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Abstract

In this study, we present the Fremlin projective tensor product of
Banach d-algebras and Banach almost f-algebras. We prove that the
Fremlin projective tensor product of two Banach d-algebras A and B is
a Banach d-algebra containing Riesz tensor product AQB of A, B as
a d-algebra. Also, we show that the Fremlin projective tensor product
of Banach almost f-algebras A and B is a Banach almost f-algebra
containing Riesz tensor product AQB of A and B as an almost f-
algebra.
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1 Introduction

D.H. Fremlin introduced the tensor product of Archimedean Riesz spaces in
[6] and projective tensor product of Banach lattices in [7]. A lot of mathemati-
cians such as Grobler, Ben Amor, Buskes and so on studied in this subject.
The tensor product of Archimedean ordered vector spaces was introduced by
Grobler et al in [§8]. Ben Amor proved in [2] that the tensor product of two
d-algebras is also a d-algebra.The result that the Fremlin tensor product of two
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f-algebras is an f-algebra is due to Azouzi et al in [3]. For more information
for almost f-algebras and d-algebras, we can refer to the paper in [4]. That
the Fremlin tensor product of two f-algebras is an f-algebra was introduced by
Buskes et al in [5] by different method.

In [9], Jaber proved that the Fremlin projective tensor product of Banach f-
algebras A, B is a Banach f-algebra. Here, we show that the Fremlin projective
tensor product of Banach d-algebras A and B is a Banach d-algebra and also
the Fremlin projective tensor product of Banach almost f-algebras A and B
is a Banach almost f-algebra. Therefore, we have shown that the results of
Jaber [9] are also true for Banach d-algebras and Banach almost f-algebras.

We refer to the books [1], [10] for unexplained terminology and notation..

2 Preliminaries

A real vector space E is called a Riesz space (vector lattice) if it is linearly
ordered and the infimum and supremum of the set {x,y} exist for every z,y €
E. We use the notations V, A for supremum and infimum, respectively. The
set Bt = {x € E : x > 0} denotes the positive cone of a Riesz space E. A
Riesz space F is called Dedekind complete if every subset that has an upper
bound has a least upper bound(supremum). Dedekind complete Riesz spaces
are certainly Archimedean. The absolute value( modulus) of z € E is defined
by the formula : |z| = 2V —z. A norm ||.|| on a vector lattice E is called a
lattice norm if |x| < |y| implies ||z|| < ||y|| for all z,y € E. A vector lattice is
called a normed vector lattice if it has a lattice norm. We say that a Banach
lattice is a normed complete vector lattice.

Definition 2.1 A linear operator T : E — F between vector lattices E, F
is called Riesz homomorphism (lattice homomorphism) if |T'(z)| = T(|x|) holds
for every x € E. A linear operator T : E — F' between vector lattices E, F is
said to be positive if Tx € FT whenever x € ET.

Notice that a lattice homomorphism is positive.

Definition 2.2 Let E, F, G be Archimedean vector lattices. A bilinear map
U : Ex F — G is called positive if V(x,y) € G for every x € Et,y € F*.
A bilinear map V : E x F' — G is said to be lattice(Riesz) bimorphism if
U(lz|, |ly|]) = |V (z,y)| holds for all z € E,y € F.

Assume that any Archimedean vector lattices ' and F are given. Then,it
can be constructed an Archimedean vector lattice EQF called Fremlin tensor
product and a map ® : £ x ' — EQF such that the following properties
hold in [6]:
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1. @ is a Riesz bimorphism and represents algebraic tensor product £ @ F
as a linear subspace of EQF.

2.If G is any Archimedean vector lattice, then there is a one-one correspon-
dence between Riesz bimorphisms ¥ : F x F' — G and lattice homomorphism
7: EQF — G given by ¥ = 7.

3. EQF is dense in EQF in the sense that for any v € EQF there
exist o € BT,y € F* such that for every 6 > 0 there is a v € EQF with
lu —v] < dxo & yo.

4. If uw € EQF, then there exist o € ET and yg € F' such that |u] <
Zo & Yo- o o

5. EQ F is order dense in FQF' in the sense that for any 0 < u € EQF
there exist z > 0in ', y > 0 in F' such that 0 < z ® y < u.

6. If G is any Archimedean vector lattice and ® : E x F' — G is a Riesz
bimorphism such that ®(z,y) > 0 whenever > 0 in E and y > 0 in F, then
EQF may be identified with the Riesz subspace of G generated by ®[F x F].

7. If G is a uniformly complete Archimedean vector lattice, then there is
a 1 — 1 correspondence between positive bilinear maps ® : £ x F' — G and
increasing linear maps 7 : EQF — G given by ® = 7®.

