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Abstract
In this paper, we study the congruence extension properties of Hamil-
tonian ordered semirings and four kinds of congruence extension prop-
erties are discussed. Finally, we also discuss the differences between
Hamiltonian semirings and Hamiltonian ordered semirings.
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1 Introduction and Preliminaries

Congruence extension has been researched by various authors, both from the
point of semigruop and some specific structure, in this article we investigate the
congruence extension properties for Hamiltonian ordered semiring, a specific
algebra structure. Our research is closely related to those which was carried out
in [1]-[10]. Furthermore, we give some congruence extension theorems based
on convex subsemirings of Hamiltonian ordered semirings, it is a different view
between Hamiltonian semirings and Hamiltonian ordered semirings.

An ordered semiring is a partially ordered set (R, <) and a semiring
(R,+,-) such that for all a,a’ € Rya < o implies r+a < r+d,a+r <
a +r,ra <ra and ar < a'r for all r € R.

An ordered semiring (S, +, -, <g) is called a subsemiring of ordered semir-
ing (R,+,-,<g) if S C R and it is closed with respect to addition and multi-
plication, and <g=<pg (S x S).

We call a quasiorder ¢ on an ordered semiring R a compatible quasiorder
if it is compatible with operations and extends the order of R.

Given a quasiorder o on a poset (R, <) and a,a’ € R, we write
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a<d < (In € N)(Jay,as, - a, € R)(a < ayoas < azo---oa, < d).

[

An order-congruence on an ordered semiring R = (R, +, -, <) is a congru-
ence 6 of the semiring (R, 4+, -) such that the following condition is satisfied:

(Va,d’ € R)(a<d <a= abd').
o 0

If o is a compatible quasiorder on R then § = o () o ! is an order-congruence.
Let us denote the sets of all order-congruences and compatible quasiorders of
R by Con(R) and C'qu(R), respectively.

For every subset H C R x R there is a smallest order-congruence ©p (resp.
compatible quasiorder ) ) on R containing H, which is the intersection of all
order-congruences (resp. compatible quasiorders) containing H. This relation
Opn (resp. Y ) is called the order-congruence generated by H (resp. the
compatible quasiorder generated by H).

Lemma 1.1. Let R be an ordered semiring, H C R x R. Then for any
e, € Ryc < if and only if ¢ < ¢ or there exist x;,y; € R, u;,v; € R® and
6

H
a;,a)) € H{JH™ fori e {1,2,---,n} such that we have one sequence
( ) i ) ) ) q
c<pi(ar) paaz) <pslaz) --- pnlan) < ¢,

pi(ay) < pa(ay) -+ pa1(ag_y) < palay)
for pi(ai) = w; + wia:y; + vi, pi(a;) = w;i + xa5y; + v; from ¢ to .
Lemma 1.2. Let R be an ordered semiring, H C R x R. Then for any
e, € R,cOgc if and only if c = ¢ or there exist x;,y; € R',u;,v; € R and
(a;,a}) € HYH™" forie {1,2,---,n} such that we have one sequence

c<pi(a1) pa2laz) <pslaz) --- pnlan) <.

)
pi(ar) < paas) -+ proala, ) < pulay)
for pi(a;) = u; + z;0;y; + v;, pi(al) = u; + xaly; + v; from ¢ to ¢ and another
similar sequence from ¢ to c.

Lemma 1.3. Let R be an ordered semiring and let H C R X R be a sym-
metric relation on R. Then Oy = Xy ((Zy) "

2 Congruence Extension Properties of Hamil-
tonian Ordered Semirings

Definition 2.1. An ordered semiring R is said to have the congruence
extension property (CEP) with respect to a subsemiring S if every order-
congruence 8 on S is the restriction of some order-congruence © on R, i.e.,

ON(S x 8) = 4.
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Definition 2.2. An ordered semiring R is said to have the congruence ex-
tension property (QEP) with respect to a subsemiring S if for any compatible
quasiorder o on S 1is the restriction of some compatible quasiorder ¥ on R,
e, LS xS)=o0.

Definition 2.3. An ordered semiring R is said to have the strong con-
gruence extension property (SCEP) with respect to a subsemiring S if for
any order-congruence 0 on S there is an order-congruence © on R such that

O (S x R) = 0.

Definition 2.4. An ordered semiring R is said to have the strong qua-
siorder extension property (SQEP) with respect to a subsemiring S if for any
compatible quasiorder o on S there is a compatible quasiorder ¥ on R such
that (S x S)=0c and TNX (S x R)=0(\o !

