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Abstract

The purpose of this paper is study the other generalizations of pairwise expandibil-

ity such as pairwise boundedly expandable spaces and pairwise discretely expandable

spaces.
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1. Introduction

In [7] Katetove introduced a sufficient and necessary condition under which
every locally-finite collection of closed subsets of a topological space(X , τ) can
be expanded to a locally-finite collection of open subsets of X . L. Krajewski
in [6] called such a space to be expandable.
In [3] J .C.Smith and L.L . Krajewski are studied generalizations of this topo-
logical space which are Boundedly and discretely expandable spaces as :

Definition 1.1. [3] A collection subset F̃ = {Fα : α ∈ ∆} of a topological
space (X, τ) is said to be boundedly locally finite if there exist a natural
number n such that each x ∈ X is contained in an open set U such that U
intersects at most n of members of F̃ .

Definition 1.2. [3] Let m be an infinite cardinal number , a topological space
(X, τ) is called boundedly expandable space , if for every boundedly locally
finite F̃ = {Fα : α ∈ ∆} of subsets of X with |4| ≤ m, there exist boundedly
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locally finite collection G̃ = {Gα : α ∈ ∆} of open subsets of X such that
Fα ⊂ Gα for all α ∈ ∆ and for every infinite cardinal number m .

Definition 1.3. [3] Let m be an infinite cardinal, then a bitopological space
(X, τ) is called discretely expandable space , if for every discrete collection
F̃ = {Fα : α ∈ ∆} of subsets of X with |4| ≤ m , there exist locally finite
collection G̃ = {Gα : α ∈ ∆} of open subsets of X such that Fα ⊂ Gα for all
α ∈ ∆ and for every infinite cardinal number m .

Also they are proved important theorems in this topic which are :

Theorem 1.4. [3] If a topological space (X, τ) is expandable , then X is bound-
edly expandable.

Theorem 1.5. [3] If a topological space (X, τ) is expandable , then X is dis-
cretely expandable.

In [4] , Kelly introduced the notion of a bitopological space, i.e. a triple
(X, τ1, τ2) where X is a non-empty set and τ1, τ2 are two topologies on X. He
also defined pairwise regular (P−regular), pairwise normal (P−normal), and
obtained generalization of several standard results such as Urysohn′s lemma
and Tietze extension theorem. Several authors have since considered the prob-
lem of defining compactness for such spaces, see Kim in [5] and Fletcheret in
[1]. Also Fletcher in [1] gave the definitions of τ1τ2−open and P−open covers
in bitopological spaces.
Also Reilly in [8] introduced a characterization of pairwise normal space as in
the following theorem :

Theorem 1.6. [8]. A bitopological spaceX = (X, τ1,τ2) is pairwise normal
space(P−normal) if and only if for each τi−closed set A and τj−open set
V containing A , there is a τj−open set U such thatA ⊂ U ⊂ U ⊂ V for
i 6= j, i, j = 1, 2 .

In [2] jamal oudetallah defined a pairwise expandable space as :

Definition 1.7. [2] Let m be an infinite cardinal , then a bitopological space
( X, τ1,τ2) is called τι−m− expandable space with respect to τj if for every τι−
locally finite F̃ = {Fα : α ∈ ∆} with |4| ≤ m , there exist τj - locally finite

collection G̃ = {Gα : α ∈ ∆} of open subsets of X such that Fα ⊂ Gαfor all
α ∈ ∆ and for i 6= j, i, j = 1, 2. A bitopological space (X, τ1, τ2) is called τı −
expandable with respect to τj.If it is τı −m− expandable for every cardinal
m and i 6= , i,  = 1, 2 . A bitopological space ( X, τ1,τ2) is called a pairwise
expandable (P− expandable) proved that it is P− T2− space and it is τ1−
expandable with respect to τ2 and τ2− expandable with respect to τ1.

Also jamal oudetallah In [2] study their properties and their relations with
other bitopological spaces . several examples are discussed and many will
known theorems are generalized concerning pairwise expandable spaces . and
we shall investigate subspaces of pairwise expandable space and also bitopo-
logical spaces which are related to pairwise expandability .
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2. Boundedly and discretely pairwise expandable spaces

Definition 2.1. A collection subset F̃ = {Fα : α ∈ ∆} of a bitopological
space (X, τ1, τ2) is said to be pairwise boundedly locally finite( P− boundedly
locally finite) if there exist a natural number n such that each x ∈ X is
contained in a τ1− open set U such that U intersects at most n of members of
F̃ , or there exist τ2− open V containing x such that V intersects at mostnof
members of F̃ . If n=1 then the P− boundedly locally finite of subsets of a
bitopological space (X, τ1, τ2) is called a pairwise discretely collection ( P−
discretely collection).

