x|.u) order converges to 0 for
every u € A*.

Definition 3.4 [6,9,10] A sequence (x,) in a vector lattice E is called
unbounded order convergent to x € ET if for every u € E1 the sequence
(| £, — x| Au) converges to zero in order. A sequence (x,,) in a normed vector
lattice E is called unbounded norm convergent to x € ET if (||| x, — x| Au ||)
converges to zero for every u € ET.

Definition 3.5 [7] Let B = {(2%)aca}ven be a set of nets in a lattice or-
dered algebra U indezed by a directed set A.Then, B is is called collective
o-convergent to 0 if there exists a net (yg) 4 0 such that , for each 5 , there is
an ag with |2%| < yg for all « > ag and b € B.

Definition 3.6 Let B = {(2%)aca}ven be a set of nets in a lattice ordered
algebra U indexed by a directed set A.Then, B is called collective multiplicative
order convergent to 0 if {(|2%].w)aea }rep order converges to 0 for everyu € U™.

Definition 3.7 [5]Let E be a normed lattice ordered algebra E. A net (z,)
in E is called multiplicative norm convergent to x € E if |||xq —x|.u|| converges
to 0 for allu € E*.

Definition 3.8 Let B = {(2%)aca}ien be a set of nets in a normed lattice
ordered algebra E indexed by a directed set A.Then, B is is called collective
multiplicative norm convergent to 0 if |||2b|.u|| converges to 0 for all u € E*
and b € B.
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Theorem 3.9 [7] Let B = {(2%) }yen and C = {(25)}ecc be non-empty set
of nets in an lattice ordered algebra E indexed by the same directed set A and
let r € R. Then,

If B and C are collective multiplicative order convergent to 0, then rB,
sol(B), BUC , B+C and co(B) are collective multiplicative order convergent
to 0, where

sol(B) = {(z) : (3b € B)(Va € A)|za| < |a]},
B+C = {(xl; + Ig)}beB,ceC,

co(B) = {(z4) : (Fb1, by, ... 0, € B,ry,79,...;7 € RY)),

Zrk—l Tq) Zrkx

Proof. Let B — 0 and C' — 0 are collective multiplicative order convergent.
Hence, we take nets yg | 0 and z, | 0 in E such that , for every B and 7,
there are indices ag and o, satisfying 28| < yg for all a > ag and b € B
and w € ET and |z&|.u < z, for alla > oy and c € C and u € E*.

That sol(B) — 0 and rB — 0 are collective multiplicative order conver-
gence is easy. Now, we show that BU C — 0 is collective multiplicative order
convergence. We consider (yg+2,) 1 0. BUC = {(2%)}acaaepuc. This implies
that |z|.w < ys+ 2z, for alla > ag,a, andd € BUC andu € E*. In order to
show B + C — 0 collective multiplicative order convergence, as (yg + z) 1 0,
pick an ) > ag, . From here, we get |28 + 2¢|.u < (yg + z,) for all
a>aopq,be B ceCandue EY.

Now, we prove that co(B) — 0 is collective multiplicative order convergent.
For this, let by, by, ....;b, € B and 11,72, ...,7 € RY with Y3_;m, = 1. Since
a > ag,

and by, by, ...,b, € B and ry,r9,...,7, € RT and uw € E* are arbitrary and

n n n
1> el <7 |l u <7 rys = ys
k=1 k=1 k=1

So, co(B) — 0 is collective multiplicative order convergent.

Let E,F be real vector lattices. By L(FE,F'), we denote the set of all
linear bounded operators, by Ly (E, F') we denote the set of all order bounded
operators, and L,.(E, F') represents the set of all order continuous operators.

Definition 3.10 Let 7 C L(E,F), where E,F are lattice ordered alge-
bras.We say that 7 is collectively multiplicative order continuous if 7(x4) is
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collectively multiplicative order convergent to 0 whenever () is multiplicative
order convergent to 0. We denote it by T € Lyoc(E, F).

Theorem 3.11 Let B = {(2%)}yen and C = {(25)}ecc be non-empty set
of nets in a normed lattice ordered algebra E indexed by the same directed set
A and let r € R. Then,

If B and C are collective multiplicative norm convergent to 0, then rB,
sol(B), BUC , B4+C and co(B) are collective multiplicative normed convergent
to 0, where

sol(B) = {(z) : (3b € B)(Va € A)|za| < |22},
B+ C= {(:L’Z + x;)}bGB,c€C7

co(B) =A{( (Fy, by, ..., b, € B,11, 79, ..., € RT)),

To)
> =1, () = (3 matt)}

Let ry,ry be real numbers and 71,70 C Lo (E, F), 11711 + 1210 = {rT) +
7’2T2 : T1 c Tl,TQ € 7'2}.

Lemma 3.12 [7] If 7, 72 are nonempty subsets of Lyo.(E, F), then 7 UTs,
r171 + ToTy are subsets of Lyo.(E, F'), where r1,79 € R.

The collectively compact sets of operators on normed spaces were first
studied by Anselone et al in [2]. We give the following result.

Theorem 3.13 [7] Let E, F' be lattice ordered algebras with F' Archimedean.
Then, the following statements are true.
(i) Let 7 C L(E, F) . If 7(x,) — 0 collectively order converges whenever
2o 40, then 7 C Ly(E, F). So, Lo. C Lop(E, F).
(i) If dim(F) < 0o, then Lyoo(E, F) C Loy(E, F).
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