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Abstract

In [1] the author proves that by starting from two projectively equiv-
alent curves in two independent spaces, a 2-dimensional ruled variety
can be generated by the lines joining corresponding points of the two
curves, the order of the variety being the sum of the orders of them.
In this note we prove that result can be extended to any pair of pro-
jectively equivalent irreducible varieties of same dimension lying in two
complementary spaces.
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1 Introduction

In [5] we introduced varieties arising as partial ruled sets by connecting cor-
responding points of two projectively equivalent (or, in birational correspon-
dence) varieties lying in two independent spaces. We fix two complementary
subspaces S, S ′ of PG(r, q) and we choose two projectively equivalent vari-
eties V ⊂ S and V’ ⊂ S ′. Then consider the partial ruled set V arising by
connecting corresponding points of V and V’, respectively.

In [1] the author proves that a ruled variety V r−1
2 of a projective r-dimensional

space can be generated by the lines joining the points of two curves Cm and
Cr−m−1 of two complementary subspaces and in birational correspondence (cf.
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[1], p.290, 7). That is, the variety V r−1
2 is a partial ruled set whose order r− 1

is just the sum of the order of the two curves.
A conjecture has been expressed in [5] (p.2, Introduction), if the result could

be extended to the variety partial ruled set arising from any two projectively
equivalent varieties lying in two complementary spaces.

In this note we prove the conjecture is true, so that from two projectively
equivalent irreducible varieties V m

k and V n
k of dimension k and of order m and

n, respectively, lying in two complementary spaces, the ruled set arising by
connecting corresponding points is a variety Vm+n

k+1 of dimension k + 1 and of
order m + n.

2 Preliminary Notes

Let F = GF (q) be a finite field, q = ps, p prime. Denote F n+1, n ≥ 2,
the (n + 1)-dimensional vector space over F , P n = PrF n+1 = PG(n, q) the
n-dimensional projective space contraction of F n+1 over F . Let F be the
algebraic closure of the field F = GF (q).

Denote Sr with r ≤ n− 1 a subspace of P n of dimension r. A hyperplane
Sn−1 will be denoted also H.

The geometry P n is considered a sub-geometry of P n, the projective ge-
ometry over F . We refer to the points of P n as the rational points of P n.

Choose a coordinate system in P n so that it is a coordinate system for P
n

too, denote a point P ≈ (x0, x1, ..., xn) := F
∗
(x0, x1, ..., xn), F

∗
= F \ {0}.

P is a rational point if there exists (x0, x1, ..., xn) ∈ F n+1 such that P ≈
(x0, x1, ..., xn).

Definition 2.1 A variety V v
u of dimension u and of order v of P n is the

set of the rational points of a projective variety V
v

u of P
n

defined by a finite
set of polynomials of F [x0, . . . , xn]. If u = 1, V v

1 is a curve, if u = 2, V v
2 is a

surface, if u > 2, V v
u is a hypersurface.

The dimension u of V v
u is the number of coordinates that can be arbitrarily

assigned. In the finite case it is the degree of the polynomial in q representing
the number of the points of the variety. The order v of V v

u is the number of
the points that a subspace Sn−u of P n has in common with V v

u (cf.[1], p.190).

Lemma 2.2 A subspace Si of P n, with i ≥ n − u meets V v
u in a variety

V v
i+u−n.

Proof. See [1], p.191.
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Lemma 2.3 In P n the intersection of an irreducible variety V v
u with a sub-

space Sn−u+t, t > 0, is an irreducible variety V v
t .

Proof. See [1], p.192.

Note - From Lemmas 2.2 and 2.3 follows that a hyperplane H of P n meets
V v
u in a variety V v

u−1. A subspace Si of dimension i = n− u + 1 meets V v
u in a

curve V v
1 . That means the order of a variety is preserved with respect to the

dimension of the subspaces that meet it.

In [1], p.290, 7.- is proved the following result

Lemma 2.4 The ruled variety generated by the lines connecting the points
of two birationally equivalent curves has order the sum of the orders of the
curves minus the number of the fixed points if any.

