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Abstract

The purpose of this paper is study the other generalizations of pairwise expandibil-
ity such as pairwise boundedly expandable spaces and pairwise discretely expandable
spaces.
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1. INTRODUCTION

In [7] Katetove introduced a sufficient and necessary condition under which
every locally-finite collection of closed subsets of a topological space(X , 7) can
be expanded to a locally-finite collection of open subsets of X . L. Krajewski
in [6] called such a space to be expandable.

In [3] J .C.Smith and L.L . Krajewski are studied generalizations of this topo-
logical space which are Boundedly and discretely expandable spaces as :

Definition 1.1. [3] A collection subset F = {F, : a € A} of a topological
space (X, 7) is said to be boundedly locally finite if there exist a natural
number n such that each x € X is contained in an open set U such that U
intersects at most n of members of F .

Definition 1.2. [3] Let m be an infinite cardinal number , a topological space
(X, 1) is called boundedly expandable space , if for every boundedly locally
finite ' = {F, : a € A} of subsets of X with |A| < m, there exist boundedly
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locally finite collection G = {G4, : @ € A} of open subsets of X such that
F, C G, for all a € A and for every infinite cardinal number m .

Definition 1.3. [3] Let m be an infinite cardinal, then a bitopological space
(X, 1) is called discretely expandable space , if for every discrete collection
F = {F,: a € A} of subsets of X with |A| < m , there exist locally finite
collection G = {G, : @ € A} of open subsets of X such that F, C G, for all

a € A and for every infinite cardinal number m .
Also they are proved important theorems in this topic which are :

Theorem 1.4. [3] If a topological space (X, T) is expandable , then X is bound-
edly expandable.

Theorem 1.5. [3] If a topological space (X, T) is expandable , then X is dis-
cretely expandable.

In [4] , Kelly introduced the notion of a bitopological space, i.e. a triple
(X, 7, 72) where X is a non-empty set and 71, 75 are two topologies on X. He
also defined pairwise regular (P—regular), pairwise normal (P—normal), and
obtained generalization of several standard results such as Urysohn’s lemma
and Tietze extension theorem. Several authors have since considered the prob-
lem of defining compactness for such spaces, see Kim in [5] and Fletcheret in
[1]. Also Fletcher in [1] gave the definitions of 7375 —open and P—open covers
in bitopological spaces.

Also Reilly in [8] introduced a characterization of pairwise normal space as in
the following theorem :

Theorem 1.6. [8]. A bitopological spaceX = (X, T, 7o) is pairwise normal
space(P—normal) if and only if for each ,—closed set A and Tj—open set
V' containing A , there is a Tj—open set U such thatA Cc U C U C V for
Z#]a%] =1,2.

In [2] jamal oudetallah defined a pairwise expandable space as :

Definition 1.7. [2] Let m be an infinite cardinal , then a bitopological space
( X, 7, m) is called 7, — m— expandable space with respect to 7; if for every 7,_
locally finite ' = {F, : a € A} with |A| < m , there exist 7; - locally finite
collection G = {G, : a € A} of open subsets of X such that F,, C G,for all
a € A and for i # j,i,7 = 1,2. A bitopological space (X, 71, 72) is called 7, —
expandable with respect to 7;.If it is 7, —m— expandable for every cardinal
m and i # 7,4,7 = 1,2 . A bitopological space ( X, 7, 72) is called a pairwise
expandable (P— expandable) proved that it is P— Ty— space and it is 73—
expandable with respect to 75 and 75— expandable with respect to ;.

Also jamal oudetallah In [2] study their properties and their relations with
other bitopological spaces . several examples are discussed and many will
known theorems are generalized concerning pairwise expandable spaces . and
we shall investigate subspaces of pairwise expandable space and also bitopo-
logical spaces which are related to pairwise expandability .
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2. BOUNDEDLY AND DISCRETELY PAIRWISE EXPANDABLE SPACES

Definition 2.1. A collection subset F = {F, : o € A} of a bitopological
space (X, 71, 72) is said to be pairwise boundedly locally finite( P— boundedly
locally finite) if there exist a natural number n such that each x € X is
contained in a 73— open set U such that U intersects at most n of members of
F, or there exist 7— open V' containing x such that V' intersects at mostnof
members of F'. If n=1 then the P— boundedly locally finite of subsets of a
bitopological space (X, 7y, 72) is called a pairwise discretely collection ( P—
discretely collection).