Definition 2.2. Letm be an infinite cardinal, then a bitopologcal space(X, τ1,τ2)
is called τι −m− boundedly expandable space with respect to τj. if for every

τι− boundedly locally finite F̃ = {Fα : α ∈ ∆} of subsets of X with |4| ≤ m,
there exist τj - boundedly locally finite collection G̃ = {Gα : α ∈ ∆} of open
subsets of X such that Fα ⊂ Gαfor all α ∈ ∆ and for i 6= j, i, j = 1, 2 .
A bitopological space (X, τ1, τ2) is called τı − boundedly expandable with re-
spect to τj. If it is τı −m− boundedly expandable for every cardinal m and
i 6= , i,  = 1, 2.
A bitopological space ( X, τ1,τ2 ) is called a pairwise boundedly expandable(P−
boundedly expandable,proved that it is P− T2− space and it is τ1− boundedly
expandable with respect to τ2 and τ2− boundedly expandable with respect to
τ1.
It is clearly that every P− boundedly locally finite collection is P− locally
finite. Thus , we have the following theorem.

Theorem 2.3. If a bitopological spaceX=( X, τ1,τ2 ) is P− expandable , then
X is P− boundedly expandable.

Proof. Let F̃ = {Fα : α ∈ ∆} be a P− boundedly locally finite collection of
subsets of X=( X, τ1,τ2).Therefore , F̃ is a P− locally finite collection , so by

assumption X is τi-expandable with respect to τj , for i 6= j, i, j = 1, 2. So F̃

can be expanded to a τj- locally finite collection G̃ = {Gα : α ∈ ∆} of open
subsets of X , such that Fα ⊂ Gα for all α ∈ ∆ , hence X is τi-boundedly
expandable with respect to τj , for i 6= j, i, j = 1, 2 , and so X is P− boundedly
expandable. �

Definition 2.4. Let m be an infinite cardinal, then a bitopological space(
X, τ1,τ2) is called τι −m− collectionwise normal space with respect to τj , if

for every τι− discrete collection F̃ = {Fα : α ∈ ∆} of closed subsets of X
with |4| ≤ m , there exist τj - discrete collection G̃ = {Gα : α ∈ ∆} of open
subsets of X such that Fα ⊂ Gαfor all α ∈ ∆ and for i 6= j, i, j = 1, 2 .

A bitopological space (X, τ1, τ2) is called τı − collectionwise normal with re-
spect to τj. If it is τı −m− collectionwise normal for every cardinal m and
i 6= , i,  = 1, 2.
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A bitopological space ( X, τ1,τ2) is called a pairwise collectionwise normal (P−
collectionwise normal) proved that it is P− T2− space and it is τ1− collec-
tionwise normal with respect to τ2 and τ2− collectionwise normal with respect
to τ1.

Definition 2.5. Let m be an infinite cardinal , then a bitopological space(X, τ1,τ2)
is called τι −m− discretely expandable space with respect to τj. if for every

τι−discrete collection F̃ = {Fα : α ∈ ∆} of subsets of X with |4| ≤ m , there
exist τj - locally finite collection G̃ = {Gα : α ∈ ∆} of open subsets of X such
that Fα ⊂ Gαfor all α ∈ ∆ and for i 6= j, i, j = 1, 2.

A bitopological space (X, τ1, τ2) is called τı − discretely expandable with re-
spect to τj.If it is τı −m− discretely expandable for every cardinal m and
i 6= , i,  = 1, 2.

A bitopological space ( X, τ1,τ2 ) is called a pairwise discretely expandable(P−
discretely expandable),proved that it is P− T2− space and it is τ1− discretely
expandable with respect to τ2 and τ2− discretely expandable with respect to
τ1.

Theorem 2.6. If a bitopological spaceX=( X, τ1,τ2 ) is P− expandable , then
X is P− discretely expandable.
The Proof follows immediately from definition (2.5) .

Theorem 2.7. Let X=( X, τ1,τ2 ) be P− normal space . Then X is P−
collection normal if and only if it is P− discretely expandable .

