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Abstract

In this article, an iterative algorithm is proposed for solving the
split feasibility problem and fixed point problem of Bregman totally
quasi-asymptotically nonexpansive mapping in p-uniformly convex and
uniformly smooth real Banach spaces. We obtained and proved the
strong convergence theorem of the iterative scheme presented. Then,
our main result is used to solve split feasibility problem and equilibrium
problem.
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1 Introduction

Censor and Elfving [1] initially put forward the split feasibility problem
(shortly, SF'P) in finite-Hilbert spaces for modeling inverse problems which
originate from medical image reconstruction and phase retrievals [2]. Tt is for-
mulated as below: finding a point d*, such that:

d*eC and Gd" € Q, (1.1)

where C' and () be nonempty closed and convex subsets of real Hilbert spaces
H, and Hs, respectively. G : Hy — H, is a bounded linear operator. The
solution set of SFP (1.1) is represented by I' = {d* € C' : Gd* € Q}. SFP
has attracted a great deal of attention from authors owing to it is an incred-
ibly effective tool in various disciplines such as radiation therapy treatment
planning, signal processing, computer tomograph and image restoration, for
details see [3-4].

If C' and @ are the sets of fixed points of two nonlinear mappings S and
T, respectively, C' and @) are nonempty closed convex subsets, then SEF'P (1.1)
is generalized as the split common fixed point problem (shortly, SCF'P) for S
and T'. That is, finding a point d* € H; such that:

& € F(S) and Gd* € F(T), (1.2)

where S : Hy — Hy, T : Hy — H, be two nonlinear operators, F'(S) and F(T)
represent the fixed point sets of S and 7', respectively.

Many researchers have been working on constructing iterative algorithms
for finding solution of SFP and got numerous weak or strong convergence
theorems in Hilbert space. See, for example [5-11] and the references therein.
Recently, attempt to solve SEF'P in Banach spaces have been concerned by a
number of authors. However, there are some difficulties to surmount, for in-
stance, the projection operators are no longer expansive, and dual mappings
are nonlinear. In 2008, Schopfer et al. [12] first established weak convergence
theorem for SFP in p-uniformly convex and uniformly smooth real Banach
spaces. Until 2015 and 2016, Tang et al.[13], Tian et al.[14] got strong con-
vergence theorems for SCF P under the assumption of semi-compactness on
mappings. Afterwards, for solving split feasibility problem and fixed point
problem in Banach space, Ma et al.[15] studied the problem of finding a point
d* € Fy with the property:

d* € F(S) and Gd" € Q), (1.3)

where F; be a Banach space, () be nonempty closed and convex subsets of
Banach space Es5, S : E1 — FE; be a closed quasi-¢-nonexpansive mapping.
They proposed an iterative algorithm to approximate a solution of (1.3) and
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the strong convergence theorem is obtained without the assumption of semi-
compactness on mapping in 2-uniformly convex and 2-uniformly smooth Ba-
nach spaces. These works inspire us to consider the following question.

Question.Can we propose an iterative algorithm converges strongly to a
solution of (1.3) for a more general than quasi-nonexpansive mapping in p-
uniformly convex and uniformly smooth real Banach spaces which p > 1.

So, in this article, we keep on study the problem (1.3) for Bregman to-
tally quasi-asymptotically nonexpansive mapping in p-uniformly convex and
uniformly smooth real Banach spaces. A new iterative algorithm was estab-
lished and strong convergence theorem of proposed algorithm was obtained
and proved in the absence of the assumption of semi-compactness on map-
ping. Our result complement and extend the corresponding results on the
topic in the literature.

2 Preliminaries

Let E be a real Banach space and let 1 < ¢ < 2 < p with i + % = 1. The
modulus of convexity dg : [0,2] — [0, 1] is defined by

ld + e

dp(e) = inf{l — 5

Sldll = llell = 1, ld — ell > €}
E is said to be uniformly convex if dg(€) > 0 for any € € (0,2]; p-uniformly
convex if there is a constant ¢, > 0 satisfies 0g(e) > c,€” for any € € (0,2]. The
modulus of smoothness of E: pg(7) : [0,00) — [0, 00) is defined by

{Hd—i-TeH +lld—Tel|

5 Lofldff = llell = 1}-

pe(T) = sup
E is said to be uniformly smooth if lim,,_, Z ET(T) = 0; g-uniformly smooth if
there is a constant C, > 0 satisfies pg(7) < C,79 for any 7 > 0. We know
that if F is p-uniformly convex and uniformly smooth, then its dual space E*
is g-uniformly smooth and uniformly convex. In this condition, the duality
mapping J7 is one-to-one, single-valued and contents J& = (J2.)~!, where
J2. is the duality mapping of E*.