Definition 2.2. Let m be an infinite cardinal, then a bitopologcal space(X, 7, 72)
is called 7, — m— boundedly expandable space with respect to 7;. if for every
7,_ boundedly locally finite ' = {F, : a € A} of subsets of X with |A| < m,
there exist 7; - boundedly locally finite collection G = {G,, : a € A} of open
subsets of X such that F, C G,for all &« € A and for ¢ # j,i,7 =1,2 .

A bitopological space (X, 7y, 7) is called 7, — boundedly expandable with re-
spect to 7;. If it is 7, —m— boundedly expandable for every cardinal m and
i#9,0,0=1,2.

A bitopological space ( X, 7, 75 ) is called a pairwise boundedly expandable(P—
boundedly expandable,proved that it is P— T5— space and it is 7y — boundedly
expandable with respect to 75 and 7,— boundedly expandable with respect to
T1.

It is clearly that every P— boundedly locally finite collection is P— locally
finite. Thus , we have the following theorem.

Theorem 2.3. If a bitopological spaceX =( X, T, 7o ) is P— expandable , then
X is P— boundedly expandable.

Proof. Let ' = {F, : & € A} be a P— boundedly locally finite collection of
subsets of X=( X, 7, 72).Therefore , F is a P— locally finite collection , so by
assumption X is 7;-expandable with respect to 7; , for ¢ # j,7,5 = 1,2. So F
can be expanded to a 7;- locally finite collection G ={G,:a € A} of open
subsets of X , such that F,, C G, for all @« € A |, hence X is 7;-boundedly
expandable with respect to 7; , for ¢ # j,4,7 = 1,2, and so X is P— boundedly
expandable. O

Definition 2.4. Let m be an infinite cardinal, then a bitopological space(
X, 7, ) is called 7, — m— collectionwise normal space with respect to 7; , if
for every 7,_ discrete collection F = {F, : a € A} of closed subsets of X
with |A| < m , there exist 7; - discrete collection G = {G,, : & € A} of open
subsets of X such that F, C G,for all &« € A and for ¢ # j,i,7 =1,2 .

A bitopological space (X, 71, 72) is called 7, — collectionwise normal with re-
spect to 7;. If it is 7, —m— collectionwise normal for every cardinal m and

i # 90,0 =1,2.



4 Jamal Oudetallah and M. AL-Hawari

A bitopological space ( X, 7, 72) is called a pairwise collectionwise normal (P—
collectionwise normal) proved that it is P— 7Ty— space and it is 73— collec-
tionwise normal with respect to 7 and 75— collectionwise normal with respect
to 1.

Definition 2.5. Let m be an infinite cardinal , then a bitopological space(X, 7, 72)
is called 7, — m— discretely expandable space with respect to 7;. if for every
7,_discrete collection F = {F, : a € A} of subsets of X with |A| < m , there
exist 7; - locally finite collection G = {G, : & € A} of open subsets of X such
that F,, C Gfor all &« € A and for i # j,i,7 =1, 2.

A bitopological space (X, 1, 7) is called 7, — discretely expandable with re-
spect to 7;.If it is 7, —m— discretely expandable for every cardinal m and

i # 9,0,0=1,2.

A bitopological space ( X, 7, 72 ) is called a pairwise discretely expandable(P—
discretely expandable),proved that it is P— Ty— space and it is 73— discretely
expandable with respect to 7 and 7,— discretely expandable with respect to
T1.

Theorem 2.6. If a bitopological spaceX =( X, T, 7o ) is P— expandable , then
X is P— discretely expandable.
The Proof follows immediately from definition (2.5) .