Let us take F, F' as Banach lattices, [7].

8. E® F is dense in the Riesz tensor product EQF for any topology on
EQ®F defined by a Riesz norm.

9. If G is any Banach lattice and ® : Ex F' — ( is a Riesz bimorphism and
7: EQF — G is the corresponding Riesz homomorphism, then the closure of
7(E® F) in G is equal to the closure of 7(EQF), so is a closed Riesz subspace
of G and is a Banach lattice.

10. If E and F' are Banach lattices, the positive projective norm ||. || on
E Q@ F is defined by

|ulljx = sup{||@]| : ¢ @ positive bilinear function on EXF,|¢| <1}

where ¢ runs over all positive bilinear maps from E x F' to all Banach lattices
G,p: FEQF — G is in each case the linear map corresponding to ¢ and

lell = sup{le(z, y)| - lz <1, [lyll < 1}

for each ¢ .

11. If E, F are Banach lattices, EQ®F is the completion of £'@ F' under
the norm ||. |||

The Riesz space structure of EQF:

Let E, F be Banach lattices. Then ||.[||z is a norm on £ ® F', so EQF is a

Banach space, and there is a unique Riesz space structure on EQ®F such that
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a.E@F is a Banach lattice, and @ : X F' — E@F is a Riesz bimorphism,

b. The positive cone in E@F is the closure in E@F of thecone PC EQ F
generated by {r @ y:x € Et )y € FT},

c. For any Banach lattice G , there is a 1 — 1 norm preserving corre-
spondence between continuous positive bilinear maps ¢ : EQF — G and
continuous increasing linear maps 7 : EQF — G given by ¢ = 7Q

d. 7 is a Riesz homomorphism if and only if ¢ is a Riesz bimorphism,

e. 2@ yllw = 2lllly] for every = € B,y € F,

f. EQF is naturally embedded as a norm-dense Riesz subspace of E@F
and for v inEQF,

ullix = inf O Nwillllyill = i € BV g € FYVi <y ful <3 s @y}

i<n i<n

g. For any u € E@F,

lullim = inf {3 Nwilllyall : 2 € BV i € Vi€ N Jul < 3 i @y}
1EN 1EN

Let us recall that a Banach lattice is a Banach lattice algebra if it is a
Banach algebra where the multiplication of positive elements is positive.

In [9], for any given Banach lattice algebras F and F', the Fremlin projective
tensor product E@MﬂF is a Banach lattice algebra with the following universal
property:

For every Banach lattice algebra G and for every positive (continuous),
multiplicative bilinear map ¥ : E x F' — G there exists a unique positive
algebra homomorphism 7 : E@WF — E@WF for which ¥(z,y) = 7(z ® y)
for every x € E,y € F. In [9], Jaber proved that for given Banach f-algebras
FE and F', the Fremlin projective tensor product E®WF is a Banach f-algebra.
We denote by E®|W|F the completion of F@ F' with respect to the positive

projective norm ||.||jz. Fremlin in [7] proved that E@WF is a Banach lattice
called the Fremlin projective tensor product of £ and F.

3 Results and Discussion

Definition 3.1 A Banach lattice algebra A is called a Banach f-algebra if
rAy=0and z € A" imply zx Ny =22z Ay = 0.

For example, the algebra C'(K) of all real-valued continuous functions on
a compact Hausdorff space K is a Banach f-algebra.
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Definition 3.2 A Banach lattice algebra A is said to be a Banach d-algebra
ife ANy=0 and z € AT imply zx N\ zy = x2 ANyz = 0.

Definition 3.3 A Banach lattice algebra A is called a Banach almost f-
algebra if t ANy =0 in A implies x.y = 0.

Theorem 3.4 [9] Let A be a normed f-algebra. Then, the completion A of
A is a Banach f-algebra containing A as an f-subalgebra.

_ Theorem 3.5 Assume that A is a normed d-algebra. Then, the completion
A of A is a Banach d-algebra containing A as a d-subalgebra.

Proof. It is clear that the norm completion A of A is a Banach lattice and
a Banach algebra.Let 0 < z,5 € A. So, there are sequences (z,), (y,) in A
satisfying (z,) converging to z and (y,,) converging to y. Since x,y are positive,
we can assume that sequences (x,,), (y,) are positive.Since (x,y,) converges to
zy and the multiplication of x,, and y, is positive , we get that ry is positive.
Our claim is that A is a _d-algebra. Let us take elements z,y € A satisfying
zAy=0and0<ze A Firstly, let z € A. There are sequences (), (yn)
in A satisfying (z,) converging to x and (y,) converging to y. By using the
continuity of lattice operations, we get

T Ny —=x ANy =0.