Definition 2.1. ([16]) The duality mapping J& : E — 2E is defined by

Tp(d) ={d" € E*: (d, d") = ||d|]", |d"|| = [|d||"~"},Vd € E.
The duality mapping J7 is called weak-to-weak continuous if

dp, = d= (Jpd,,e) — (Jhd,e),Ve € E.



36 Xuejiao Zi and Zhaoli Ma

Lemma 2.2. ([17]) Let d,e € E. If E is g-uniformly smooth, then there
is a constant C; > 0 with

ld — el < lld]|* — g(e, Ta(d)) + Cylle]|.

Definition 2.3. There is a Gateaux differentiable convex function f : E —
R. The Bregman distance related to f is defined by:

As(d,e) == f(e) = f(d) — (f'(d).e — d),e,d € E.

As is known to all, the duality mapping J5 is the derivative of the function
fp(d) = 1||d||P. For convenience, the Ay (d, e) is denoted by A,(d, €), then the

o
Bregman distance related to f, can be written as follows

1 1
Apld,e) = glldll”— <J£d,6>+]—)|16\|p
(lell” = ldll”) + (Tpd, d =€)

!
p
1
Ul = ell”) - (Ted = Tge, e).

By the definition of A,(-,), we have
Ap(d,e) = Ay(d,w) + Ay(w, ) + (w — e, Tpd — Tpw), (2.1)
and
Ay(d,e) + Ayle,d) = (d—e, Tpd — Tre). (2.2)

for any d,e,w € E.
Lemma 2.4. ([12]) Let E be a p-uniformly convex space, the following
inequality relationship hold:

T||d —e|P < A,(d,e) < (d—e,Tpd — Jpe),d,e € E.

Where 7 > 0 is some fixed number.

Evidently, if {d,} and {e,} are both bounded sequences of a p-uniformly
convex and uniformly smooth space E, then d,, —e,, — 0 (n — 00) means that
Ay(dy,e,) — 0 asn — oo.

The metric projection

Pod = argmineec||d —e|, de€ E,

is the unique minimizer of the norm distance, which can be described by a
variational inequality:

(Tp(d — Pod),w — Ped) <0, Yw e C. (2.3)
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Where C' be a nonempty, closed and convex subset of a strictly convex and
reflexive Banach space E.

Likewise the definition of metric projection, the Bregman projection is
defined as follows:

lled = argmineecA,(d,e),d € E,

it is the unique minimizer of the Bregman distance. The Bregman projection
can also be described by a variational inequality:

(Tpd — Tp(Iled), w — Tled) < 0,YVw € C. (2.4)
from (2.4), we have
A,(Hed, w) < Ap(d,w) — A,(d, IIed),Yw € C. (2.5)

Following [18,19], the function V, : E* x E — [0, + ) related to f,, which
is defined by

- 1, - - 1 7
Vo(d, d) = 5Hd|\q — (d,d) + EHdHP,Vd €k deFE".

Obviousely, V,, is nonnegative and

Vo(d,d) = Ap(TE.(d),d),Vd € E,d € E*. (2.6)
Furthermore, by the subdifferential inequality, we have

Vo(d,d) + (&, Th.(d) — d) < V,(d+ &,d). (2.7)

for all d € E and d,e € E* (see [20]). In addition, V, is convex in the first
variable. Thus,

N N
A (T OO tiThds), w) Z o(di,w),Yw € E, (2.8)
i=1 i=1
where {d;} and {t;} satisfy {d;}, C E, {t:;}}¥, € (0,1) and 37 ¢, = 1.

Let C be a subset of £ and T be a self-mapping of C. A point p € C' is
called an asymptotic fixzed point of T if C' includes a sequence {d,, }°°; which
converges weakly to p and lim, ., ||d, — Td,|| = 0. F (T') is used to denote
the set of asymptotic fixed points of T.

Definition 2.5. Let C' be a subset of E. The set of fixed points of mapping
T denoted by F(T) ={d € C:Td=d}, A mapping T : C' — C' is said to be:
(i) Bregman quasi-nonexpansive mapping [21], if F(T') # 0 and

A,(Td,d) < A,(d,d), Vd € C,d € F(T);
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(i) Bregman relatively nonexpansive [21], if F(T) = F(T) and
A, (Td,d) < A,(d,d), vd € C,d € F(T);
(iii)Bregman firmly nonexpansive [22], if
(TE(Td) — TE(Te), Td — Te) < (TATd) — TE(Te),d— ¢
for any d, e € C, or equivalently,
Ap(Td,Te) + Ap(Te, Td) + Ap(d, Td) + Ap(e, Te) < Ay(d, Te) + Ap(e, T'd);

(iv) Bregman totally quasi-asymptotically nonexpansive mapping [23], if F/(T') #
() and there are nonnegative real sequences {v, }, {1, } with v, — 0, u,, — O(as
n — oo) and a strictly increasing continuous function ¢ : Rt — R™ with
¢(0) = 0 such that

A(T"d, d) < Ay(d, d) + vaC(Ay(d, d)) + i, Vd € C,d € F(T).

