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Abstract 

 

For an associative ring Ɽ with identity. We define an element in Ɽ to be 

strongly nil regular clean or(strongly ƝⱤ-clean), if it is the sum of a (Von 

Neumann) regular and a nilpotent (that commute with each other). Ɽ is called 

strongly nil regular clean ring if every element of Ɽ is strongly nil regular clean. 

In this paper, we introduce some characterization and basic properties of this ring. 

Also, we studied the relation between strongly nil regular clean and nil regular 

clean rings, unit regular rings, ɱ-regular rings and strongly 𝜋 −regular rings. 

 

Keywords: Clean rings, strongly Nil Regular Clean rings, strongly 𝜋 −regular 

rings 

 

1 Introduction 
 

Throughout this paper, Ɽ denotes associative rings with identity; for a subset χ 

of Ɽ, the right (lift) annihilator of χ is denoted by (r(χ)) and (l(χ)). If χ={ƌ}, we 

usually abbreviate it to r(ƌ), l(ƌ). A ring Ɽ is said to be von Neumann regular ring 

(or just regular) if and only if for each ƌ in Ɽ, there exists b in Ɽ such that ƌ=ƌbƌ 

[1]. McCoy in [1], called a ring Ɽ is ɱ-regular ring if for each ƌ ∈ Ɽ there exist a 

positive fixed number ɱ such that ƌɱ = ƌɱ𝑏ƌɱ is regular for some 𝑏 ∈ Ɽ. A ring 

Ɽ is said to be strongly 𝜋 −regular, if for all a in Ɽ there exist a positive integer n 

such that ƌ𝑛 = ƌ𝑛+1𝑏 [2]. Ɽ is called local ring, if it has exactly one maximal 

ideal [3], [4]. Ring Ɽ is called clean, if each element ƌ in Ɽ can be written as, ƌ =
ҿ + 𝑢, where ҿ is an idempotent element and u is unit element [5]. Hani in [6], 

called a ring Ɽ as a Nil Regular Clean or (ƝⱤ-Clean) if for each element ƌ in Ɽ, 

there exits ᶉ ∈ 𝑟𝑒𝑔(Ɽ) and ȵ ∈ Ɲ(Ɽ) such that ƌ = ᶉ + ȵ, ling and long in [7], 

define a ring to be a ƯⱤ-ring if every element is a sum of a unit and a regular. A 

ring Ɽ is called strongly Nil-clean, if for each element ƌ in Ɽ can be written as a 

sum of an idempotent and a nilpotent (that commute with each other) [8] [9] [10].  
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For a ring Ɽ, we will use Ư(Ɽ), Ɲ(Ɽ), reg(Ɽ), Ĵ(Ɽ) and Id(Ɽ) to denote the group 

of units, the set of nilpotent elements, the set of regular elements, the Jacobson 

radical and the set of idempotent elements of Ɽ, respectively. 

 

2 The Strongly Nil Regular Clean Rings 
 

In this section we give the definition of strongly Nil Regular Clean with some 

of its characterization and basic properties. 

 

Definition 2.1: An element ƌ in Ɽ is said to be strongly Nil Regular Clean or 

(strongly ƝⱤ-Clean element), if it is the sum of a (Von Neumann) regular and a 

nilpotent (that commute with each other), Ɽ is called strongly Nil Regular Clean 

ring if every element of Ɽ is strongly Nil Regular Clean. 

 

Example: 𝑍6 is strongly ƝⱤ-clean ring. 

 

Proposition 2.2: If Ɽ is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 ring, then ƌ − ƌ2is ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 

element for all ƌ in Ɽ. 

 

Proof: Let ᶉ ∈ 𝑟𝑒𝑔(Ɽ), ȵ ∈ Ɲ(Ɽ), s.t ƌ =  ȵ +  ᶉ, ƌ2 = (ȵ +  ᶉ)2 =  ᶉ2  +
2ȵᶉ + ȵ2. Hence, ƌ − ƌ2 = ᶉ +  ȵ −  ᶉ2 − (2ᶉȵ +  ȵ2), ƌ − ƌ2 = ( ᶉ −  ᶉ2) +
(1 − 2ᶉ −  ȵ)ȵ, ᶉ −  ᶉ2 ∈ 𝑟𝑒𝑔(Ɽ), (1 − 2ᶉ −  ȵ)ȵ ∈ Ɲ(Ɽ). Therefore, ƌ − ƌ2 is 

ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 element.                                                 # 

 

Corollary 2.3: If Ɽ is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 ring with only [0,1] as regular 

element, then ƌ − ƌ2 is nilpotent element. 

 

Proof: by proposition 2.2 ƌ − ƌ2 is ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 element that is ƌ − ƌ2 = ᶉ −
 ᶉ2 + (1 − 2ᶉ −  ȵ)ȵ =  ᶉ(1 −  ᶉ) + (1 − 2ᶉ −  ȵ)ȵ. Now, since ᶉ ∈ [0,1], if ᶉ =

0, or ᶉ = 1, hence ᶉ(1 − ᶉ) = 0. Therefore, ƌ − ƌ2 = (1 − 2ᶉ −  ȵ)ȵ ∈ Ɲ(Ɽ).                                                    

# 

 

Proposition.2.4: A ring Ɽ is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 if and only if Ɽ ∕ Ĵ(Ɽ) is 

Ɓoolean and Ĵ(Ɽ) is nil, and Ɽ with only [0,1] as regular element. 

