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Abstract

In this paper, we have defined slant helices according to Bishop frame
(type-1 Bishop frame) in three dimensional Weyl space W3. Besides, we
have given necessary and sufficient conditions of a curve to be slant helix
in Wg.
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1 Introduction

A manifold with a conformal metric g;; and a symmetric connection Vy, satis-
fying the compatibility condition

Vigij — 2Tg;; = 0 (1)

is called a Weyl space which will be denoted by Ws(g;;, Tx). The vector field
T}, is named the complementary vector field. Under a renormalization of the
metric tensor g;; in the form

E]ij = )‘2927' (2)

the complementary vector field T}, is transformed by the law

Ty = Ty + O In A (3)
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where \ is a scalar function [11].

If under the transformation (2), the quantity A is called a satellite of g;;
with weight {p}.

The prolonged derivative and prolonged covariant derivative of A are, re-
spectively, defined ( [6], [12])

A = A — pTiA (4)

and ‘

The v “(i,m = 1,2, 3) be the contravariant components of the vector field v in
Ws(gij, Tk) Suppose that the vector fields v are normalized by the condltlons
gijyiyj =

The prolonged covariant derivative of the vector field v is given by [13]

Viv' =T’ (s=1,2,3). (6)
The quantities
q
T=Twt (4=1,2,3; r#s) (7)
and . .
2 = Ty" (8)

are called the Chebyshev curvature of the first kind and geodesic curvature of
the net (v v v) [13], respectively.

Since the net (11) U, %1) is an orthogonal net, we have [13]

r

P T
Ty, =0, Trk—i-q;k:zo (r # p). 9)

2 Preliminaries

Izumiya and Takeuchi [7] defined slant helices which are generalizations of
the notion of general helices. Kula and Yayli [9] investigated the spherical
indicatrix of slant helices and showed that the tangent and binormal indicatrix
of them are spherical helices. Also, Kula et al. [10] gave some characterizations
for slant helices in Euclidean 3-space. Bifjk¢ifj and Karacan defined slant
helices according to Bishop frame [4]. Ali and Turgut [1] extended the notion
of slant helix from Euclidean 3-space to Euclidean n-space. Ali and Turgut [2]
researched the position vector of a timelike slant helix in Minkowski 3-space

E?. Recently, Dogan studied the proof of theorem which characterizes a slant
helix [5].
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3 Slant Helices According to Type-1 Bishop
Frame in Weyl Space

Let C' be a curve in three dimensional Weyl space W3. Let v, Y and Y be

the tangent vector field, principal normal vector field and binormal vector
field of C' at a point P. Let they constitute Frenet frame: {11),12),13)} Since

this frame is an orthonormal basis, these vector fields are normalized by the
conditions 9i V'V = 9i Y'Y’ = gijfg’gj = 1 and besides the conditions 9i V'Y =
giﬂl}’g] = gijg%?)ﬂ = 0 are satisfied. These two conditions are also expressed as
gijgigj =6 (r,s=1,2,3).

We can write Frenet formulas for these vector fields in the following form:

kN i
v szl) = K1y (10)
A i
VIViY' = =Ry + Ry (11)
kN7 i
v ng = —hal". (12)

Multiplying (10) by gijgj and summing on ¢ and j, we get

ok i
Tev*v't g = ra (13)
or
2
Tkvk = K1 (14)
11
or
2
? = K1 (15)

1 . o
where T}, = 0, gijglgj =1 and gijgzg] = 0.
1

Multiplying (12) by gijgj and summing on ¢ and j, we have

o,
T:a’”fkg v gij = —Ha (16)
or
5ok
Trv" = —kq (17)
31
or

—T1 — Ko (18)
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where ng 12) =0, 9ijY 1213 =0 and Tk =0.

The Bishop frame [3] or parallel transport frame is an alternative approach
to define a moving frame that is well defined even when the curve has vanishing
second derivative. Let us denote the type-1 Bishop frame by {11)1, 7{&, gﬁ} The

derivative formulas of this frame defined as

g)kv;ﬂi}" = /{1717,i + k’ggli (19)

or . . .
?kvkaﬂ = —krlvlﬂ (20)

or o ‘
zlfkvkgf = —k;Qzlﬂ (21)

where k; and kg are named as Bishop curvatures or natural curvatures [8].
Multiplying (19) by giﬂlzi and summing on ¢ and 7, we have

L'y, =~k (22)
or
13 v und g + f vhoindg, =k (23)
lkl 5 1 Gij 1k1 31 Gij 1
or
2 3
Bcose — Bsin€ =k (24)
where 0 = (v n) gis nﬂ =1, and 9is nj = 0.
Multiplylng (19) by 9”721 " and Summlng on i and j, we get
Teotvinig, = k (25)
lkl p 2 Gij 2
or
rlg v uind g + f vMindg =k (26)
lkl 2291] 1k1 3291] 2
or
2 3
?sin&—l—?cosﬁzkg (27)

where gijgigj =1

(24) and (27) are the quantities in Weyl space that correspond to natural
curvatures.

On the other hand, vkvkv = /ilv Multiplying this equality by gwnJ and

using (22), we get
ki = Ky cosf. (28)
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Multiplying the same equality by gijgj and using (25), we get

ko = K1 sinf. (29)

From (28) and (29), we have

k2 4 k2 = k2. (30)
Since 12)’ is orthogonal to QlJi, zzﬂ can be written in the following form:
vt =an' + 57; (31)
or
v’ = cosfOn' + sinfn' (32)
2 1 2

where 0 = <I(vi,7lzi).