Lemma 2.6.([23]) Let C' be a nonempty, closed and convex subset of
real reflexive Banach space F and f : X — (—o0, +0o0] be a Legendre function
which is total convex on bounded subsets of E. Let T': C' = C be a closed and
Bregman totally quasi-asymptotically nonexpansive mapping with nonnegative
real sequences {v,}, {p,} with v, = 0, u,, = 0 (as n — o00) and a strictly
increasing continuous function ¢ : R* — RT with ((0) = 0, then the fixed
point set F'(T') of T is a closed and convex subset of C.

Definition 2.7. A mapping T : C' — C' is said to be closed if for any
sequence d,, C C with d,, = d € C and Td,, — e as n — oo, then T'd = e.

Definition 2.8. A mapping 7" : C' — (' is said to be uniformly L-Lipschitz
continuous, if there exist a constant L > 0 such that||7"d — T"e|| < L||d —
ell, Vd,eeC, ¥n>1.

3 Main Results

Theorem 3.1. Let E, F5 be two p-uniformly convex and uniformly smooth
real Banach spaces. Let () be nonempty closed and convex subset of Fj.
Let G : Ey — E, be a bounded linear operators and G* : E5 — Ej be
the adjoint operator of G. Let T : By — E; with C := F(T) # 0 be a
closed Bregman totally quasi-asymptotically nonexpansive mapping with
nonnegative real sequences {v,}, {u,} and a strictly increasing continuous
function ¢ : Rt — R™ such that v, — 0, u, — 0 (as n — o0), ((0) = 0.
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Assume that T is uniformly L-Lipschitz continuous. Let d; € FE; and Cy = Ey,
and {d,} be a sequence generated by

Wn = Th (T = 3G T (G, — PoGdy)) n> 1
en = Th-lonTByn + (1 — ) T8, T,

Chor1 ={ue C,: Ap(en,u) < Ap(dn,u) + 93 Ap(wp, u) < Ay(dy,u)}
dny1 = ¢, di,

(3.1)
where 6, = v, supper((A,(dn,n)) + pn, Pg is the metric projection of Es onto
Q. {an} € k1) € (0,1) and {3} C [a,b] C (0, (5fem)77). U T = {y €
F(T) : Gy € Q} # 0, then the sequence {d,} converges strongly to a point
IIpd;.

Proof. We shall divided the proof into four steps.

Step 1. We first prove that C,, is closed and convex for any n > 1.

We know that C is closed and convex by C} = F;. Presuming C), is closed
and convex. For any u € C),, we obtain

1
Ap(en,u) < Ap(dn, u) + 0n < (Tp,dn — Tp, €0, u) < 5(|ldn|l” — |leall”) + én,
(3.2)
1
Ap(wn,u) < Ay(dp, u) < (T, dn — Tp,wp, u) < 5(|ldn|l” = [Jwn|[).  (3:3)

These indicate that C),;1 is closed. It is evident that C,, 1 is convex. Therefore,
{d,11} is well defined.

Step 2. We prove that I' C C), for any n > 1.
Let y € ', by (3.1) and Lemma 2.2, we have

Ap(itn, ) = Ap(Th (Th b — 3G T8 (Gl — PoGi,)), )
= Tt = 1G T (G = PG| = (TE 1)
+ TR, (G = PoGd,), Gy) + ol
< LI = 0l TE, (G, = PoGd), Gl

Co(mllG1)°
q

+ | T, (G — PoGdn)||* = (T, dn, y)

1
+ 7 (TE, (Gd, — PoGd,), Gy) + 5!\?/\!1”
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1 1
= _Hdan — Tk, dn,y) + —IIyll”
+ Yl T (Gd,, — PoGd, ) Gy — Gd,,)

G
+ WHJEPQ(GCZ” — PoGd,)|* (3.4)
= Ap(dna y) + '7n< Ep2 (Gdn - PQGdn)a Gy - Gdn>
C. (v llGI?
' q(%'”)wa(c:dn PG,