From the following inequality,

for every natural number n, we have

|z A ynll < llyn — yll + |20 Ayll

converging to zero. Assume that u, = (x, — y,)" and v, = (2, — y,)~ for
every natural number n. Again, by using the continuity of lattice operations,
we obtain u,, — = and v,, — y. since A is a d-algebra, it follows from u,, Av, = 0
that

ZUy N\ 205 = Upz N Uz = 0

for every natural number n. Since zu, A zv, converges to zx A zy = 0 and
Upz N\ U,z converges to rz A yz =0
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Let 0 < z € A. There is a sequence 0 < (z,) in A converging to z. By
before, we have

Zn® N\ 2pyy = x2p Nyzp =0

for all natural number n. As n — oo, we get that zx A zy = z2 A yz = 0.

Theorem 3.6 Assume that A is a normed almost f-algebra. Then, the
completion A of A is a Banach almost f-algebra containing A as an almost
f-subalgebra.

Proof. It is clear that the norm completion A of A is a Banach lattice
and a Banach algebra.Let 0 < z,y € A. So, there are sequences (), (yn)
in A satisfying (z,,) converging to x and (y,) converging to y. Since x,y are
positive, we can assume that sequences (x,), (y,) are positive.Since (z,yn)
converges to xy and the multiplication of x,, and y,, is positive , we get that xy
is positive. Our claim is that A is an almost f-algebra. Let us take elements
z,y € A satisfying Ay = 0. There are sequences (n), (yn) in A satisfying
(x,) converging to x and (y,) converging to y. By using the continuity of
lattice operations, we get

T Ny = ANy =0.

From the following inequality,
[T AYn| = [Tn AYn — T Ay + T Ay < |20 AYn — 20 Ayl + |20 A Y|

Slyn_y|+|$n/\y|

for every natural number n, we have

Hxn A ynH < Hyn - y” + H$n A y”

converging to zero. Assume that u, = (x, — y,)" and v, = (x, — y,)~ for
every natural number n. Again, by using the continuity of lattice operations,
we obtain u, — = and v, — y. Since A is an almost f-algebra, it follows from
U, A v, = 0 for every natural number n that

Uy N\ Uy = Up. Uy, = 0

converges to 0.
Since uy.v, converges to 0 and u,.v, converges to x.y by the uniqueness of
limits, x.y = 0. It shows that A is a Banach almost f-algebra.
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Let Banach lattice algebras E and F' be given. The algebraic tensor product
E @ F can be given by a canonical algebra product satisfying (a ®b).(c®d) =
ac ® bd for every a,c € E and b,d € F.

We can extend this multiplication to a Banach lattice algebra product on
the Fremlin projective tensor product E@WF , [9]. We need the following
information about multiplication in [9].

Define for a given a € A and b € B the bilinear map

Loy: Ax B = AQ B

by Lap(z,y) = ar @by for every © € A,y € B. Let us assume that a € A*,b €
B*. So, L,y is a positive bilinear map. By using the equality,

1z @ yllim = ]yl
for all x € A, y € B, we get

[Las(2,y)lx) = llaz @ byl = llaz([[[by]]

< llallli=[[l1of Nyl

This shows that L, is continuous and || Lp|| < ||z]|]y]|-

By the universal property of the Banach lattice tensor product, there is a
unique continuous linear map

Aap : AQ B — AQ)r B such that (a®b).(x®@y) = Lap(7,y) = Aap(z@y)
for all x € A,y € B and ||Aupll < |la||||b]]. Notice that A, is the unique
continuous linear map on A@hﬂB satisfying

Aap(z®@y) = (a®Db) * (r ®y) and then the map R : A x B — A®|W|B
is a positive bilinear map. Let v € A@WB . Let us consider the bilinear map
R, : Ax B — AQ;B by R,(a,b) = Ap(v) for all (a,b) € Ax B. R, is
continuous . For every 0 < v € A®|W‘B there is a unique positive linear map
o A®|W\B — A@MﬂB such that p,(a ® b) = R,(a,b) for all (a,b) € A x B.
Hence, p, is a positive map for every 0 < v € A@WB and the map v — p, is
linear.

We introduce a multiplication x on A®‘W|B. For every u,v € A@hr‘B,
we define u x v by p,(v) = v *u. This multiplication extends the canonical
multiplication on AQ B.

