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Abstract

In 2011, W. Lang derived a novel, explicit formula for the sum of
powers of integers Sy (n) = 1¥ + 2F 4+ ... + n* involving simultaneously
the Stirling numbers of the first and second kind. In this paper, we first
recall and then slightly refine Lang’s formula for Si(n). As it turns out,
the refined Lang’s formula constitutes a special case of a well-known
relationship between the power sums, the elementary symmetric func-
tions, and the complete homogeneous symmetric functions. In addition,
we provide several applications of this general relationship.
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1 Introduction

For integers n > 1 and k > 0, let Si(n) denote the sum of the k-th powers of
the first n positive integers 1% + 2% + ... + nF. In a 2011 technical note [7],
W. Lang derived the following explicit formula for Si(n) (in our notation):

min (k,n—1)

S-S Coreem| PO REEL )

n+1l-—m n

m=0

see [7, Equation (10)], where m and {f} denote the (unsigned) Stirling num-
bers of the first and second kind, respectively.
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For completeness and for its intrinsic interest, in Section 2, we outline the
proof of formula (1) as given by Lang. Then, in Section 3, we slightly refine
Lang’s formula (1). The refinement made essentially amounts to the removal
of n from the factor (n—m). In Section 4, we show that the refined Lang’s for-
mula arises as a direct consequence of the Newton-Girard identities involving
the power sums Si(n) and the elementary symmetric functions with natu-
ral arguments. In Section 5, we point out that, actually, the refined Lang’s
formula constitutes a special case of a well-known relationship between the
power sums, the elementary symmetric functions, and the complete homoge-
neous symmetric functions. We then look at several applications of this general
relationship, which, in the context of this paper, we refer to as the generalized
Lang’s formula.

2 Proof of Lang’s formula
Following Lang’s own derivation [7], next we give a simplified proof sketch of
formula (1). We start with the ordinary generating function of Si(n), i.e.

n

- 1
;1’“—{—2]‘3 .+nk)xkzzl_]_x.

=1

This generating function can be rewritten in the form

Po(z)
[T (1= jz)’

where P, (z) is the following polynomial in = of degree n — 1 with coefficients
P, ,:

Gn(x) = (2)

n n n—1
=> JJa-12)=> P (3)
j=1 é;ﬁ} r=0

Hence, noting that ﬁ = > o {" T ha™, from (2) and (3) it follows

=1 1—jx)
that ( :
min (k,n—1
. n+k—m
S = P, ) 4
=3 Ra{" T (@)

Now, as pointed out by Lang [7], the elementary symmetric functions
om(1,2,...,n) enter the scene because we have that

H (1—jx) Z(—l)mam(l,Q,...,n)xm, (5)
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with 0g = 1. In view of (3) and (5), it is clear that, by symmetry, P, (z) must
be of the form

i
L

P,(x) = Com(—1)"0m(1,2,...,n)z™,
0

3
]

for certain positive integer coefficients (), ,,,. Indeed, it can be seen that

Pn,0:n7
Pop=n—-1)(1)1+2+-+n)=(n—1)(-1)o1(1,2,...,n),
Poo=mn—-2)(1-241-34+ -+ (n—1)n)=(n—2)0z(1,2,...,n),

and, in general,

Pom = ") Cymo (12 ) = (0= m) (=) on (1,2, ),

so that C,,,, =n —m, form=0,1,...,n — 1.
Therefore, recalling (4), and invoking the well-known relationship o,,(1,2,...,n)
[nfﬁm} (see, e.g., [6, Equation (2.6)]), we get (1).

3 A refinement of Lang’s formula

Having considered Lang’s original formula for the sum of powers of integers,
we show that this formula can be simplified somewhat. To see this, we write
(1) in the equivalent form