Theorem 2.7. Let X=( X, 7, 75 ) be P— normal space . Then X is P—
collection normal if and only if it is P— discretely expandable .

Proof. Suppose X is P— collection normal . Let F = {Fo: a €A} ber,—m—
discrete collection of subsets of X such that |A| < mand i # j,4,j = 1,2 where
m be an infinite cardinal . So by P— collectionwise normality of X | there
exist a 7; - discrete collection G = {G4: a € A} of open subsets of X such
that F, C G,, for all @« € A. So G is 7;- bounded collection and hence it is 7;-
locally finite collection thus X is 7;-m- discretely expandable for any infinite
cardinal m, therefore X is 7;- discretely expandable and so it is P-discretely
expandable .

Conversely , let F = {F, : a € A} be 7, — m— discrete collection of closed
subsets of X such that |[A| < m and i # j,4,j = 1,2 where m be an infinite
cardinal . Since X is P-discretely expandable , there exist a 7; - locally finite
G = {G, : a € A} of open subsets of X such that F, C G, for each
a € A.Define

Ka:Ga—U{FB:ﬁ%a}
So K, is 7 - open subset of X and F, C K, for all « € A. So by P- normality
of a space X , there exist 7; - collection V ={V, : a € A} of open subsets of
X such that
F,cVv,cV,cK,
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for each o € A. Define
U@ ::LQ _'LJ{EEE 5;%:@}

for each @ € A.Then U = {U, : a € A} is a 7; - mutually disjoint collection of
open subsets of X | so it is 7; - discrete collection of open subsets of X , thus a
space X is 7, — m—-collectionwise normal for any infinite cardinal m hence it
is 7;- collectionwise normal for all 7 # j,7,7 = 1,2 . So X is P- collectionwise
normal . 0

Theorem 2.8. A bitopological space X =( X, T, 7o ) is P- boundedly expandable
if and only if it is P- discretely expandable .

Proof. in this proof consider m be an infinite cardinal and i # j,4,j = 1,2 .
Suppose X is P-boundedly expandable.Let ' = {F, : a« € A} be 1, — m—
discrete collection of subsets of X such that |A| < m. By assumption and
since every 7, — m— discrete collection is 7, — m— bounded locally finite the
result follows.

Conversely , the proof is by induction on n .

(i) For n=1,let F = {F, : a € A} be 7, —m — 1— bounded locally finite
of closed subsets of X , so F is a 7, — m— discrete collection of subsets
of X so by assumption the result is hold .

(ii) Assume that every 7, — m— locally finite ' = {F, : o € A} of closed
subsets of X with

sup{ord(z, F):z € X} < K

can be expandable to 7; - locally finite G = {Gs : a € A} of open
subsets of X | for every k =1,2,...... ,n— 1.

(iii) Suppose F' = {F, : a € A} be 7,—m— locally finite with sup{ord(z, F) :
x € X} =n. It is clear that for each x € X |

Na)=X—-| {FeF:z¢F}

is a T;— open set containing = and intersects at most n members of F
. Now define B, = {BC A:z ¢ I}, and for each B € B, let Kp =
() Fp, so Kpis a a 7,— closed set and consider H,, = {Kp: B € B, }

BeB

. Then H, is a 7, — m — 1— discrete collection of closed subsets of X
. For if N(z) intersects two distinct members of H,, ,then N(z) must
be intersect at least n+1distinct members of F . So by P-discretely
expandibility of X ,there exist a 7;— locally finite G, = {Gp:B¢€ B~n}
of open subsets of X such that Kz C Gpg for all B € B, . Define
G= |J Gpand F* ={F, —G:a € A}, then G is 7;— open set and

BebB,
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F* is a 7; — m— locally finite of open subsets of X and
sup{ord(z, F*):x € X} <n-—1

so by assumption of induction , there exist a 7;— locally finite V =
{Vy : o € A} such that F, — G C 'V, , for each « € A . Now define