Proposition 2.5. Let R be an ordered semiring. We have
(1) If R has SQEP, then R has QEP and SCEP;
(2) If R has QEP or SCEP, then R has CEP.

Of course, not every ordered semiring has congruence extension property,
the example is as follows.

Example 2.6. Let R = {1,2,3,4},(R,+) is a left zero semigroup, (R, ")
defined by the Calay table:

— W N
N W DN DN
[NCRNGURN NGRS U
O DN |

=~ W N

Easily, we can prove that R is a semiring. Defined an order

<= {(17 1)7 (272)7 (373)7 (474>7 (172)}

on R. We can prove that R is an ordered semiring. Let S = {1,2,3}. Then
S a subsemiring of R, the relation p defined p = {(1,3),(3,1)}|JAs is an
order-congruence on S, and the congruence on R generated by p contains the
pair (1,2) = (4,4)(1,3). Thus its restriction to S is not p.

From proposition 2.5 we have the following observation.

Lemma 2.7. Let S be a subsemiring of an ordered semiring R, 0 be an
order-congruence on S and © be an order-congruence on R. Then © (S X

R) =0 if and only if [ale = [a]g for alla € S.
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Definition 2.8. A subset B of a poset A is up-closed if, for every b € A
and a € B,a < b implies that b € B.

A subset B of a poset A is down-closed if, for everya € A andb € B,a <b
implies that a € B.

A subset B of a poset A is convex if, for every a € A and bt € B,b <
a < b implies that a € B.

Definition 2.9. We say that an ordered semiring R is
(1)Hamiltonian if every convex subsemiring S of R is a class of some order-
congruence on R.
(2)strongly Hamiltonian if every subsemiring S of R is a class of some
order-congruence on R.

Also strongly Hamiltonian ordered semiring is not productive.

Example 2.10. Let R = {1,2,3} with addition and multiplication defined
by the Cayley table:

W N |+
W W W w

W N ==
W N DD

Easily, we can prove that R is a semiring. Defined an order

<= {(17 1)7 (272)7 (373)7 (474>7 (172)}

on R. We can prove that R is an ordered semiring. To see that R is not a
strongly Hamiltonian ordered semiring, consider the subsemiring S = {1, 3}
and p = {(1,3),(3, 1)} UAg. But (1,3)(2,2) = (2,3), so p is not a order-
congruence on R, which is a contradiction. Then S is not a class of any
order-congruence on R.

Proposition 2.11. Let R be an ordered semiring. If o is an order-congruence
on R then every o-class is a convex subset of R.

From proposition 2.11 we have the following observation.

Proposition 2.12. An ordered semiring is strongly Hamiltonian if and only
if it is Hamiltonian and its subsemirings are conver.

Theorem 2.13. An ordered semiring has the SCEP if and only if it is
strongly Hamiltonian and has the CEP.
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Proof. Necessity: If ordered semiring R has the SCEP then it clearly has the
CEP. Let S be a subsemiring of R. Consider an order-congruence § = S x S
of S. By SCEP and lemma 2.7, there exists an order-congruence © of R such
that S = [s]p = [s]e for all s € S. So S is a congruence class of ©. Hence R is
strongly Hamiltonian.

Sufficiency: Suppose that R is strongly Hamiltonian and has the CEP. Let
S be a subsemiring of R and let 8 be an order-congruence of S. By CEP, there
exists an order-congruence ©* of R such that ©*[(S x S) = 6. Since R is
strongly Hamiltonian, there also exists an order-congruence ¥ of R such that
S = [s]g for all s € S. So putting © = ©*(| V¥ is an order-congruence of R
and we have

[sle = [sle- Ns]e = [s]e- S = [s]
for all s € S. By lemma 2.7, R has the SCEP. m

Corollary 2.14. If an ordered semiring has the SCEP then all its subsemir-
1Ngs are cOnvex.

For compatible quasiorders we have the following analogue result of theo-
rem 2.13.

Theorem 2.15. An ordered semiring has the SQEP if and only if it is
strongly Hamiltonian and has the QEP.

Proof. Necessity: If R has the SQEP then it has the SCEP, so it is strongly
Hamiltonian by theorem 2.13. Obviously SQEP implies QEP.