Proof. Suppose X is P− collection normal . Let F̃ = {Fα : α ∈ ∆} be τι−m−
discrete collection of subsets of X such that |4| ≤ m and i 6= j, i, j = 1, 2 where
m be an infinite cardinal . So by P− collectionwise normality of X , there
exist a τj - discrete collection G̃ = {Gα : α ∈ ∆} of open subsets of X such

that Fα ⊂ Gα for all α ∈ ∆. So G̃ is τj- bounded collection and hence it is τj-
locally finite collection thus X is τi-m- discretely expandable for any infinite
cardinal m, therefore X is τi- discretely expandable and so it is P -discretely
expandable .
Conversely , let F̃ = {Fα : α ∈ ∆} be τι −m− discrete collection of closed
subsets of X such that |4| ≤ m and i 6= j, i, j = 1, 2 where m be an infinite
cardinal . Since X is P -discretely expandable , there exist a τj - locally finite

G̃ = {Gα : α ∈ ∆} of open subsets of X such that Fα ⊂ Gα for each
α ∈ ∆.Define

Kα = Gα −
⋃
{Fβ : β 6= α}

So Kα is τj - open subset of X and Fα ⊂ Kα for all α ∈ ∆. So by P - normality

of a space X , there exist τj - collection Ṽ = {Vα : α ∈ ∆} of open subsets of
X such that

Fα ⊂ Vα ⊂ Vα ⊂ Kα
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for each α ∈ ∆. Define

Uα = Vα −
⋃
{Vβ : β 6= α}

for each α ∈ ∆.Then Ũ = {Uα : α ∈ ∆} is a τj - mutually disjoint collection of
open subsets of X , so it is τj - discrete collection of open subsets of X , thus a
space X is τι −m−-collectionwise normal for any infinite cardinal m hence it
is τi- collectionwise normal for all i 6= j, i, j = 1, 2 . So X is P - collectionwise
normal . �

Theorem 2.8. A bitopological space X=( X, τ1,τ2 ) is P - boundedly expandable
if and only if it is P - discretely expandable .

Proof. in this proof consider m be an infinite cardinal and i 6= j, i, j = 1, 2 .
Suppose X is P -boundedly expandable.Let F̃ = {Fα : α ∈ ∆} be τι −m−
discrete collection of subsets of X such that |4| ≤ m. By assumption and
since every τι −m− discrete collection is τι −m− bounded locally finite the
result follows.

Conversely , the proof is by induction on n .

(i) For n=1 , let F̃ = {Fα : α ∈ ∆} be τι−m− 1− bounded locally finite
of closed subsets of X , so F̃ is a τι−m− discrete collection of subsets
of X so by assumption the result is hold .

(ii) Assume that every τι −m− locally finite F̃ = {Fα : α ∈ ∆} of closed
subsets of X with

sup{ord(x, F̃ ) : x ∈ X} ≤ K

can be expandable to τj - locally finite G̃ = {Gα : α ∈ ∆} of open
subsets of X , for every k = 1, 2, ......, n− 1.

(iii) Suppose F̃ = {Fα : α ∈ ∆} be τι−m− locally finite with sup{ord(x, F̃ ) :
x ∈ X} = n. It is clear that for each x ∈ X ,

N(x) = X −
⋃
{F ∈ F̃ : x /∈ F}

is a τi− open set containing x and intersects at most n members of F̃
. Now define B̃n = {B ⊆ ∆ : x /∈ F}, and for each B ∈ B̃n let KB =⋂
β∈B

Fβ, so KB is a a τi− closed set and consider H̃n = {KB : B ∈ B̃n}

. Then H̃n is a τι −m − 1− discrete collection of closed subsets of X

. For if N(x) intersects two distinct members of H̃n ,then N(x) must
be intersect at least n+1distinct members of F̃ . So by P -discretely
expandibility of X ,there exist a τj− locally finite G̃n = {GB : B ∈ B̃n}
of open subsets of X such that KB ⊆ GB for all B ∈ B̃n . Define
G =

⋃
B∈B̃n

GB and F ∗ = {Fα−G : α ∈ ∆}, then G is τj− open set and
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F ∗ is a τi −m− locally finite of open subsets of X and

sup{ord(x, F ∗) : x ∈ X} ≤ n− 1

so by assumption of induction , there exist a τj− locally finite Ṽ =
{Vα : α ∈ ∆} such that Fα −G ⊆ Vα , for each α ∈ ∆ . Now define

Gα = Vα ∪ {
⋃

GB : KB ⊆ Fα}

then Gα is τj− open set in X and Fα ⊆ Gα for each α ∈ ∆. Since Ṽ

and G̃n are τj−locally finite collections , for each x ∈ X there is τj−
open set U(x) containing x such that U(x) intersects only finitely many
members of Ṽ and G̃n . Also for a fixed B ∈ B̃n , we have KB ⊆ Fα
occurs if and only if α ∈ B . Therefore , U(x) intersects only finitely
many Gα and hence G̃ = {Gα : α ∈ ∆} τj−locally finite of open subsets

of X, thus τi −m− locally finite collection F̃ = {Fα : α ∈ ∆} can be
expandable to τj− locally finite G̃ for every infinite cardinal m . So X
is τi− bounded expandable for all i 6= j, i, j = 1, 2 , and hence it is P−
boundedly expandable.