 

Proof: Let ƌ ∈ Ɽ, then ƌ − ƌ2 ∈ Ĵ(Ɽ) by corollary(2.3), as Ĵ(Ɽ) is nil, there exists 

ᶉ ∈ 𝑟𝑒𝑔(Ɽ), ƌ − ᶉ ∈ Ĵ(Ɽ), hence ƌ = ᶉ + (ƌ − ᶉ) is a strongly ƝⱤ − 𝑐𝑙𝑒𝑎𝑛 

decomposition. Assume that Ɽ is strongly ƝⱤ − 𝑐𝑙𝑒𝑎𝑛 ring so Ɽ ∕ Ĵ(Ɽ) is Ɓoolean 

by [6, proposition.2.23]. Now let ƌ = ᶉ + ȵ, ᶉȵ = ȵᶉ, be strongly ƝⱤ − 𝑐𝑙𝑒𝑎𝑛 

decomposition, as Ɽ ∕ Ĵ(Ɽ) is Ɓoolean and ȵ is nilpotent, it follows that ȵ ∈ Ĵ(Ɽ) 

thus ᶉ = ƌ − ȵ ∈ Ĵ(Ɽ), so ᶉ = 0. Therefore ƌ = ȵ, is a nilpotent. # 

 

Proposition.2.5: An element ƌ ∈ Ɽ is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛, if ƌ is ȖⱤ −ring and 

ƌ − ƌ2 is ƝⱤ − 𝐶𝑙𝑒𝑎𝑛. 
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Proof: Let us ƌ =  ᶉ + 𝑢 = (1 − ᶉ) + (−1 + 2ᶉ + 𝑢), be ȖⱤ −ring 

decomposition in Ɽ, and ƌ − ƌ2 be ƝⱤ − 𝐶𝑙𝑒𝑎𝑛. ƌ2 = (ᶉ + 𝑢)2 = ᶉ2 + 2ᶉ𝑢 + 𝑢2, 

and so, ƌ − ƌ2 = (ᶉ + 𝑢) − (ᶉ2 + 2ᶉ𝑢 + 𝑢2) = (ᶉ −  ᶉ2) + (𝑢 − 2ᶉ𝑢 −  𝑢2) =
ᶉ(1 − ᶉ) + (1 − 2ᶉ −  𝑢)𝑢, that is (1 − 2ᶉ −  𝑢) is nilpotent. So ƌ = (1 − ᶉ) +
(−1 + 2ᶉ + 𝑢) is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 decomposition in Ɽ.                             # 

 

Proposition 2.6: Let Ɽ be a strongly nil clean ring. Then Ɽ is strongly ƝⱤ −
𝐶𝑙𝑒𝑎𝑛 ring and ƌ − ƌ2 is nilpotent. 

 

Proof: Let ƌ be strongly nil clean ƌ = ҿ + ȵ, ȵ ∈ Ɲ(Ɽ) and since ҿ ∈ 𝑖𝑑𝑒𝑚(Ɽ), 

−ƌ = −ҿ − ȵ, −ҿ ∈ 𝑟𝑒𝑔(Ɽ), −ȵ ∈ Ɲ(Ɽ), therefore ƌ = ᶉ + ȵ which is ƝⱤ −
𝐶𝑙𝑒𝑎𝑛. ƌ = ҿ + ȵ, ƌ2 = ҿ + 2ҿȵ + ȵ2, ƌ − ƌ2 = ҿ + ȵ − (ҿ + 2ҿȵ + ҿ +
2ҿȵ + ȵ2) = ȵ − 2ҿȵ − ȵ2 = (1 − 2ҿ − ȵ)ȵ ∈ Ɲ(Ɽ).  # 

 

Proposition 2.7: Let Ɽ be an ɱ − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 abelian ring. Then any element ƌ in Ɽ 

is strongly ƝⱤ-Clean if there exist ᶉ ∈ 𝑟𝑒𝑔(Ɽ), such that., ƌ − ᶉ, and every non 

zero divisor is nilpotent. 

