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Abstract

We have defined Mannheim B-curves and Mannheim B-pair in three
dimensional Weyl space W5. Under the condition that the pair (C,C*)
is a Mannheim B-pair in W3, we have given some theorems such as the
relation between Bishop vector fields of C' and C*; the relation between
Frenet vector fields of C and C*; the relation between Bishop curvatures
of C and C*; the relation between Frenet curvatures of C' and C*.
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1 Introduction

Mannheim curves have been presented by Mannheim in 1878 and by Blum [3]
in 1966. After that, Mannheim partner curves have been studied in Euclidean
3-space by Liu and Wang [8] in 2008 and by Orbay and Kasap [12] in 2009. Be-
sides, Mannheim partner curves in dual space have been examined by Ozkald:
et al. [15] in 2009. Generalized Mannheim curves have been given in Minkowski
space-time E} by Akyigit et al. [1] in 2011 and in Euclidean 4-space by Matsuda
and Yorozu [10] in 2009. Later, Mannheim offsets of ruled surfaces have been
defined by Orbay et al. [13] in 2009 and dual Mannheim partner curves have
been expressed bu Giingér and Tosun [4] in 2010. Furthermore, the quater-
nionic Mannheim curves in Euclidean 4-space, weakened Mannheim curves and
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quaternionic Mannheim curves of Aw(k)-type in Euclidean 3-space have been
characterized by Okuyucu [11] in 2013, by Karacan [5] in 2011 and by Kiziltug
and Yayh [6] in 2015, respectively.

Recently, Mannheim curves have been defined according to different frame
such as Mannheim partner D-curves (Onder and Kiziltug, 2012) [14] and
Mannheim B-curves (Masal and Azak, 2017) [9].

2 Preliminaries

Let C be a curve in three dimensional Weyl space W3. Let {yi,gi,gi, K1, Ko}
{in,?i,gi, k1, ks} be the Frenet and Bishop apparatus [2] of C, respectively.
Then, Frenet and Bishop formulas of C' are expressed in the following form:
P
POy = g
e i
PV = g ey M

V"Vt = —Kov
1 vk 29

and o
(% Vk?]l = klnl + kgnl
1 1 1 2

v*Vpn' = —kv

VTV 1t (2)
VPVt = —kovt.

1 2 1

Besides, the relation between Frenet and Bishop vector fields [7] and the
curvatures of Frenet and Bishop [7] can be written as follows:

i i
It 1 0 0 ¥
v' | =| 0 cosf sind n' (3)
2. . 1
vt 0 —sinf cosé nt
3 2
2 2 AN : 2 2 2
and kK, = ?, Ry = =T, Ko =0 Vi, ki = kycosl, ky = kysinb, ki + k3 = K1,

w

—

2 2 3 r r q
ki = flicosﬁ —2sin, ky = ?sin¢9+flﬂcos 0, where & = Tkzs;k and i = Tkzs;k(r +
s; 1, s,q=1,2,3) are called geodesic curvature and Chebyshev curvature of

the first kind of the net (111, v, g) [16].

3 Mannheim B-Curves in Weyl Space

Let C' and C* be curves in three dimensional Weyl space W3. Let us denote
arc-length of C' and C* by s and s*, respectively. Then, we can express the
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curves C and C* in the form C : 2% = 2(s) and C* : & = & (s*)(i = 1,2,3),
respectively. Let us denote Bishop apparatus of C' and C* by {111@7 7lzi, 72#, ki, ko)

*’i *’i *i * *
{111 SN , k1, ka}, respectively.
Definition 3.1. If the Bishop vector field TILZ coincides with the Bishop vector

field éLl at the corresponding points of curves C' and C*, then the curve C' is

called a Mannheim partner B-curve of C* and (C,C*) is also called Mannheim
B-pazir.

This can be formalized as
C(s) =C*(s") + /\(S*)é(s*) (4)

or A
K

2(s) = & (57) + M) (57) (5)

where A is a function of s*, see Figure 1.

ND

Figure 1: Mannheim B-Curves

Let us obtain the relation between the Bishop vector fields of C' and C*
such that the pair (C,C*) is a Mannheim B-pair:

. - . . ) . *1
Since 11)’ is orthogonal to TlL’ and 71# =1, 11)Z is orthogonal to n. Therefore,
zlxi can be written as
; i i
v =mU +2n (6)
1 1 1
or A :
- *x? . *?
11)Z = cosav +sinan (7)
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— - %] .
where o = <I(11ﬁ,11) ),y = giﬂlﬂﬂlj = cosa and vy, = gijilﬂrlb = cos(§—a) = sina.

i . : T i ‘
Since ELz is orthogonal to ?Z and 7111 =1, 72”LZ is orthogonal to n. Then, TQLZ

can be written as

no=1v +mnn (8)
2 1 1
or ‘ ‘
i . * *
n' = —sinav + cosan 9)
2 1 1
i*J - . ixd
where 1 = gy = cos(3 +a) = —sina and 7y = gijp'n = cos .