Ga:VaU{UGB:KBQFa}

then G, is 7;— open set in X and F, C G, for each v € A. Since vV
and G,, are 7;—locally finite collections , for each x € X there is 7;—
open set U(z) containing x such that U(z) intersects only finitely many
members of V and én . Also for a fixed B € Bn , we have Kg C F,
occurs if and only if & € B . Therefore , U(z) intersects only finitely
many G, and hence G = {G, : v € A} 7;—locally finite of open subsets
of X, thus 7, — m— locally finite collection F' = {F, : o € A} can be
expandable to 7,— locally finite G for every infinite cardinal m . So X
is 7;— bounded expandable for all ¢ # j,7,7 = 1,2 , and hence it is P—
boundedly expandable.

O

Definition 2.9. A bitopological space ( X, 7, ) is called 7,— countably para-

compact space with respect to 7; if every countable open cover U of 7;,— subsets
of X, has a 7,— countable locally finite open refinement for i # j,7,5 = 1,2 .

A bitopological space ( X, 7, 73) is called a pairwise countably paracompact
(P— countably paracompact) proved that it is P— T,— space and it is 7 —
countably paracompact with respect to 7 and 75— countably paracompact
with respect to 7y .

Theorem 2.10. Let X=( X, 7, ) be a P— normal space . If it is P—
countably paracompact space ,then every countable cover {Uk} of 1i— subsets
of X has a 7;— refinement {Vj} with Vi, C Uy, for all k € N .

Proof. Let {Uy} be any countable cover of 7;,— subsets of X , Since X is P—

paracompact then there is a 7,— locally finite open refinement W, so W is

point finite refinement . Now for all W € W let g(W) =U,. Then W C Uy,

andlet Gy = |J W. Then {G}} is a point finite cover of 7;— subsets of X
W)=U

and Gy C Ukiq(Si)nC: X is P— countably paracompact and P— normal space

then by theorem (1.6) , X has a 7;— refinement {V},} such that V; C Gj, C Uy,

hence Vi, C Uy for all k € N. O

Theorem 2.11. Let X=( X, 7, 5 ) be a P— normal space . If it is P—
countably paracompact space ,then for every decreasing sequence {Fy} of 1,—
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closed subsets of X with () Fj, = ¢ , there is a sequence {Gy} of T7;,— open
k=1

sets with (| Gy = ¢ such that Fy, C Gy, for all k € N .

k=1

Proof. Suppose a P— normal space X is P— countably paracompact space.

Let {Fy} be a decreasing 7,— closed subsets of X with (] Fy = ¢ . Let
k=1

U, = X — Fy, then {U} is a 7,— countable covering of X . So by theorem
(2.10) , there is a sequence of 7;— open sets say {V,} with V; C Uy . Let
G = X —V}, then {G}} is a sequence of 7;— open sets in X such that Fj, C Gy,
and since |J V, = X then | Gy = ¢ . O

k=1 k=1

Theorem 2.12. Let X =( X, 7, 75 ) is P- normal space , then X is P—countably
paracompact if and only if it is P — w,— expandable .

Proof. Let A = {A, : n € N} be a 7,— locally finite collection of subsets of
X. We must find a 7,— locally finite collection G = {G,, : n € N} of open
subsets of X such that A, C G, for all i # j,7,5 = 1,2 . Let

FkZU{A_pIka}

@ce Ais 1,— locally finite ,F}, is 7;— closed set for each k ,F}, D Fiia and
Ay C F}, , then for x € X | x belongs to only a finite number of the A,
say Ap, yoooyAp,, . Set

t
my = 1+ Maz{iy,ig,...., 0, }

then for & > m, , v ¢ Ay and hence z ¢ F,,, thus (| F = ¢ and since X
is P— countably paracompact and P— normal, then by theorem (2.11) there
is a 7;,— sequence {Hy} of open subsets of X such that Fj, C H for each k
and (VHy = ¢. Now Fy; C H; and since X is P— normal there is 7;— open
set Gy such that F; ¢ G; € G, C H, . Proceeding inductive , suppose that
for each positive integer p < n 7; open set (G, have been defined such that
Gi DGy D ....... D G,,and such that