 

Proof: Since Ɽ is ɱ − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, there exist 𝑏 ∈ Ɽ, and a fixed positive integer ɱ 

such that, ƌɱ = ƌɱ𝑏ƌɱ, and we have by [11, proposition.2.1.12] ᶉ(ƌɱ𝑏) ∩
ƌɱⱤ = 0, and there exists 0 ≠ 𝑥 ∈ ᶉ(ƌɱ𝑏) ∩ ƌɱⱤ, so we get ƌɱ𝑏𝑥 = 0, 𝜒 =
ƌɱᶉ = ƌɱ𝑏ƌɱ𝑟 = ƌɱ𝑏𝑥 = 0, but ᶉ(ƌɱ𝑏) is essential that is, ƌɱⱤ = 0, ƌɱ = 0, 

𝜒 = 0. Now, to prove that ƌ − ᶉ, is a non-zero divisor, let 𝜒 ∈ Ɽ, s.t. (ƌ − ᶉ)𝜒 =
0, that is ƌ𝜒 = ᶉχ, but ᶉ𝜒 ∈ ᶉⱤ = ᶉ(ƌ), then ƌᶉ𝜒 = 0, but ƌ𝜒 ∈ ƌⱤ and ᶉ𝜒 ∈ ᶉⱤ, 

then ƌ𝜒 = ᶉχ ∈ ƌⱤ ∩ ᶉⱤ = 0, so 𝜒 ∈ ᶉ(ƌ) = ᶉⱤ, therefore ƌχ=0, χ=0. Hence ƌ −
ᶉ is a non-zero divisor, then by hypothesis ƌ − ᶉ is nilpotent so, ƌ − ᶉ=ȵ, ȵ ∈
Ɲ(Ɽ). Therefore ƌ =  ȵ +  ᶉ,            # 

 

Proposition 2.8: Let Ɽ be 𝐶𝐼 ring, Then Ɽ is strongly 𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 if and only if 

it is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 ring. 

 

Proof: Suppose that Ɽ is strongly 𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 then Ɽ is strongly ƝⱤ −
𝐶𝑙𝑒𝑎𝑛 ring, by [theorem 8.3 in 12] we have ƌ = ҿ𝑢 + 𝑤, 𝑤 ∈ Ɲ(Ɽ), ҿ𝑢 = ᶉ ∈
𝑟𝑒𝑔(Ɽ). Now, assume Ɽ is strongly ƝⱤ − 𝐶𝑙𝑒𝑎𝑛 ring, ƌ = ᶉ + ȵ, ᶉȵ = ȵᶉ, ȵ ∈
Ɲ(Ɽ), ᶉ ∈ 𝑟𝑒𝑔(Ɽ), and by [12, proposition 5.1.1], ҿ𝑢 is strongly regular so, ҿ𝑢 =
ᶉ and ƌ = ҿ𝑢 + ȵ. Therefore by [12, theorem 8.3] Ɽ is strongly 𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 and 

u ҿ and ȵ are commutative with each other.              # 

 

Proposition 2.9: Let Ɽ be an abelian local ring with every zero-divisor is strongly 

𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, then Ɽ is strongly ƝⱤ − 𝑐𝑙𝑒𝑎𝑛 ring. 

 

Proof: Let Ɽ be a ring with every zero-divisor is strongly 𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, and let 

ƌ𝜖Ɽ, if ƌ𝜖𝑟𝑒𝑔(Ɽ), then ƌ = ƌ + 0 that is ƌ is a sum of regular and 0 (nilpotent). 

Now, if ƌ ∉ 𝑟𝑒𝑔(Ɽ), by hypothesis, ƌ𝜖Ɽ is strongly  𝜋 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟, then there  
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exists ȵ ∈ Ɲ 𝑏 ∈ Ɽ such that ƌ𝑛 = ƌ𝑛+1 𝑏, 𝑏 = 𝑏2ƌ, let 𝑐 = 𝑏𝑛ƌ𝑛𝑏𝑛, then ƌ𝑛 =
ƌ2𝑛 𝑐, and 𝑐 = 𝑐2 ƌ𝑛, set 𝑣 = 𝑐 + 1 − ƌ𝑛 𝑐, then 𝑣−1 = ƌ𝑛 + 1 − ƌ𝑛 𝑐, set 𝑓 =
ƌ𝑛 𝑐, then 𝑓2 = ƌ2𝑛 𝑐2 = (ƌ2𝑛 𝑐)𝑐 = ƌ𝑛 𝑐 = 𝑓 ∈ Ɽ, choose 𝑤 = 𝑣−1 then ƌ𝑛 =
𝑓𝑤, let ᶉ = 1 − 𝑓 and 𝑢 = ᶉ − ƌ + 1 choose 𝑧 = ƌ𝑛−1𝑤−1𝑓 − (1 + ƌ + ⋯ +
ƌ𝑛−1)ᶉ then 𝑢𝑧 = (ᶉ − ƌ + 1)(ƌ𝑛−1𝑤−1𝑓 − (1 + ƌ + ⋯ + ƌ𝑛−1)ᶉ) = ƌ𝑛𝑤−1𝑓 +
(1 − ƌ)(1 + ƌ + ⋯ + ƌ𝑛−1)ᶉ = 𝑓 + (1 − ƌ𝑛)ᶉ = 𝑓 + ᶉ = 1. Like wise 𝑧𝑢 = 1, 

then ƌ = ᶉ + (1 − 𝑢), where ᶉ = ᶉ2, and 𝑢 ∈ Ư(Ɽ) since Ɽ is local then (1 −
𝑢) ∈ Ɲ(Ɽ). Therefore Ɽ is strongly ƝⱤ − 𝑐𝑙𝑒𝑎𝑛 ring.                     # 
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