By means of (7) and (9), we can express this relation among Bishop vector
fields in the following matrix form:

.
.

cosa sina 0
! 0 0 1
—sina cosa O

.

(10)

.

o3 ~3 _H@
I

It —It =St

Theorem 3.2. If the pair (C,C*) is a Mannheim B-pair then X\ is a non-
zero constant.

Proof. Let (C,C*) be a Mannheim B-pair. Then (5) is satisfied.

k
If we take the prolonged covariant derivative of (5) in the direction of 1;) ,
we get

kX kX i kX i kX i
O Vgt =0 Vi 4+ (0 Vid)o + M0 Vi
1 1 1 2 1 2 (11)

*x i kX <
= (1= Mk)v + (0 Vi) .

Let us denote left hand side of (11) by
KX .
v Viz' = (vlkvkxl).A. (12)

By using (12) in (11), we have

*

: *x i kF
7111.14 =(1- )\kg)il) + (11) Vk)\)gb : (13)
Multiplying (13) by gz-jvlj and summing on ¢ and j, we obtain

A=(1- )\]:;2) COS (v (14)
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where gijézlvlj = gijqivlj —0.
From (13) and (14), we have

’L

vi(1 = Akp) cosar = (1= Mko)i + (0 w) (15)

Multiplying (15) by gijézj and summing on ¢ and j, we obtain

wk X

FViA=0 (16)

] *x0 %] *Tx]
where ng 721 = glﬂi T% =0, giv = 0 and g = 1.

Thus, )\ is a non-zero constant O]
Theorem 3.3. If (C,C*) is a Mannheim B-pair in W3, then there are the
following relations between Bishop vector fields of C' and C*:
i * i x4 i i
v'=¢ev, n'=en, n' =en
1 1 1 2 2 1
where e = £1 fora =0 and a = 7.
Proof. Let (C,C*) be a Mannheim B-pair in W3. Then A is a non-zero constant.
So, we get from (13)

VA= (1 Mea)b (17)
Multiplying (17) by gz-ﬂ:}i and summing on ¢ and 7, we have

Acosa = 1—)\l*fg (18)

*L%J
where ng 111 = cosa and gi v = 1.

Using (14) (18), we get cos?a = 1. That is, cosa = 1 for @ = 0 and
cosa = —1 for a = 7. So, sina = 0 is obtained.
If obtained results are used in equation (10), we have
i *7: *Z *Z
v =c¢ev, n—en n—en
1 1 2 2
where cosa = ¢ = +1 for a =0 and a = 7. [l

Theorem 3.4. Let (C, C*) be a Mannheim B-pair in Ws. Let us denote their
Frenet apparatus by {v v g K1, Ko} and {1*)2 o 1;}1 ki, kot in W, respectively.
The relations between Frenet vector fields ofC and C* are given by
*i i
v =¢v
1 1

v = sin(6* — 69)% — ecos(0* — 59)%

7 . X
* i

v = cos(0* — 56’)% — esin(0* — 59)%

where e = £1 for a =0 and o = 7.
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Proof. Let (C,C*) be a Mannheim B-pair in W3. Let us express (3) for Frenet
and Bishop apparatus of C*:

7 10 0 7
1;; =1 0 cosf* sing* 7? (19)
wi 0 —sinf* cosf* *i
v n
3 2
where 6% = <X(i;)i, ;IZZ)
Using (3), (4) and Theorem 3.3, we get
i 10 0 cosa 0 0
22; =] 0 cos#* sinf* 0 0 —cosa
Q*]i 0 —sinf* cos6* 0 1 0
1 0 0 V'
0 cosf —sinf vt (20)
0 sinfd  cosf vl
3

or

i ;
vV = COS v
1 1

v o= {sin 6* cos 6 — sin 6 cos « cos 0*}12)Z + {—sin#*sinf — cos b cos a cos 0*}15’

*t % . -k i * Sy i
v o= {cos 0" cos 8 + sin f sin 0 cosa}g + {— cos 0" sin 0 + cos @ sin 0 Cosoz}g

(21)
or
v = et
1 1
i;l = sin(0* — 59)1}2" — ecos(0* — 59)15 (22)
é}i = cos(6* — 56’)15 + esin(6* — 50)1§
where ¢ = cosa; e =1fora =0, = —1 for a = 7. O]

Theorem 3.5. Let (C,C*) be a Mannheim B-pair in Ws. Then the relation
between the second Bishop curvature ko of the curve C* and the first Bishop
curvature ki of the curve C' is as follows:

* kl
ko = :
T4 My
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Proof. Let (C,C*) be a Mannheim B-pair in W3. Then vﬁA =(1- AZ@)?" is
satisfied.

