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Abstract

For an associative ring R with identity. We define an element in R to be
strongly nil regular clean or(strongly NR-clean), if it is the sum of a (Von
Neumann) regular and a nilpotent (that commute with each other). R is called
strongly nil regular clean ring if every element of R is strongly nil regular clean.
In this paper, we introduce some characterization and basic properties of this ring.
Also, we studied the relation between strongly nil regular clean and nil regular
clean rings, unit regular rings, m-regular rings and strongly = —regular rings.

Keywords: Clean rings, strongly Nil Regular Clean rings, strongly m —regular
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1 Introduction

Throughout this paper, R denotes associative rings with identity; for a subset
of R, the right (lift) annihilator of  is denoted by (r()) and (I(y)). If y={d}, we
usually abbreviate it to r(d), 1(d). A ring R is said to be von Neumann regular ring
(or just regular) if and only if for each d in R, there exists b in R such that d=dbd
[1]. McCoy in [1], called a ring R is m-regular ring if for each d € R there exist a
positive fixed number m such that d® = d™bd™ is regular for some b € R. A ring
R is said to be strongly m —regular, if for all a in R there exist a positive integer n
such that @® = d"*1b [2]. R is called local ring, if it has exactly one maximal
ideal [3], [4]. Ring R is called clean, if each element d in R can be written as, d =
¢ + u, where ¢ is an idempotent element and u is unit element [5]. Hani in [6],
called a ring R as a Nil Regular Clean or (NR-Clean) if for each element d in R,
there exits r € reg(R) and n. € N(R) such that d = r + n,, ling and long in [7],
define a ring to be a UR-ring if every element is a sum of a unit and a regular. A
ring R is called strongly Nil-clean, if for each element d in R can be written as a
sum of an idempotent and a nilpotent (that commute with each other) [8] [9] [10].
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For a ring R, we will use U(R), N(R), reg(R), J(R) and Id(R) to denote the group
of units, the set of nilpotent elements, the set of regular elements, the Jacobson
radical and the set of idempotent elements of R, respectively.

2 The Strongly Nil Regular Clean Rings

In this section we give the definition of strongly Nil Regular Clean with some
of its characterization and basic properties.

Definition 2.1: An element d in R is said to be strongly Nil Regular Clean or
(strongly NR-Clean element), if it is the sum of a (Von Neumann) regular and a
nilpotent (that commute with each other), R is called strongly Nil Regular Clean
ring if every element of R is strongly Nil Regular Clean.

Example: Zg is strongly NR-clean ring.

Proposition 2.2: If R is strongly NR — Clean ring, then d — @%is NR — Clean
element for all d in R.

Proof: Let r€reg(R), n€ENR), st d=n+71 d2=m+1?=r1%+
2nr +n2 Hence, d—d’=r+n—1r* - Q2m+n?), d—d*=(r—rH) +
(1-2r— n)n, r— r? €reg(R), (1 —2r— n)n € N(R). Therefore, d — d? is
NR — Clean element. #

Corollary 2.3: If R is strongly NR — Clean ring with only [0,1] as regular
element, then @ — d? is nilpotent element.

Proof: by proposition 2.2 d — @? is NR — Clean element that is d —d% =1 —
r+1-2r—n)n=r1(1-r1)+ {1 -2r— n)n. Now,sincer € [0,1], ifr =
0, or r=1, hence r(1—r1) = 0. Therefore, d —d? = (1 —2r — n)n. € N(R).
#

Proposition.2.4: A ring R is strongly NR — Clean if and only if R /J(R) is
‘Boolean and j(R) is nil, and R with only [0,1] as regular element.