S(n) = nminz(:w(—l)m Lff_l m} {n " ];_ m}

m=0
min (k,n)
n+1 n+k—m
-1 m—1
+ mz:%( ) m[n+1—m}{ n }’

where the second summation on the right-hand side is zero when k£ = 0 or, in
other words, it applies for the case that £ > 1. Regarding the first summation,
it turns out that

min (k,n)
ml n+1 n+k—-m\|
Z (=1) {n +1-— m} { n } = ko, (6)

m=0

where dj, ¢ is the Kronecker’s delta. This is so because

gt () -
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Consequently, Lang’s original formula (1) can be reduced to

min (k,n

Se(n) = 1 6o + ;)(—1)%14 ntl H”“‘“_m}, (7)

n+1l-—m n

which holds for any integers n > 1 and k£ > 0, and where, as noted above,
the summation on the right-hand side is zero when k£ = 0. Moreover, for the
general case where k£ > 1, formula (7) can in turn be expressed without loss of
generality as

n+1—m n

sk(n)_i:(—l)m—lm[ n+1 Hmk—m} . -

m=1

assuming the natural convention that [n_:‘f_lm} =om(1,2,...,n) =0 whenever
m > n.

4 Connection with the Newton-Girard identi-
ties

As we shall presently see, the refined Lang’s formula for Si(n) in equation
(8) can be readily obtained from the Newton-Girard identities (cf. Exercise 2
of [3]). Let {x1,xs,...,2,} denote a (possibly infinite) set of variables and
let 0,,(x1,22,...,2,) denote the corresponding elementary symmetric func-
tion. Generally speaking, the Newton-Girard identities are, within the ring
of symmetric functions, the connection formulas between the generating sets
{om(z1, 29, ... 2)}r _ and {pn(x1,T2,...,1,)}" _,, where k stands for any
fixed positive integer and the p,,’s stand for the power sums p,, (z1, 2, ..., z,) =
e R

For our purposes here, we focus on the case where x; = i, Vi. Also, to
abbreviate the notation, in what follows we write ¢,,(1,2,...,n) in the short-
ened form o,,(n). Then, for any given positive integer m, the Newton-Girard
identities can be formulated as follows (see, e.g., [5, Equation (5)] and [15,
Theorem 1.2])

: Tm—j(n)Sj(n) + Sp(n) + mo,(n) =0, m>1, (9)

3

J

where 7;(n) = (—1)70;(n), and where the summation on the left-hand side is
zero when m = 1. Thus, letting successively m = 1,2,3,...,k in (9) gives rise
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to the following system of k equations in the unknowns S;(n), Sa(n), ..., Sk(n):

Ek_l(n)Sl(n) + Ek_g(n)SQ(TL) + -+ El(n)Sk_l(n) + Sk(n) = —kﬁk(n),

which can be expressed in matrix form as

1 0 0 0 Si(n) —71(n)
a1(n) 1 0 0 Sy(n) 255 (n)
aa(n)  T1(n) 1 0 Ss(n) | = | —37s(n)

: : 0 : :

or-1(n) Tr-2(n) a1(n) 1 Si(n) —kay(n)

On the other hand, it is easily seen that the orthogonality relation in equation
(6) is equivalent to the matrix identity

-1

1 0 0 0 1 0 0 0
o1(n) 1 0 0 hi(n) 1 0 0
aa(n)  T1(n) 1 o0 = he(n)  hi(n) 1 .0

: : o0 : : - 0

Ek_l(n) Ek_g(n) 61 (n) 1 hk_l(n) hk_2<n) tee hl(n) 1

where hi(n) = {"Zk} and ho(n) = 1. Hence, it follows that

Si(n) 1 0 0 0 —71(n)
Sa(n) hy(n) 1 0 0| | —202(n)
S50 | = | hyn)  hi(n) 1 0| | —37s(n)
: : P :
Si(n) hi-1(n) hgo(n) -+ hi(n) 1 —koy(n)

Finally, solving for S(n), we obtain

which is just equation (8).
We conclude this section with the following two remarks.



62 J. L. Cereceda

Remark 4.1. The Newton-Girard identities (9) can equally be written as
the recurrence formula

m—1
Sm(n) = (=1)" 'mom(n) = > (=1)0;(n)Sm—j(n), m>1,
7j=1
giving Sy, (n) in terms of o1(n),o2(n),...,on(n) and the earlier power sums
Si(n), j=1,2,...,m—1. This recurrence formula may be compared with the

following one appearing in [3, Remark 3]:

S(n) = m (”*m) }:% VSm_s(n), m>1.

m-+1

Remark 4.2. It is to be noted that the formula for Sk(n) in equation (8)
was (re)discovered by Merca in [8, Theorem 1] by manipulating the formal
power series for the Stirling numbers.