�

Definition 2.9. A bitopological space ( X, τ1,τ2) is called τi− countably para-

compact space with respect to τj if every countable open cover Ũ of τi− subsets
of X, has a τj− countable locally finite open refinement for i 6= j, i, j = 1, 2 .

A bitopological space ( X, τ1,τ2) is called a pairwise countably paracompact
(P− countably paracompact) proved that it is P− T2− space and it is τ1−
countably paracompact with respect to τ2 and τ2− countably paracompact
with respect to τ1 .

Theorem 2.10. Let X=( X, τ1,τ2 ) be a P− normal space . If it is P−
countably paracompact space ,then every countable cover {Uk} of τi− subsets
of X has a τj− refinement {Vk} with Vk ⊂ Uk for all k ∈ N .

Proof. Let {Uk} be any countable cover of τi− subsets of X , Since X is P−
paracompact then there is a τj− locally finite open refinement W̃ , so W̃ is

point finite refinement . Now for all W ∈ W̃ let g(W ) = Uk. Then W ⊂ Uk ,
and let Gk =

⋃
g(W )=UK

W . Then {Gk} is a point finite cover of τi− subsets of X

and Gk ⊂ Uk. Since X is P− countably paracompact and P− normal space
then by theorem (1.6) , X has a τj− refinement {Vk} such that Vk ⊂ Gk ⊂ Uk,
hence Vk ⊂ Uk for all k ∈ N. �

Theorem 2.11. Let X=( X, τ1,τ2 ) be a P− normal space . If it is P−
countably paracompact space ,then for every decreasing sequence {Fk} of τi−
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closed subsets of X with
∞⋂
k=1

Fk = φ , there is a sequence {Gk} of τj− open

sets with
∞⋂
k=1

Gk = φ such that Fk ⊂ Gk for all k ∈ N .

Proof. Suppose a P− normal space X is P− countably paracompact space.

Let {Fk } be a decreasing τi− closed subsets of X with
∞⋂
k=1

Fk = φ . Let

Uk = X − Fk, then {Uk} is a τi− countable covering of X . So by theorem
(2.10) , there is a sequence of τj− open sets say {Vk} with Vk ⊂ Uk . Let
Gk = X−Vk, then {Gk} is a sequence of τj− open sets in X such that Fk ⊂ Gk

and since
∞⋃
k=1

Vk = X then
∞⋂
k=1

Gk = φ . �

Theorem 2.12. Let X=( X, τ1,τ2 ) is P - normal space , then X is P−countably
paracompact if and only if it is P − wo−expandable .

Proof. Let Ã = {An : n ∈ N} be a τi− locally finite collection of subsets of
X. We must find a τj− locally finite collection G̃ = {Gn : n ∈ N} of open
subsets of X such that An ⊂ Gn for all i 6= j, i, j = 1, 2 . Let

Fk =
⋃
{Ap : p ≥ k}

Since Ã is τi− locally finite ,Fk is τi− closed set for each k ,Fk ⊃ Fk+1 and
Ak ⊂ Fk , then for x ∈ X , x belongs to only a finite number of the An
say An1 ,....,Antx

. Set

mx = 1 +Max{i1, i2, ...., itx}
then for k ≥ mx , x /∈ Ak and hence x /∈ Fmx thus

⋂
Fk = φ and since X

is P− countably paracompact and P− normal, then by theorem (2.11) there
is a τj− sequence {Hk} of open subsets of X such that Fk ⊂ Hk for each k
and

⋂
Hk = φ. Now F1 ⊂ H1 and since X is P− normal there is τj− open

set G1 such that F1 ⊂ G1 ⊂ G1 ⊂ H1 . Proceeding inductive , suppose that
for each positive integer p ≤ n τj open set Gp have been defined such that
G1 ⊃ G2 ⊃ ....... ⊃ Gn,and such that

Fp ⊂ Gp ⊂ Gp ⊂ Hp, (p = 1, 2, ....., n)

