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Abstract

We prove that there exists a circulant Hadamard matrix of order
n if and only if there exists a Hermitian circulant complex Hadamard
matrix of order n and that there does not exist a Butson-type Hermitian
circulant complex Hadamard matrix of order n > 4.
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1 Introduction

A Hadamard matrix H,, of order n is an n x n matrix with entries =1 such that
H,H,T = nl,, where H,T is the transpose of H,, and I,, is the identity matrix
of order n. A complex Hadamard matrix K, of order n is an n x n matrix whose
entries are on the complex unit circle and which satisfies K, K,,* = nl,,, where
K,* is the conjugate transpose of K,. In particular, a complex Hadamard
matrix whose entries are g-th roots of unity is called a ¢g-Butson Hadamard
matrix.

In [5] Ryser conjectured that there is no circulant Hadamard matrix of
order n > 4. Turyn [6] proved that, if there exists a circulant Hadamard
matrix of order n, then n must be the form n = 4m? for some odd integer
m. Brualdi [1] proved that there is no symmetric circulant Hadamard matrix
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of order n > 4. Craigen and Kharaghani [2] generalized Brualdi’s theorem to
Hermitian circulant 4-Butson Hadamard matrices.

In this paper we prove that there exists a circulant Hadamard matrix of
order n if and only if there exists a Hermitian circulant complex Hadamard ma-
trix of order n and generalize Craigen and Kharaghani’s theorem to Hermitian
circulant ¢g-Butson Hadamard matrices for ¢ > 2.

2 Equivalency

Denote by circ(aq, . . ., a,_1) the circulant matrix whose first row is (ag . . . @, 1),
by diag(do, . ..,d,_1) the diagonal matrix whose ¢ + 1-th diagonal element is
d;, and by F, the n x n Fourier matrix whose (i + 1, + 1)-th entry is w,",
where w,, = e>™V=1/"_ Note that circ(ag, ay, ..., an_1)" = circ(ag, an_1, ..., a).
It is well-known (e.g. [3]) that a circulant matrix C,, = circ(aqg, ..., a,_1) can
be expressed as

C, = F,diag(dy,...,dy_1)F,"

1 n—1 n—1 n—1
= Ecirc E dywn %k, E dywon L g dkwn_("_l)k ,
k=0 k=0 k=0

where d; = Z;é apwp™ for 0 < i < n — 1. We shall require the following

lemma.

Lemma 2.1 ([4, Lemma 2.2}). A circulant matriz C,, is a real orthogonal
matrix if and only if dy, ..., d,_1 satisfy the following conditions:

1. dy*=1and did,_; =1 for 1 <i<n-—1.
2. dzzdn_lfm’lﬁzﬁn—l

There exist the following relationships between circulant Hadamard matri-
ces and Hermitian circulant complex Hadamard matrices.

Lemma 2.2. Let H, be a circulant Hadamard matrix of order n and let
n~\?H, = F,diag(do,...,d,_1)F,"". Then circ(dy, dp_1,...,d;) is a Hermi-
tian circulant complex Hadamard matriz.

Proof. By Lemma 2.1, it holds that d;d; = 1 for 0 < i < n—1and d; = d,,_; for
1 <i<n-—1. Write K,, = circ(do,d,—1,...,d1) and f(z) =dy+dp1x+---+
dy2"'. Then we have K,* = circ(dy,d; ...,d,_,) = K,. Since the entries of
n~Y2H, are +n~'/? namely,

n—1 ;
1 , n' 1
= § dkwnfzk —_ f(w ) - 4+
n

k=0

n n1/2
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for 0 <7 <n—1, we have
F, 'K,K,"F, = F,'K,K,F, = F, circ(dy,d,_1,...,d)*F,
= diag (f(wno), . f((,un"_l))2 =nl,.
Thus K, is a Hermitian circulant complex Hadamard matrix. O

Lemma 2.3. Let K,, be a Hermitian circulant complex Hadamard matriz of
ordern and letn™'/?K, = F,diag(dy, ..., dn_1)F, *. Thencirc(dy,dp_1,...,d;)
18 a circulant Hadamard matriz.

Proof. Since
F, 'K,K,*F, = F, 'K, K,F, = n diag(do, .. ., d,_1)* = nl,,

it holds that d;* = 1 for 0 < i < n — 1. Write H,, = circ(dy, d,_1, ..., d1),
g(x) =dy+dp 12+ +dix" ' and h(z) = dy + dix + - - - +d,,_12"L. Since
the absolute values of entries of n=1/2K,, are n='/2, namely,

n—1 n—1 . - . .
1 ik o\ g@n)g(wn®)  glwa)h(w,') 1

for 0 <i <n—1, we have

F,'H,H,"F, = diag (g(wno), o ,g(wn”_l)) diag (h(wno), . h(wn"_l))

= nl,.
Thus H,, is a circulant Hadamard matrix. O
From Lemmas 2.2 and 2.3, we obtain immediately the following theorem.

Theorem 2.4. There exists a circulant Hadamard matriz of order n if and
only if there exists a Hermitian circulant complex Hadamard matriz of order
n.

3 Hermitian circulant ¢-Butson Hadamard ma-
trices

Craigen and Kharaghani [2, Lemma 4] proved the following result.

Lemma 3.1 (Craigen-Kharaghani). Let H,, be a circulant Hadamard matriz
of order n satisfying H,™ = n™?1, for some m > 0. Then n < 4.

Using this result, we prove nonexistence of Hermitian circulant ¢-Butson
Hadamard matrices.
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Theorem 3.2. Let ¢ > 2 and n > 4. Then there is no Hermitian circulant
q-Butson Hadamard matriz of order n.

Proof. Suppose that K, is a Hermitian circulant ¢-Butson Hadamard matrix
matrix of order n > 4. Let n~'/?2K,, = F,diag(dy,...,d,_1)F, . By Lemma
2.3, H, = circ(dy,dp—1,...,dy) is a circulant Hadamard matrix. Since the
entries of K, are ¢g-th roots of unity, namely,

n—1 q
1 —ik
W (g dkwn ) =1
for 0 <i<n—1, we have
F,'H,'F, = diag (g(wno), o ,g(wn"_l))q = ni?]

However, this contradicts Lemma 3.1. O
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