Definition 2.5 Two varieties V v
u and V v′

u′ are birationally (or, projectively)
equivalent if there exist rational bijective functions (or, projectivities) between
the points of V v

u and the points of V v′
u′ . In such a case u′ = u.

Definition 2.6 The incidence hull X of a subset X of points of P n is the
set of all lines joining the points of X. The joining line of two points P,Q is
P,Q := {P,Q}.

In P n = PG(n, q) consider two complementary subspaces S,S ′ and two
subsets K ⊂ S and K′ ⊂ S ′.

Set R = {X ∈ l = P, P ′ | P ∈ K, P ′ ∈ K′}, that is, the set of the points
lying in the lines l = P, P ′. Then X :=

⋃
X∈R

X is called a ruled set.

Definition 2.7 Any subset of X is a partial ruled set.

3 Main Result

Let P r+r′+1 = PG(r + r′ + 1, q) the (r + r′ + 1)-dimensional projective space
over F = GF (q).

In two complementary subspaces Sr and Sr′ choose and fix two projectively
equivalent and irreducible varieties V m

k ⊂ Sr and V n
k ⊂ Sr′ of dimension k and

of order m and n, respectively.
Let f(q) be the polynomial representing |V m

k | = |V n
k |, that is, the number

of the points of each variety, so that k = deg f(q).
Denote V the variety partial ruled set obtained by connecting the corre-

sponding points of V m
k and V n

k .
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Theorem 3.1 The variety V has dimension k + 1 and order m + n.

Proof. Let V be the partial ruled set arising by connecting the correspond-
ing points of V m

k and V n
k respectively. The number of the points of the ruled

variety V is (q + 1)f(q) hence the dimension of V is k + 1.
Let Sh with h = r + r′ − k + 2 be a subspace of P r+r′+1. As from (r + r′ −

k + 2) + r = (r + r′+ 1) + x follows x = r− k + 1, the intersection Sh ∩Sr is a
subspace Sr−k+1. From Lemmas 2.2 and 2.3 we get that Sr−k+1 meets V m

k in
a variety V m

(r−k+1)+k−r = V m
1 , that is, a curve of order m.

Analogously we get that the intersection Sh ∩ Sr′ is a subspace Sr′−k+1 (as
(r + r′− k + 2) + r′ = (r + r′+ 1) + x). From Lemmas 2.2 and 2.3 follows that
Sr′−k+1 meets V n

k in a variety V n
(r′−k+1)+k−r′ = V n

1 that is a curve of order n.
Denote V the ruled variety Sr+r′−k+2 ∩V consisting of the lines connecting

the points of V m
1 and V n

1 . It has dimension 2 and, from Lemma 2.4, order
m + n. Hence, from Lemmas 2.2, 2.3 and the Note, follows that m + n is also
the order of V .

Example Let S4 and S3 be two complementary subspaces of PG(8, q). In
S4 choose and fix the variety V 3

2 , in S3 choose and fix the hyperbolic quadric
V 2
2 . It is known from [4], Section 3.5, that V 3

2 is the partial ruled set of the
lines connecting the corresponding points of two projectively equivalent direc-
trices, a conic and a line lying in two complementary subspaces (cf. [1], p.290).
Moreover V 3

2 consists of (q + 1)2 points and a 3-dimensional subspace meets
V 3
2 in a cubic curve (cf. [4], Section 3.5, pp. 90–94). The quadric V 2

2 consists
of (q + 1)2 points and a plane meets it in a conic (cf. [2], pp. 23–26). Let S7

be a hyperplane of PG(8, q). It is S7 ∩ S4 = S3. Denote C3 the cubic curve
S3 ∩ V 3

2 . It is S7 ∩ S3 = S2, such a plane S2 meets V 2
2 in a conic C2. The

partial ruled variety V of the lines connecting corresponding points of C3 and
C2 consists of (q + 1)3 points, that is, the dimension of V is 3. From Theorem
3.1 the order of V is 3 + 2 = 5.
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