International Mathematical Forum, Vol. 19, 2024, no. 1,1-7
HIKARI Ltd, www.m-hikari.com
https://doi.org/10.12988/imf.2024.914417

On Unbounded Convergence Properties in

Cp(X,[0,1])

Elif Demir

Yildiz Technical University
Faculty of Arts and Sciences
Mathematics Department
34210, Davutpasa, Istanbul, Turkey

This article is distributed under the Creative Commons by-nc-nd Attribution License.
Copyright © 2024 Hikari Ltd.

Abstract

| want to introduce the notion of unbounded order convergence in C,(X, [0,1])
which is the space of all continuous [0,1]-valued functions on a Tychonoff space X
with the topology of pointwise convergence. | will give the fact that the unbounded
order convergence on a Baire space X agrees the pointwise convergence on a co-
meagre set.
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1 Introduction

The notion of unbounded order convergence, shortly uo-convergence, is firstly
studied in the article [5] by Hidegoro Nakano. The aim of Nakano was to define
almost everywhere convergence in terms of lattice operations without direct use of
measure theory and he defined “individual convergence”. Then, it was named as
“unboundedly order convergence” in the paper [3] by Ralph DeMaar. After couple
of years, some mathematicians began studying this topic such as Anthony
Wickstead, Jan Harm van der Walt -who is still studying- ([6], [7], [8] ) and Samuel
Kaplan ([4]). In this article, Kaplan characterized the usage of weak order units to
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define unbounded order convergence. Walt studied this convergence type on the
family of continuous functions and Wickstead stated the relationship between weak
convergence and uo-convergence in [9]. In 2014, the mathematicians Nishuan Gao,
Vlademir Troitsky and Foivos Xanthos published several papers which include
important generalizations to different families, spaces and algebras. | refer the
reader to [2] for a survey of some convergence types on vector lattices.

In this work, my aim is to give an approach to the characterization of unbounded
order convergence in the space of C,(X,[0,1]) which includes all [0,1]-valued
continuous functions on X, specifically Tychonoff space during this paper.

In section 2, | give some fundamental definitions, theorems and unbounded order
convergence in Riesz spaces, also some topological concepts dealed with my work.
In section 3, | characterize uo-convergence of nets of [0,1]-valued continuous
functions on a Tychonoff space, inspired by [1]. Moreover, | give an important
relation between ou-convergence and pointwise convergence in a co-meagre of
Baire Spaces at the end.

2 Preliminaries

X is said to be an ordered set whenever the following conditions are satisfied:

I.x <xforevery x € X,

Il. x <yandy < x implies that x =y,

lii. x <y and y <z implies that x < z.

An ordered real vector space X with the property that for every x, y € X the
supremum and infimum of {x, y} exist in X is called a Riesz space or a vector
lattice. We denote the following notations for supremum and infimum: x v y =
sup{x, y} and x A y = inf{x, y}. Let X be a Riesz space. The positive cone X *
consists of all x € X such that x > 0. Furthermore, forevery x € X let x* =x Vv 0,
x~=(—x)VvO0,and | x | = x V (—x) be the positive part, the negative part and the
absolute value of x, respectively.

A vector lattice X is called Archimedean if % 1 0holds in X forevery x € X *. In

this work, I will assume that all vector lattices are Archimedean. The set [x, y] =
{z€E:x<z<y}issaid to be an order interval. A subset A of E is called an
order bounded set if there exist x, y € E such that A € [x, y]. A function from a
directed set A to an arbitrary set X is said to be a net in X indexed by A. It is denoted
by (xq)qea- A net (x4)qeq is said to be increasing whenever x, < xp for all a,p
€ A such that a < B. If (x,)4e4 IS an increasing net and x = sup{x, : o € A}, then
we write x, T x as o € A. Anet (x,)qeq IS said to be decreasing whenever x, > xg
for all o, € A such that o < B. If (x,)q4ea IS a decreasing net and
x=inf{x, : a« € A}, then we write x, | x as o € A. A vector e € X * is said to
be an order unit (or strong unit) if X, = X satisfies. If B, = X, then e is said to be a
weak unit, that is, if (x Ane) 1 x holds foreach x € X *.