Theorem 3.7 [9] Let A and B be Banach lattice algebras. Then, the Frem-
lin projective tensor product AQ- B is a Banach lattice algebra which contains
AQ B as a subalgebra with respect to the multiplication *.
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Theorem 3.8 (9] Assume that A and B are Banach f-algebras. Then, the
Fremlin projective tensor product AQ)-B is a Banach f-algebra that contains
AQDB as an f-algebra.

Theorem 3.9 The Riesz tensor product AQB of Banach d-algebras A, B
is a normed d-algebra with respect to the positive projective norm |||z

Proof. Since A and B are Archimedean d-algebras, the Riesz tensor product
AQ®DB can be endowed with a d-algebra product denoted by . which extends
the algebraic multiplication. So, it is enough to show that u.v = uxwv for every
u,v € AQB. We claim that this multiplication is true for all u,v € AQB.
Clearly, this multiplication is true for all u,v € AQ B. Let u € AQB. By [T7]
, there exist 0 < a € A and 0 < b € B and a sequence u,, in A@ B such that
lu—u,| < La®0 for all natural numbers n = 1,2,3, ... So, for all v € A® B,
we have

luv — uy, x 0| = [uw — uyv| < L(a @ b)|v| for all natural numbers n =
1,2,3,.... It implies that the sequence (u, * v) converges in A®|W|B to u.v.

Also, (u, xv) converges to (u*v) in A@WB. By the uniqueness of limits, we
have u.v = uxv for all u € AQB and v € A® B. We conclude that u.v = u*v
true for all u,v € AQB.

Theorem 3.10 Assume that A and B are Banach d-algebras. Then, the
Fremlin projective tensor product AQ) . B is a Banach d-algebra containing
Riesz tensor product AQB of d-algebras A and B as a d-algebra.

Proof. It is known that the vector lattice tensor product AQB of A and
B is a d-algebra, [2]. So,the norm completion A®|W|B of AQB is a Banach
d-algebra by Theorem 3.5 .

A vector lattice is called laterally complete whenever every set of pairwise
disjoint positive elements has a supremum. A Riesz space that is both lat-
erally complete and Dedekind complete is called a universally complete Riesz
space.If £ is an Archimedean Riesz space, then there exists a unique (up to a
lattice isomorphism) universally complete Riesz space E" called the universal
completion of E such that E is Riesz isomorphic to an order dense Riesz sub-
space of E*. Identifying F with its copy in E*, we have the Riesz subspace
inclusion £ C E* with E order dense in E*. The Dedekind completion E°
of E can be identified with the ideal generated by F in E“, and we get the
Riesz subspace inclusions E C E° C E*with E order dense in E*. The vector
lattice E" is of the form C'*°(X) for some Hausdorff , extremally disconnected,
compact topological space X. C*°(X), with X extremally disconnected, under
the pointwise multiplication is an Archimedean f-algebra with unit element
the constant function one. That is, E* = C*(X).
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Definition 3.11 Let E and F be Archimedean Riesz spaces and
O:ExE—F

be a bilinear mapping ® s called an orthosymmetric mapping if x L y implies
O(z,y) =0 for every x,y € E, where x L y means |x| A |y| = 0.

It is known that every symmetric mapping is an orthosymmetric mapping.
In the commutative case, they are identical.

Let A and B be almost f-algebras. We denote by A* and B* the universally
completion of A and B. Here, A* and B* are f-algebras. So, A*“®B" is an
f-algebra, [3], [5]. Consider the bilinear mapping ¥ : AQB x AQB — A“®B"
defined by ¥(u,v) = u.v for every u,v € AQB.

Theorem 3.12 The Riesz tensor product of almost f-algebras A and B is
an almost f-algebra.

Proof. Every Archimedean f-algebra is commutative, [10]. In this reason
, the mapping ¥ is symmetric and so it is an orthosymmetric mapping. Since
A®B is a subspace of the A*®B, it follows that ¥(u,v) = u.v = 0 for every
u,v € AQDB with u L v. Hence, AQB is an almost f-algebra.

Theorem 3.13 The Riesz tensor product AQDB of Banach almost f-algebras
A, B is a normed almost f-algebra with respect to the positive projection norm

(R

Proof. The proof of this result is similar to that of Theorem 3.9. Hence,
we omit it.

Theorem 3.14 Assume that A and B are Banach almost f-algebras. Then,
the Fremlin projective tensor product of A and B is a Banach almost f-algebra
and contains the Riesz tensor product AQB as an almost f-algebra.

Proof. The Riesz tensor product AQB of almost f-algebras A,AB is an
almost f-algebra by Theorem 3.12 . So, the norm completion A B of
AQ®DB is a Banach almost f-algebra by Theorem 3.6 .
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