Sufficiency: Suppose that R is strongly Hamiltonian and has the QEP. Let
S be a subsemiring of R and let o be a compatible quasiorder of S. By QEP,
there exists a compatible quasiorder ¥* of R such that ¥* (S x S) = . Since
R is strongly Hamiltonian, there also exists order-congruence ¥ of R such that
S = [s]y for all s € S. The relation % is a compatible quasiorder on R. We

put a = ¥*() < is compatible quasiorder of R and verify the conditions of
7

definition 2.4.

(1) If (a,b) € a, a,b € S then (a,b) € 0. Hence (a,b) € p. Then a[)(S x
S) = p. Conversely, if (a,b) € p, a,b € S then (a,b) € 0. Because S = [a]y, we
obtain (a,b) € 6. Thus (a,b) € a. Then (S x S) = p.

(2) If (a,0) € aNa'N(S x R), a €S, b€ R then (a,b) € Uﬂ%. Hence

a <b<a. Since # is an order-congruence, we have (a,b) € 6. Because S = [a]y,
9 0

we obtain b € S. Then (a,b), (b,a) € (S x S) = p. Thus (a,b) € p(p~".
Conversely, if (a,b) € p(p~', a,b € S then (a,b) € (o}, (a,b) € 6071
Thus (a,b) € aNa (S x R). Hence a(Na ' (S x R)=pp " O
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Lemma 2.16. Let S be a subsemiring of an ordered semiring R, let © be
an order-congruence of R, 6 be a class of © and assume that 6 is a reflexive,
binary relation on S. Then for every x,y,u,v € R,s,s" € S, if s0s', then

(u+zsy +v,u+xs'y +v)O(u+ xsy + v, u + sy + v)
(u+zsy+v,u+as'y+v)O(u+as'y +v,u+ xs'y + v).

If, in addition, u+ xsy +v € S then also (u+ zsy + v,u + xzs'y +v) € 6.

Lemma 2.17. Let S be a conver subsemiring of an ordered semiring R,
where Rx R is Hamiltonian. If is either an order-congruence or a compatible
quastorder on S which is also a convex subset of S x S, then the compatible
quastorder ¥ on R generated by 1 satisfies the following conditions:

SAETIAE x By =v Ny

Lemma 2.18. An order-congruence 6 on an ordered semiring R is a convex
subset of R x R if and only if 0 extends the order of R.

Combining lemma 1.3 and 2.17 we immediately get the following result.

Corollary 2.19. Let S be a convex subsemiring of an ordered semiring R,
where R x R is Hamiltonwan. If 0 is an order-congruence on S which is a
convex subset of S x S then there exists an order-congruence © on R such that

ON(SxR) =6 .

If (R,+,-, <) is an ordered semiring, then a congruence on the underlying
semiring (R, +, ) will be called an algebraic congruence on R.

Proposition 2.20. Let S be an up-closed or down-closed subsemiring of an
ordered semiring R. Assume that R has the algebraic SCEP with respect to S.
Then R has the SCEP with respect to S as an ordered semiring.

Theorem 2.21. Let S be an up-closed subsemiring of an ordered semiring
R, where R x R is Hamiltonian. If o is a compatible quasiorder on S which
1s a convex subset of S x S then there exsits a compatible quasiorder ¥ on R
such that (S x S) =0 and TN NS x R) =c(o!.

Proof. Let S be an up-closed subsemiring of an ordered semiring R and o be a
convex subset of S x S. Take ¥ € Con(R x R) to be an order-congruence such
that o is a congruence class of ¥ and let ¥ be the compatible quasiorder on R
generated by the subset ¢ € R x R. We can easily shown that X (X1 (S x
R) =0()o! by lemma 2.17.

For the other equality we notice that o C X ((S x S) is obvious. Take
(c,c) € (S x S). Then we have a sequence
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& S uy + 15191 +vr U+ 51523/292 + v S e Up, + TnSnYn + Un S C/-

up + 2187y +v1 < Ug + TaSols + Vot Up—1 + Tpo1S,_1Yn1 + Un1 <
Since S is up-closed, (u; + x15191 + v1) € S, By lemma 2.16, (u3 + z15191 +
v1)o(uy + z185y1 + v1). Analogously (u; + x;s;y; + v;)o(u; + x;8hy; + v;) for all
i € {1,...,n}. Since o extends the order of S, we get

co(uy + x181y1 + v1)o(ur + x181y1 + v1)o(ug + ooy + vo)o -+ - o (Uy +
xnslnyn + /UTL)O-C/’

and hence coc’. Thus X [((S x S) C o, as required. O
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