5 Generalized Lang’s formula

The proof given in the preceding section of formula (8) naturally generalizes
to arbitrary elementary symmetric functions o,,(z1, za,. .., x,), complete ho-
mogenous symmetric functions h,,(x1, xe, ..., x,), and associated power sums
Pm(T1, T2, ..., x,) as follows

k

pr(z1, 29, .., Ty Z )" o, (21, T, T P (1, T2, - T,

m=1
(10)

which becomes equation (8) when x; = i, Vi. The generalized Lang’s formula
(10) constitutes a well-known result in the theory of symmetric functions (see,
e.g., [4, Proposition 3.2] and [9, Lemma 2.1] for two recent proofs of formula
(10)). Next, we briefly discuss some other applications of it.

Consider first the case in which z; = 1, Vi. Then, recalling that o,,(1,1,...,1)
() and hy(1,1,...,1) = ("*™1), from (10) we obtain the identity

St () ()

which holds for any integers k,n > 1. On the other hand, for integers 1 < r <
n, it turns out that the r-Stirling numbers of the first kind are the elementary
symmetric functions of the numbers r, r+1, ..., n, that is, [nf:f_lm} o= Om (T, T+
1,...,n); and the r-Stirling numbers of the second kind are the complete



A refinement of Lang’s formula 63

symmetric functions of the numbers r,r+1, ..., n, that is, {"Zm}r = hp(r,r+
1,...,n) (see [2, Section 5]). Therefore, from (10), we deduce that

k
1 — -1
4+ r+D)" 4 4n m§:1( ) m{n—i—l—m}r{ o ;

where [nff_lm}r = op(r,r+1,...,n) = 0 whenever m > n + 1 — r. Clearly,

the last equation reduces to (8) when r = 1. A further generalization of (8) in
terms of the r-Whitney numbers of both kinds and the Bernoulli polynomials
can be found in [10].

As another application of equation (10), we can evaluate the sum of even
powers of the first n positive integers by using the fact that (see [11])

u(n+1,n+1—m)=(—1)"0,,(1%,2% ...,n%),
and
Un+m,n) = h,(12,2%,...,n?),

where u(n, k) [respectively, U(n, k)] are the central factorial numbers of the
first [respectively, second] kind with even indices. Therefore, we have [11,
Theorem 1.1]

k
12k+22k+--~+n2k:—Zmu(n—l—1,n+1—m)U(n+kJ—m,n).

m=1
Likewise, noting that (see [11])
v(n,n —m) = (=1)"0,,(1%,3%, ..., (2n — 1)?),

and
Vin—1+m,n—1)=h,(1%23%...,(2n —1)?),

where v(n, k) [respectively, V(n, k)] are the central factorial numbers of the
first [respectively, second] kind with odd indices, we can evaluate the sum of
even powers of the first n odd integers as follows

k
12k+32k+---+(2n—1)2k:—va(n,n—m)‘/(n—1+k—m,n—1).
m=1

Remark 5.1. Incidentally, the above power sum can alternatively be ex-
pressed as the following polynomial in n:

9% L ok 41 1N\ .,
126 192 o 4 (9 — 1)2F — Bor (_) 2j+1
+3*"+---+(2n—-1) 2k+1j§zo 9j+1)P#2\5 ner,

where By(3) denotes the Bernoulli polynomial By(z) evaluated at x = 5.
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n\j |0 1 2 3 4 5 6 7
0 |1

1|0 1

2 |0 —2 1

310 12 -8 1

4 10 —144 108 —20 1

5 10 2880 —2304 508 —40 1

6 |0 —86400 72000 —17544 1708 —70 1
7 |0 3628800 —3110400 808848 —89280 4648 —112 1

Table 1: The LS numbers of the first kind, Ps,(lj), up ton ="7.

Our next application concerns the so-called Legendre-Stirling (LS) numbers

of the first and second kind, which, following [1], we denote by Ps{’ and PSS,
respectively. It is assumed that n and j are non-negative integers fulfilling
0 < j <mn. Table 1 (2) displays the first few LS numbers of the first (second)
kind. The LS numbers of the first kind are the elementary symmetric functions
of the numbers 2,6, ..., n(n+ 1), i.e.