If X is Archimedean, then a vector e > 0 is a weak unit if and only if [x |[A e =0
whenever x = 0. It can be easily seen that every order unit is a weak unit. Let (x,)
be a net indexed by a directed set A. For a, € A fixed, let A, ={a € :a>ay}
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which is again a directed set under the pre-order induced from A. The restriction of
the function x to Ay is called a tail of (x,), and it is denoted by (x¢) ¢ >, -

Unbounded Order Convergence

Definition 2.1 Let (x,)4eqa be anetin X. (x,) is said to be order convergent to x
if there exists a net (y,)qea SUch that y, | 0 and |x, —x | <y, forall « € A. Itis

o]
denoted as x, — x.

Lemma 2.2 [1] For a net (x,) in a vector lattice X, x, % x ifand only if there exists
aset G € X * such that infG = 0 and every element of G dominates a tail of (x,),
that is, for every g € G there exists a, such that |x,| < g for all a> «.

Definition 2.3 [1] A net (x,) is said to be unbounded order converges to x if
o
|x, — x| Ay = 0 forevery y > 0. We will use the notation (x,) uo-converges to x,

. . uo
for short, and we will denote it as x, — x.
Order and uo-convergences agree for order bounded nets. If w > 0 is a weak unit

uo o
then x, — x ifand only if [x, —x |Aw = 0.

Definition 2.4 i. A subspace Y of X is called a sublatticeof Y if xVyeYand x
AyeYforallx,yeyY.

ii. A sublattice Y of X is called order dense if 0 < x € X implies that there exists y
EYwith0<y<x.

iii. A sublattice is regular if the inclusion map is order continuous, that is, it
preserves order convergence of nets.

Every order dense sublattice is regular. For a net (x,) in a regular sublattice Y of X,

uo . . . uo .
x,—0inXifandonlyifx, -0 inY.

Definition 2.5 A net (x,),e4 IS called order Cauchy (or simply o-Cauchy) if the
double net (xa —xﬁ)A2 is order null. Unbounded order Cauchy (simply uo-

Cauchy) is defined in the same way.
Some Topological Concepts

Let A be a subset of a Hausdorff topological space. Then, A is said to be nowhere
dense if Int(4) = @.

Let A be a subset of X, which is defined as in the previous definition. Then,

1) It is called meagre or of the first category if it can be represented as a union of a
sequence of nowhere dense sets.

i) it is called co-meagre or residual if its complement is of the first category.

X is said to be a Baire space if it satisfies the Baire condition, that is, if every
intersection of countably many dense open sets is dense.
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Equivalently, X is Baire if every co-meagre set is dense. Every locally compact
Hausdorff space is Baire. Every nonempty open subspace of a Baire space is a Baire
space. A space is Baire if and only if every point has a neighborhood which is also
Baire.

Topological vector space X is said to be normal if it satisfies Axiom T,: every
disjoint closed sets of X have disjoint open neighborhoods, that is, for disjoint
closed sets A, B c X there exists neighborhoods A ¢ U and A < V such that
Unv=a.

Theorem 2.6 (Uryson’s Lemma) A topological space X is normal if and only if
for any two disjoint nonempty closed subsets Y, Z < X there is a continuous
function f : X — [0, 1] such that f(x) =0 forall x € Y and f(x) =1 forall x € Z.
A topological space X is completely regular if the points can be seperated from
closed sets via continuous real-valued functions. That is, for any closed set A € X
and any point x € X \A, there exists a real-valued continuous function f : X — R
such that f(x) =1 and f|,=0.

As a consequence of Uryson’s Lemma, we can say that every locally compact
Hausdorff space or every normal space is completely regular.

Also, X is said to be Tychonoff or completely T; space if it is a completely regular
Hausdorff space.

3 Unbounded Order Convergence in C,(X, [0,1])

Throughout this section, X stands for a completely regular Hausdorff topological
space (Tychonoff space), which is exactly the class of Hausdorff spaces where the
conclusion of Uryson’s lemma holds. Recall that every locally compact Hausdorff
space or every normal space is completely regular.