F,CG,CG,CH,(p=12...n)

Now F,,1 C F, C G, and F,,; C H,.1 . Therefore F,,,; C G, N H,,1. By
the P— normality of X from theorem (1.6) , there is a 7; open set G, 11 such
that
Foii CGrin C G €GN Hypy
consequently
F.., C Gn+1 C Gn+1 C Hpi

and G,41 C G, . We shall now show that {G}, } is 7;— locally finite . Let
xr € X and since [ Hy = ¢ there is an ¢, such that x ¢ H, . since Hy, D Gy,
then z ¢ Gy, ,there is a 7j— open set V, , such that V, N G;, = ¢ because



8 Jamal Oudetallah and M. AL-Hawari

Gy C Gy, thus V, meets at most G, G, ....... ,Gy,—1. Hence {G}, } is locally
finite for each k and since A, C A, C F), C G, then X is 7; — w,— expandable
space for all i # 7,4,7 = 1,2 , so X is P — w,— expandable space .

conversely, let R = {R, :n € N} be a P— countably open covering of X. Put

Sy = U{Rp p=12,...,n}

Let Ay = S;and A, =S, —S,—1,n =2,3,..... . Evidently A, C R, for
each n . If x € X thenx € R,, for some n , If n, is the smallest such n then
x € A,,. Hence A= {A, :n € N} is arefinement of R . Finally , observe that
R,NA; =¢if k>n . Hence A is locally finite . By P —w,— expandibility of
X there is a 7,— or 7;— locally finite collection G = {G,, } of open subsets of
X such thatA,, € G,, foreachn . let U, = R,NG, . If x € X then for some n
we havexr € A, . But A, C R, and A,, C G,,. Hencez € U, = R,NG,, , then
for U = {U,} is a parallel refinement of R . Moreover , U is P— locally finite
so for x € X there is N(x) open set containing x such that N(z) N U, # ¢
which implies that N(z) NG, # ¢ ,thus U is a P— locally finite open parallel
refinement of R , thus X is P— countably paracompact . O]

Corollary 2.13. An P— expandable space is P— countably paracompact .
The proof follows immediately from theorem (2.12)

Theorem 2.14. A bitopological space X = (X, 1, 72) is P— ezpandable space
if and only if X is P— discretely expandable and P— countably paracompact
space.

Proof. Suppose X is P— expandable space . By theorem (2.6) X is P— dis-
cretely expandable , and by corollary (2.13) X is P— countably paracompact.
Conversely , let i # j,4,j = 1,2 and let ' = {F, : a € A} be a 7, — m locally
finite of closed subsets of X for any infinite cardinal m, we show that F is
expandable to 7;— locally finite of open subsets of X. For each n > 0, define

S, ={z e X :ordx, F) <n}
It is easy to show that {S, : n = 0,1,2,....... } is a 7, — m— countable open
cover of X. Since X is P— countably paracompact and S,, C S,1, for each

n, there exist a 7,— locally finite open cover of X, say {U,, : n=0,1,2,....... }
such that U, C U, C S, for each7;—locally finite open collection {V,, : n =
0,1,2,....... }such that
U CU,CV, C 8,
for each n Now define
F,={U,NF:FeF}={F(n,a):acA}

So that F), is a 7; — m— bounded locally finite of closed subsets of X. Since X
is P— discretely expandable and hence P—boundedly expandable there exist
a 7;— locally finite collection G,, = {G(n,a) : a € A} such that F(n,a) C
G(n,a), for each o € A and G(n,a) C 'V, for each n. Now define G, =
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Ej G(n,a) for each a € A, s0 F, € Gy and G = {Gy : a € A} is a 7;,—

n=1
locally finite of open subsets of X, thus 7; — m- locally finite collection F =
{F, : @ € A} can be expandable to 7;— locally finite G for every infinite
cardinal m. So X is 7;,— expandable for all ¢ # 7,4,7 = 1,2 and hence it is
P— expandable .

OJ
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