Psgfll_k) = (=D*04(2,6,...,n(n + 1)),

whereas the LS numbers of the second kind are the complete symmetric func-
tions of the numbers 2,6,...,n(n+ 1), i.e.

PS™, = h(2,6,...,n(n+1)).
Equivalently, the above two expressions can be written as

Psgﬁ:—ll_k) = (—1)k2k0'k(T1, Ts, ... ,Tn),

and

PSS, =2 (Ty, Ty, ... T,),

n+
n\j|0 1 2 3 4 5 6 7
0 1
1 0 1
2 0 2 1
3 0 4 8 1
4 0 8 52 20 1
) 0 16 320 292 40 1
6 0 32 1936 3824 1092 70 1
7 0 64 11648 47824 25664 3192 112 1

Table 2: The LS numbers of the second kind, PS,(Lj), up ton =171.
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respectively, where T}, = 2 n(n + 1) is the n-th triangular number. Therefore,
we conclude from (10) that

k
1 n m
TE+ T 4+ T = =g D mPsI VPS T (11)
=1

In particular, for £ = 1, we have

n—+ 2 1 n

Let us observe that the sum of the k-th powers of the first n triangular numbers
can also be expressed as

k
1
TE+ T+ + T = >

0 (%8st

1 (k‘> Byijs1(n+1) = Bryja(1)
- k+j+1 '

(12)

Moreover, Merca showed that, see [12, Corollary 1.1] (in our notation)

k
B n+1)
. P (n+1—m) PS _ k—i-j-‘rl (13
;;m St ”M’” @A&ﬂﬁﬁ +z:y k+j+1 (13)

Hence, combining (11) and (13), and taking into account (12), we obtain the
identity

k
Z(_l)] <§) kBi:—;]:_ll = (k + 1])-(2k+2)7 k > ].7
§=0 k+1
where the Bj, are the Bernoulli numbers.

Our last application of the generalized Lang’s formula (10) involves the
Riemann zeta function at positive even integer arguments, ((2k). According
to [13, Equations (2.1) and (3.1)], we have

111 w2k
T Y 14
Uk<12’22’32’ ) 2k + 1) (14)
and
111 2% — 2
hk(ﬁa 2 m ) = WC(%)’ k=1 (15)
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Thus, noting that ((2k) = >° | — L= i (12 %, 3 ) the substitution of
relations (14) and (15) into equation (10) yields the recursive formula
- 2m 7r2
2k) = (—1 k— 1 e 22(m k)+1 2%k —9

(16)
with £ > 1, and where the summation on the right-hand side is zero when
kE=1.

We end this section with the following observations regarding equation (16).

Remark 5.2. The recursive formula (16) was obtained by Merca in [13,
Corollary 4.2] by considering the formal power series associated with the sym-
metric functions (14) and (15). See also [14] for a systematic derivation of
linear recurrence relations for ((2k).

o) =hi(xy,29,...), from (14) and (15) we

Remark 5.3. Since oy (x
= Of course, this result also follows by setting

readily obtain that ((2)
k =1 in equation (16).

1
sl
(3

Remark 5.4. The recursive formula (16) can be correspondingly expressed
in terms of the Bernoulli numbers as follows (cf. [13, Corollary 5.2])

k
2 2k +1 1 1

6 Conclusion

In this paper, we have brought to light an outstanding (though largely un-
noticed) contribution of W. Lang to the subject of the sums of powers of
integers, namely, his formula for Si(n) stated in equation (1). We have shown
that Lang’s original formula (1) can be slightly refined so that the integer vari-
able n can be effectively removed from the factor (n — m), as can be seen by
looking at formula (7). Furthermore, we have shown that the refined Lang’s
formula for Si(n) in equation (8) follows straightforwardly from the Newton-
Girard identities formulated in equation (9). Finally, to broaden the scope of
the present paper, we have examined several extensions of formula (8) achieved
by Merca [9, 10, 11, 12, 13].

Additionally, it should be mentioned that, by considering certain symmet-
ric triples of power series, O’Sullivan [16] provided a natural framework for
studying systematically a variety of combinatorial and number theoretic se-
quences (see, in particular, [16, Example 5.4], where the formula in equation
(8) is obtained by considering a specific symmetric triple).
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