Proof: Let d € R, then d — d@? € J(R) by corollary(2.3), as J(R) is nil, there exists
rereg(R), d—r€j(R), hence d=r+ (@—1) is a strongly NR — clean
decomposition. Assume that R is strongly NR — clean ring so R / J(R) is Boolean
by [6, proposition.2.23]. Now let d = 1 + n,, rn. = nr, be strongly NR — clean
decomposition, as R / J(R) is Boolean and n. is nilpotent, it follows that n. € j(R)
thusy = d — n. € J(R), so 1 = 0. Therefore d = n,, is a nilpotent. #

Proposition.2.5: An element @ € R is strongly NR — Clean, if @ is UR —ring and
d — @% is NR — Clean.
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Proof: Let us d=r1+u=(0-1)+(-1+2r+u), be UR-ring
decomposition in R, and d — @2 be NR — Clean. d® = (r + u)? = 1% + 2ru + u?,
and so, d—a’=@C+uw)—-G*+2ru+u’)=C—-1)+ @w—-2ru— u?) =
r(1—-1r)+ 1 —-2r— wu, that is (1 —2r— w) is nilpotent. So d =(1—r1) +
(=14 2r + u) is strongly NR — Clean decomposition in R. #

Proposition 2.6: Let R be a strongly nil clean ring. Then R is strongly NR —
Clean ring and @ — d? is nilpotent.

Proof: Let d be strongly nil clean d = ¢ + n,, n. € N(R) and since ¢ € idem(R),
—d=—¢—n, —e €reg(R),—n € N(R), therefore @ = r + n. which is NR —
Clean. d=e+n,d’=¢e+2en+n? d—d’=e+n—(e+2en+e+
2en+n?)=n—-2en—n?=(1-2¢e—n)neNQR). #

Proposition 2.7: Let R be an m) — regular abelian ring. Then any element d in R
is strongly NR-Clean if there exist r € reg(R), such that., d — r, and every non
zero divisor is nilpotent.

Proof: Since R is m — regular, there exist b € R, and a fixed positive integer m
such that, d™ = d™hd™, and we have by [11, proposition.2.1.12] r(d™b) N
d™R =0, and there exists 0 # x € r(d™b) N d™R, so we get dPbx =0, y =
d™r = d™pd™r = d®bx = 0, but r(d™b) is essential that is, d™R = 0, d™ = 0,
x = 0. Now, to prove that d — r, is a non-zero divisor, let y e R, s.t. (A—1)y =
0, that is dy =1y, but ry € rR = r(d), then dry = 0, but dy € dR and 1y € rR,
thendy =rx € dRNTrR =0, so y € r(d) = rR, therefore dy=0, y=0. Hence d —
r is a non-zero divisor, then by hypothesis d — r is nilpotent so, d — r=n, n, €
N(R). Therefored = n. + 1, #

Proposition 2.8: Let R be CI ring, Then R is strongly = — regular if and only if
it is strongly NR — Clean ring.

Proof: Suppose that R is strongly m —regular then R is strongly NR —
Cleanring, by [theorem 8.3 in 12] we have d =eu+w, w e N(R), eu =1 €
reg(R). Now, assume R is strongly NR — Clean ring, d =1+ n, rn. =nr, n. €
N(R),r € reg(R), and by [12, proposition 5.1.1], eu is strongly regular so, eu =
rand d = eu + n.. Therefore by [12, theorem 8.3] R is strongly m — regular and
u ¢ and n are commutative with each other. #

Proposition 2.9: Let R be an abelian local ring with every zero-divisor is strongly
m — regular, then R is strongly NR — clean ring.

Proof: Let R be a ring with every zero-divisor is strongly = — regular, and let
deR, if dereg(R), then d = d + 0 that is d is a sum of regular and 0 (nilpotent).
Now, if d € reg(R), by hypothesis, deR is strongly & — regular, then there



128 Zubaida M. Ibraheem and Raghad I. Zidan

exists n. € N b € R such that @* = @*** b, b = b?4, let ¢ = b™d"™b", then A"
d®*c,and c=c?a", setv=c+1—a%c,thenv 1 =a"+1-a"c, set f
d"c, then f2 =4a%"c?2 = (@*" c)c=a"c = f € R, choose w = v~! then d" =
fw, let r=1—f and u=r—d+1 choose z=a""wlf—(1+d+--+
d*Drthenuz=F-d+ D@ wilf-QQ+d+--+ada*Hp) =a*wif +
A-ad@+ad+--+d* Hr=Ff+@—-a%r=f+r=1. Like wise zu =1,
then d = r+ (1 — ), where r =1?%, and u € U(R) since R is local then (1 —
u) € N(R). Therefore R is strongly NR — clean ring. #
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