C,(X,[0,1]) denotes the space of all continuous [0,1]-valued functions on a
Tychonoff space X with the topology of pointwise convergence and 1 is the constant
one function.

Lemma 3.1 [1] Suppose that X is a completely regular Hausdorff topological space
and G < C,(X,[0,1]) . The following are equivalent:

i.infG =0;

ii. for every non-empty U and every € > 0 there exists t € U and g € G with

g <e

iii. for every non-empty U and every € > 0 there exists a non-empty open set V< U
and g € G such that g(t) <eforall t e V.

Proof. (i) = (ii) Suppose that infG = 0, but (ii) fails, i.e., there is a non-empty U
and € > 0 such that every g € G is greater than or equal to € on U. Since X is
completely regular, we find a non-zero f € C(X), such that f <€l and f vanishes
outside of U. Then f < G , which contradicts infG = 0.
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(ii) = (i) Assume that infG # 0. Then there is f € C,(X,[0,1]) withO<f <G .We
can find an open non-empty set U and € > 0 such that f is greater than € on U.
Followingly, every g € G is greater than € on U, which contradicts (ii).

Now, I will define uo-convergence and characterize it on C, (X, [0,1]). Since f, = f

uo
if and only if |[f,— f| — O, it sufficies to characterize order convergence of positive
nets to zero.

Definition 3.2 Let (f,) be a net in C,(X,[0,1]). f, ff if and only if
| fo—f|Ag—O0forall g>0.

Theorem 3.3 [1] Let X be Tychonoff space and (f,) a net in C, (X, [0,1]). Then

fu =0 ifand only if for every non-empty open set U and every € > 0 there exists
an open non-empty IV < U and an index «, such that f;, is less than € on IV whenever
o Z 0(0.

Proof. Suppose that f, 230. Then fa A 1> 0. By Lemma 2.2, there exists a set
G < C,(X,[0,1]) such that infG = 0 and every member of G dominates a tail of (f,
A 1). Fix a nonempty open set U and € € (0, 1). Let V and g be as in Lemma 3.1
(iii). Since g dominates a tail of (f, A 1), there is an «, such that f, A 1 < g for
every o> ay. In particular, f, (s) A1(s) < g(s) <e¢ hence f, (s) <eforallseV.
This proves the forward implication.

To prove the converse, consider that the condition in the theorem is satisfied. Since

1 is a weak unit, it suffices to prove that f, A 1 % 0. We will use Lemma 3.1 again.
Fix an open non-empty set U and € > 0. Let V and «, be as in the assumption.
Choose any t € V. Since X is completely regular, there is an h € C(X), such that
h(t) =0and h equals 1 outside of V. Put g =h v € 1. Then g(t) = €. We claim that
fa N1 < g forevery a > a,. Indeed, if s € Vthen f, (s) <e<g(s),and if sis notin
Vthen (f, A1)(s)<1=nh(s)<g(s).

Repeat this process for every pair (U, €), where U is open and non-empty and € > 0;
let G be the set of the resulting functions g. Each such g dominates a tail of
(fo A 1). Lemma 2.2 yields infG = 0. This completes the proof.

Corollary 3.4 Let X be completely regular Hausdorff and (f,) a netin C, (X, [0,1]).
Then (f,) is uo-Cauchy if and only if for every non-empty open set U and every
€ > 0 there exists an open non-empty V € U and an index «, such that

| fa(®) = fp(O)| <eforallte Vand a, f > a.

Lemma 3.5 [1] Let X be a completely regular Hausdorff Baire space. For
G € C,(X,[0,1]), the following are equivalent:
i)inf G =0;
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1) There exists a dense set D such that irelg g(t) =0 foreveryt €D,
)

iii) There exists a co-meagre set D such that ire1£ g(t) =0 foreveryt €D.
g

Proof. (ii) = (i) is a consequence of Lemma 3.1.

(iii) = (ii) satisfies because every co-meagre set in a Baire space is dense.