Taking prolonged covariant derivative of this equality in the direction of

*
v, we have

ke i\ A2 ik .
(v Vo) A™ + 0" (0 Vi A) =

% : (23)
kXX i kX i
—)\('zlj kag)llf +(1-— )\kQ)(zl) le) )
or
. . L kX
(klnz + kgnZ)AZ + v (U va) =
1 2 11 (24)
A N N
—)\(11) kag)zli + (1 - )\kg)k1711 + (1 - )J@)k@g :
Multiplying (24) by gijnlj and summing on 7 and j, we get
k1A% = (1 — Mky)ky (25)
. i wi ixd wi i
where gis" nl = 17 915 nt =0, gyvn) =ggvn =0, gynn) =gynn =0,
rd — g
and g 0 = gign . = 1.
Using (18) in (24), we get
;;’2 * kl
]{31 = % or ]{?2 = . (26)
1 — )\k’g 1 + /\kl
The proof is completed. O

Remark 3.6. Using [7] in (26), ;’;2 can also be expressed in the following
form:

2 3

. ?cos@—?sin@

ko = 5 3 ) (27)
1+ )\(?COSQ - ?sin@)

Theorem 3.7. Let (C,C*) be a Mannheim B-pair in Ws3. Then the following
equalities are satisfied:

k1A = cos OZ;;Q

[ —
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Proof. Let (C,C*) be a Mannheim B-pair. Then 11)2 = cos (MI}Z is obtained from

(10) and Theorem 3.3.
Taking prolonged covariant derivative of this equality in the direction of

*

v, we get

(ykvkilj’)A = cos Oz?kvk?i (28)

or
*1

(kﬂlli + kggi)A = Cos a(l:q??i + 122721 ). (29)

Multiplying (29) by giﬂ:z] and summing on ¢ and j, we have

*
—koA = kq (30)
or
*
where
% *ixk j k k, i J
no=ERN U = gjiglt’ COSAUT = —cosagjytn’ = —cosan’.
Multiplying (29) by gz-jézj and summing on ¢ and 7, we have
*
k1A = cos aksy (32)
%] . %] . *T %] %]
where gyn'n = gyn'n’ =1, gin'n = giynn’ =0, gynn =0 and g =
1. O

Remark 3.8. Using [7], (27) and (30), l*ﬁ can also be expressed in the
following form:

2 3
N ?sin@+§cos€

ky = — 3 COS (. (33)

2
1 —l—)\(?cosﬁ— ?)sin&

Theorem 3.9. Let (C,C*) be a Mannheim B-pair in W3. Then there is a
relation between the first Frenet curvatures of C and C* in the following form:

121 = Ii1|A|.
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Proof. Let (C,C*) be a Mannheim B-pair in W3. Using (30) and (32), we get

K2 %2
ki +ky = (k1% 4 ko) A?
f*ﬂf = K2 A? (34)
7%1 = /{1|A|.
[
Remark 3.10. Using [7] and (34), we obtain
2
* 2
=8 3

2
* 2 2 i
=Tv and k; = 2 = Tyv".
11 1 11

=0 * N

*
where k1 =

Theorem 3.11. Let (C,C*) be a Mannheim B-pair in Ws. Then
¢ =c (1 — A\ko)
is satisfied where %Z are the geodesic vector fields of the net (?, Q;J, 1;) occurred by
the vector fields of C* and ?z are the geodesic vector fields of the net (111,12},1?{)
occurred by the vector fields of C' in W3 [16].
Proof. Let (C,C*) be a Mannheim B-pair in Wj.

Taking prolonged covariant derivative of the first equation in (22) in the

k
. . *
direction of v, we have

chE wi sk E e
v Vit = et Viy' = 5(11) Vi )A (36)
p
Ty s =Ty viA (p=1,2,3) (37)
1]{:71} g = 1k11) g p=1,2
Yoo
20 = v A (38)
ip ip
¢ =ec A. (39)

Using (14) in (39), we get

x4

¢ = (1= Ahy). (40)
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By means of (27) and Theorem 3.11, we can give the following theorem:

Theorem 3.12. Let (C,C*) be a Mannheim B-pair in W5. The net (2*1), 1;), g))

is a geodesic net in W3 if and only if the net (11),12},23)) is a geodesic net in Wi.
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