It follows from (2.3) that

(TB.(Gd,, — PoGd,), Gy — Gd > —(J%,(Gd,, — PoGd,,), Gd,, — Gy)
<JE”2< . — PoGd,,), Gd, — PoGd,,)
— (JE(Gd, — PoGd,), PoGd, — Gy)
—[(Gdn = PoGdn)|”
— (JE.(Gd, — PoGd,), PoGd,, — Gy)

< —[(Gdn — PoGdy)|".
(3.5)
Substituting (3.5) into (3.4), we get

C,(7|lG])Y
Bol100s9) < Ayl ) =21 G — PoaP+ LN 5, — o

Co (v ||G1)e
—A(duy) — (o Wmcdn ~ PyGd, .
(3.6)

1

Since {v,} C [a,b] C (0, (Fyam) ), we get
Furthermore, from (3.1), (2.8) and (3.7), we obtain

Aplen ) = AT 0w TRy wn + (1 = ) THTdu), )
< apAp(wn, y) + (1 — an) Ap(T"dy, y)
< anAp(wn, y) + (1 — an){Ap(dn, y) + vaC(Ap(dn, y)) + pin}
< anAp(dn, y) + (1 = an)Ap(dn, y) + vnsupner((Ap(dn, ) + fin
= A,(dy,y) + 0,

(3.8)
where 9, = v supyer((A,(dy,n)) + pn. (3.7) and (3.8) show that y € Cp4,
which implies I' C C, ;1.

step 3. We show that {d,} is a Cauchy sequence.
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It follows from the definition of C,,, we have d,, = [lI¢, d;, for all n > 1.
From (2.5) and for all y € I', we have

Ap(dl, dn) - Ap<d1, chdl)
< Ap(di,y) — Ap(He,di, y) (3.9)
S Ap(dh y)

This shows that A,(dy,d,) is bounded. Hence {d,} is bounded.
For some positive integers m, n with m > n, we have d,, = ll¢, d, € C,,, C C,

and
A (dnvd ) (HC d17 )

Ay(dy, dy) — Ap(dy, e, dy) (3.10)
Ap(dy, dm) — Ap(dy, dn).
which implies that A, (dy, d,,,) > Ap(dy,dy) for all m > n. Therefore, {A,(dy, dy,)}
is nondecreasing and bounded and hence the limit lim,, ., A,(dy, dn) exists.
It follows from (3.10) that A,(d,,d,) — 0 as m,n — oco. From Lemma 2.4
we have ||d,, — d,,,|| — 0 as m,n — oo. Hence {d,} is a Cauchy sequence. So,
there exists d* € E; such that d,, — d* as n — oo.

Step 4. We prove that d* € T'.

Since d, 1 =1l¢, ., dy € C.q1 C C,, we have

n+1

Ap(dm dn-i-l) = AP(HCndl’ dn-i-l)
< Ap(dy, dpyr) — Ap(dy, e, dy) (3.11)
= Ap(dla dnJrl) - Ap(dh dn)

In addition, lim, . A,(dy,d,,) exist, hence,

lim A,(d,, dp+1) = 0. (3.12)
n—oo

So, by Lemma 2.4, we get
lim ||dy, — dys1|| = 0. (3.13)
n—oo

From definition of C, 1, we have

Ap(en7 dnJrl) S Ap(dna dn+1) + 5n7 Ap(wna dnJrl) S Ap(dna dn+1>7
where §,, = vpsupper((Ap(dn, 1)) + pin- By Ap(dy, dpy1) = 0, v = 0, 1, = 0
as n — oo, we obtain lim,, o Ay(en, dpt1) = 0 and limy, oo Ap(wy, dyyr) = 0.

From Lemma 2.4, we conclude that

lim |le, — dpt1|| =0 and lim ||w, — d,41]] =0, (3.14)
n—oo n—oo
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and so
lim |e, —w,| =0, lim [|w, —d,||=0 and lim |e,—d,|]|=0. (3.15)
n—o00 n—o00 n—0o0

From (3.1), we have
|TE,en — T dnll = llan(T g, wn = Tigydn) + (1 = an) (T, T"dn — T, dn) |
> (1= @) |TE T — T, doll = | Ty 00 — T, .
This implies that
(1= an) | Tg, T"dn = T, dnll < onl| T, wn = T, dul +[| T, €0 = T |- (3.16)

Since Jp, is norm-to-norm uniformly continuous, so, from (3.15), (3.16) and
{an} C [k,1]] C (0,1), we have

lim ||7"d,, — d,|| = 0. (3.17)
n—oo
Note that
[T d, — d*|| < || T"dn — du | + ||dn — d7,
hence, we have
lim ||T"d,, — d*|| = 0. (3.18)
n—oo
On the other hand, by the supposition that 7" is uniformly L-Lipschitz contin-
uous, thus we get
|7 dy — Ty | < 1Ty — T g | 4+ [T s —
+ ||dn+1 - dn“ + Hdn - TndnH
< (LA Dldosr = dull + 1T i1 = dpa || + [ldy — T"d,|.