(i) = (iii), consider that inf G = 0. For n € N, put W, = Ugeq {g < %} Then W, is
open. For every non-empty open set U, Lemma 3.1 yieldsapointt e Uand g € G
such that g(t) < % . Hence, teW, . That means W, is dense. Take

D =Ny, Wy, then D is co-meagre. Let t € D, then for all n € N we get t € W,
hence irelg g) =0.
)

Theorem 3.6 [1] Let X be a completely regular Hausdorff Baire space and (f,) a

uo
netin C,, (X, [0,1]). If f, — f then f, converges to f pointwise on a co-meagre set.
The converse is true for countable nets.

Proof. Without loss of generality, let choose f = 0. Consider that f, £ 0. Then

Ifo A1 5 0. There exists a net (g2) satisfying g;| 0 and for all A there is a such
that |[f, | A 1< g, whenever a >« . Fix G ={g,}.

Then inf G = inf g, = 0. By the previous lemma, there exists a co-meagre set D such
that forall t € D, we get 0 = gl;lelff;g(t) = ialfgl(t). Therefore, li;n fou(t) = 0.

For simplicity, we use sequences instead of nets. Assume that a sequence (f,,) is
convergent to zero on a co-meagre set D. We will use Theorem 3.3 to show that

fn % 0. without loss of generality, f,, > 0 for all n. Take an open non-empty set U
and € >0. Foreach m, put W,,, = Upnsmifn > €}. So, W, isopen. If t € N,, Wj,, then
for all m there exists n>m suchthat f,,(t) > €, and therefore t & D. This provides
that N,, W, is contained in X \ D, hence is meagre. Since W,, is open, oW, is
nowhere dense for every m. We conclude that U,,, 0W,, is meagre. It follows from
Ny Wi, € (N W) © (Up W) that N,,, W, is meagre, so that its complement
Um(X \W,,) is co-meagre, hence dense. Therefore, it meets U. Consequently,
U N X\ W,,) # @ for some m. Therefore, the condition in Theorem 3.3 is satisfied.

References
[1] E. Bilokopytov, V.G. Troitsky, Order and uo-convergence in spaces of

continuous functions, Topology and its Applications, 308 (2022), 107999, 9.
https://doi.org/10.1016/j.topol.2022.107999


https://doi.org/10.1016/j.topol.2022.107999

On unbounded convergence properties in C, (X, [0, 1]) 7

[2] A.M. Dabboorasad, E.Y. Emelyanov, Unbounded convergence in the
convergence vector lattices: a survey, Vladikavkaz Mathematical Journal, 20
(2018), 49-56. https://doi.org/10.23671/VVNC.2018.2.14720

[3] R. DeMarr, Partially ordered linear spaces and locally convex linear topological
spaces, Illinois Journal of Mathematics, 8 (1964), 601-606.
https://doi.org/10.1215/ijm/1256059459

[4] S. Kaplan, On unbounded order convergence, Real Analysis Exchange, 23
(1998-1999), 175-184. https://doi.org/10.2307/44152839

[5] H. Nakano, Ergodic theorems in semi-ordered linear spaces, Annals of
Mathematics, 49 (1948), 538-556. https://doi.org/10.2307/1969044

[6] J.H. van der Walt, Order convergence on sets of Hausdorff continuous
Functions, Honors Essay, 49 (2004).

[7] J.H. van der Walt, R. Anguelov, Order convergence structure on C(X),
Quaestiones Mathematicae, 28 (2005), 425-457.
https://doi.org/10.2989/16073600509486139

[8] J.H. van der Walt, Order convergence on archimedean vector lattices and
applications, University of Pretoria, 2007.

[9] A.W. Wickstead, Weak and unbounded order convergence in banach lattices,

Journal of the Australian Mathematical Society Series A, 24 (1977), 312-3109.
https://doi.org/10.1017/s1446788700020346

Received: January 23, 2024; Published: February 9, 2024


https://doi.org/10.23671/VNC.2018.2.14720
https://doi.org/10.1215/ijm/1256059459
https://doi.org/10.2307/44152839 
https://doi.org/10.2307/1969044
https://doi.org/10.2989/16073600509486139
https://doi.org/10.1017/s1446788700020346