Now Fn+1 ⊂ Fn ⊂ Gn and Fn+1 ⊂ Hn+1 . Therefore Fn+1 ⊂ Gn ∩ Hn+1. By
the P− normality of X from theorem (1.6) , there is a τj open set Gn+1 such
that

Fn+1 ⊂ Gn+1 ⊂ Gn+1 ⊂ Gn ∩Hn+1

consequently
Fn+1 ⊂ Gn+1 ⊂ Gn+1 ⊂ Hn+1

and Gn+1 ⊂ Gn . We shall now show that {Gk } is τj− locally finite . Let
x ∈ X and since

⋂
Hk = φ there is an tx such that x /∈ Htx . since Htx ⊃ Gtx

then x /∈ Gtx ,there is a τj− open set Vx , such that Vx ∩ Gtx = φ because
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Gk ⊂ Gtx thus Vx meets at most G1, G2, ......., Gtx−1. Hence {Gk } is locally
finite for each k and since Ak ⊂ Ak ⊂ Fk ⊂ Gk then X is τi−wo− expandable
space for all i 6= j, i, j = 1, 2 , so X is P − wo− expandable space .
conversely, letR̃ = {Rn : n ∈ N} be a P− countably open covering of X. Put

Sn =
⋃
{Rp : p = 1, 2, ...., n}

Let A1 = S1 and An = Sn − Sn−1 , n = 2, 3, ..... . Evidently An ⊂ Rn for
each n . If x ∈ X thenx ∈ Rn for some n , If nx is the smallest such n then
x ∈ Anx . Hence Ã = {An : n ∈ N} is a refinement of R̃ . Finally , observe that
Rn ∩Ak = φ if k > n . Hence Ã is locally finite . By P −wo− expandibility of
X there is a τj− or τj− locally finite collection G̃ = {Gn } of open subsets of
X such thatAn ⊂ Gn for each n . let Un = Rn∩Gn . If x ∈ X then for some n
we have x ∈ An . But An ⊂ Rn and An ⊂ Gn . Hence x ∈ Un = Rn∩Gn , then
for Ũ = {Un} is a parallel refinement of R̃ . Moreover , Ũ is P− locally finite
so for x ∈ X there is N(x) open set containing x such that N(x) ∩ Un 6= φ
which implies that N(x) ∩Gn 6= φ ,thus Ũ is a P− locally finite open parallel
refinement of R̃ , thus X is P− countably paracompact . �

Corollary 2.13. An P− expandable space is P− countably paracompact .
The proof follows immediately from theorem (2.12)

Theorem 2.14. A bitopological space X = (X, τ1, τ2) is P− expandable space
if and only if X is P− discretely expandable and P− countably paracompact
space.

Proof. Suppose X is P− expandable space . By theorem (2.6) X is P− dis-
cretely expandable , and by corollary (2.13) X is P− countably paracompact.
Conversely , let i 6= j , i, j = 1, 2 and let F̃ = {Fα : α ∈ ∆} be a τi−m locally
finite of closed subsets of X for any infinite cardinal m, we show that F̃ is
expandable to τj− locally finite of open subsets of X. For each n ≥ 0, define

Sn = {x ∈ X : ord(x, F̃ ) ≤ n}
It is easy to show that {Sn : n = 0, 1, 2, .......} is a τi − m− countable open
cover of X. Since X is P− countably paracompact and Sn ⊆ Sn+1, for each
n, there exist a τj− locally finite open cover of X, say {Un : n = 0, 1, 2, .......},
such that Un ⊆ Un ⊆ Sn,for eachτj−locally finite open collection {Vn : n =
0, 1, 2, .......}such that

Un ⊆ Un ⊆ Vn ⊆ Sn

for each n Now define

Fn = {Un ∩ F : F ∈ F̃} = {F (n, α) : α ∈ ∆}
So that Fn is a τi−m− bounded locally finite of closed subsets of X. Since X
is P− discretely expandable and hence P−boundedly expandable there exist
a τj− locally finite collection G̃n = {G(n, α) : α ∈ ∆} such that F (n, α) ⊆
G(n, α), for each α ∈ ∆ and G(n, α) ⊆ Vn, for each n. Now define Gα =
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∞⋃
n=1

G(n, α) for each α ∈ ∆, so Fα ⊆ Gα and G̃ = {Gα : α ∈ ∆} is a τj−

locally finite of open subsets of X, thus τi −m- locally finite collection F̃ =
{Fα : α ∈ ∆} can be expandable to τj− locally finite G̃ for every infinite
cardinal m. So X is τi− expandable for all i 6= j , i, j = 1, 2 and hence it is
P− expandable .

�
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