(3.19)
From (3.13) and (3.17), we obtain
lim | T+ d,, — T"d,|| = 0. (3.20)
Further, we have
17"y — [} < |7 dn = T7du || + [Ty — d7]].
By (3.18) and (2.20), we get
Jim T d,, — d*|| = 0, (3.21)

Owing to the closedness of T', it yields that T'd* = d*, i.e., d* € F(T). From
(3.6), we obtain

_ GmllG1D*
q

(Vn NGd, — PQGdan < Ap(dna y) — Ap(wn,y).
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By (3.15), we have
lim ||Gd,, — PoGd,|| = 0. (3.22)
n—oo

In addition, from (2.3), we get
|Gd* — PoGd*|[P = (T8, (Gd* — PoGd*), Gd* — PoGd”)
= (T, (Gd" — PoGd"), Gd" — Gd,)
+ (T (Gd" — PaGd*), Gd,, — PoGd,)
+(JB(Gd* — PoGd"), PyGd,, — PoGd)
< (T, (Gd" — PoGd"),Gd" — Gd,,)
+ (Jp,(Gd™ — PoGd"), Gd, — PpGd,).

By (3.22) and Gd,, - Gd* as n — oo, we have ||Gd* — PoGd*||P? — 0(as n —
00), this implies that Gd* € ) . Thus, we conclude that d,, — d* € T.
Since d,, = llg,dy and I' C C,,, so, by (2.4), we have

(Tpdi — T dn,y —dp) <0 yel. (3.23)
By setting n — oo in (3.23), we have
(Jhdy— Jhd'y—d) <0 yeT. (3.24)

which implies that d* = IIrd;. This completes the proof.

4 Application to Split feasibility problem and
equilibrium problem

Here, we use Theorem3.1 to solve the following problem,

find d* € Ey such that F(d*,w)>0, and Gd*€Q, Ywée€ Ej,
(4.1)
where () is a nonempty closed and convex subset of E,, F; and Es are p-
uniformly convex and p-uniformly smooth real Banach spaces, G : Ey — FEj

is a bounded linear operator, F' : Fy x E; — R is a bi-function satisfying the
following conditions (A1)-(A4).

(A1) F(d,d)=0,Vd € F ;
(A2) F is monotone, that is, F'(d,e) + F(e,d) < 0,Vd,e € Ey;

(A3) For all d,e,w € Ey, limyyo F(tw + (1 —t)d,e) < F(d,e);
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(A4) For each d € Fy, the function e — F(d,e) is convex and lower semi-
continuous.

The resolvent mapping of F' is defined as
Resp(d) ={w € By : F(w,e) + (e —w, Jpw — Jp d) > 0,Ve € Ey}.

EP(F) is the solution set of the equilibrium problem of F(d*,w) > 0. Then
the following assertions hold [24]:

(a) Resp is single-valued ;

(b) Resp is a Bregman firmly nonexpansive mapping;

(¢) F(Resp) = EP(F);
) E

(d) EP(F) is closed and convex.

Furthermore, we get F(Resp) = ﬁ(ResF) from [22] and hence RespF' is
a relatively nonexpansive mapping. So, as a consequence of Theorem 3.1, we
have the following result.

Theorem 4.1 Let E;, Ey be two p-uniformly convex and uniformly smooth
real Banach spaces. Let () be nonempty closed and convex subsets of 5. Let
G : By — FE5, be a bounded linear operators and G* : E5 — E7 be the adjoint
operator of G. Let F': E; X Fy — R be bi-function satisfying the condition
(A1)-(A4) and Resp be the resolvent mapping of F. Let d; € E; and Cy = Ej,
and {d,} be a sequence generated by

— T b — G T (G — PoGdy)) 1> 1
= jg* [y T, wn 4 (1 — a,) T, Respd,)
v = {0 € O Dyl ) < Dyld 0); Ayl ) < Ayldy, )}
dn+1 g, di,

n+1

(4.2)

where Py is the metric projection of By onto @, {a,,} C [k,1] C (0,1) and

{7} C la,b] C (0, (C fer) ). U ={y € EP(F): Gy € Q} # (), then the
sequence {d, } converges strongly to a point IIpd;.
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