Using g’“ = 5ijkzlji12)j and (32) and right-hand rule, we get

[\

13)k = €ijk11)Z(COS QTILJ + sin QTQLJ) = cos 97%1“ — sin Q?k. (33)

From (12), (32) and (33), we have

V'Vl = —(v'V,0)(sin On* 4 cos On*) (34)

1 '3 1 2 1

—5212)]“ = —(?lle)gk (35)
Ko = zljlvl& (36)

The relation among the vector fields of Frenet frame and type-1 Bishop
frame is in the following form:

1 0 0
1= 0 cosf sinf
0 —sinf cosd

.

(37)

wS S~

NS 3 ~

Definition 3.1. Let C be a curve in W5. C' is called a slant helix if the
vector field Tlll has constant angle 6 with some fixed vector field u, i.e., giﬂlziuj =

cos ¢ where u is normalized in the form g;ju'v’ = 1.

Theorem 3.2. Let C be a curve which has non-zero natural curvatures in
Ws. C is a slant helix if and only if Z—; is constant.
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Proof. Let C be a slant helix. Then
gijqziuj = cos p = constant (38)

is satisfied by means of Definition 3.1 where ¢ = <I(7£Li, u?).

By taking prolonged covariant derivative of (38) in the direction of 11)’“, we
get S
gij(zl)kvqu’)uj =0 (39)
or

Again, by taking prolonged covariant derivative of (40) in the direction of

111’“, we have

95 (v" Vi)l = 0 (41)
or
klgijﬁfuj + kggijgfuj =0 (42)
or
k1 cos @ + kysinp =0 (43)
or " _
Ao PP tan ¢ = constant. (44)
ko coS ¢
Conversely, suppose that Z—; = —tan .
From (40), we write 4 . ‘
W = omiﬂ + 57213 (45)
or
u’ = cos gmlzj + sin QDTQLJ (46)

where ¢ = <I(7;Lj,uj).

Taking prolonged covariant derivative of (46) in the direction of 11)’“, we get

?kvkuj = —(k1 cos + kg sin <p)11)j. (47)

Since ’;—; = —tan ¢, we obtain kj cos ¢ + kg sinp = 0.

That is, zl)kvkuf = 0 is valid. u is a constant vector field.

The proof is completed. O
Remark 3.3. The equation (12) is equivalent to

2 3
?fcos(H — ) —?fsin(G —¢)=0

by means of (24) and (27).
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Theorem 3.4. C is a slant heliz if and only if
kX7 i 0 INT (0BT 08 AT (0 INT (R ST Y)Y
det(zl; Vin', v Vl(ll} Vin ),11; Vh(?lj Vl(ll) Vin ))) =0.

Proof. Let C be a slant helix. Then, ’“1 = constant from Theorem 3.1.
On the other hand, let us calculate the following derivatives of 7{#

kg o0 g
VVin' = —kyv (48)
vlvl(vkvkni) = —(vlvlkl)vi - k%nl — klkgni (49)
th lel( kvkn )) [ th(v Vlk;l) + kg + klkg]v
1 1 1 (50)
—3k1(v thl)n —|—[ 2/62?) Vlkl ]{,'11) thg] l
detly Vi, Vily Vi), g VAl Vily Vi) =
—ki 0 0
— _?lvlkl —k’% —k1ky
_yhvhwvlkl) + kS Ky k2 —3k111)hvhk1 —2/@1;1%1{;1 — kﬂljhvhkg
= k3 (v hvhkl)k;
ko
(51)
Since 'Izl = constant, thh kl = 0 is valid. Then
kg i AT (kT i) AT (T (kT i)
det(qu Vin', v Vl(ll) Vin ),11) Vh(QIJ Vl(ll) Vin ) =0
is obtained.
Conversely, suppose that
T T T AN R R 't O AN
det(ql) Vin', v VZ(QIJ Vin ),7{ Vh(zlj VI(QIJ Vin ))) =0.
Then vhvh kl = ( is obtained. That is kl = constant. C is a slant helix.
m

Theorem 3.5. C' is a slant heliz if and only if
kT i AT (0BT i T (0T (kT i)
det(11) Vin', v Vl(11) Vin ),11) Vh(?lf Vl(111 Vin ))) =0.

Proof. Let C' be a slant helix. Then, "”1 = constant from Theorem 3.1.
Let us calculate the following derlvatlves of 721’

kT 0 g
VIVen' = k:gqu (52)
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INT (BT i\ (I i i .2,
11)Vl(11) ngb)— (11) vlk’g)ll) k:llcg?ll k:2721 (53)

?hvh(?lvl(iljkvkgl)) = [—zlfhvh(ll)lvlkg) + kiky + k3Jv'+

2. . . e (54)
[—211'111} thQ — /{32111 Vhl{fl]TllZ - 3]62(’[{ thg)gl.
kT i AT (kT i) o hT (N (0BT i)
Aet (Vi VY V), VA VIV ) =
—ks 0 0
— —lelvlkz _kle _k%
—zl;hvh(ylﬂvlkz) + k2ky + k3 —lezl;hvhkrg — krgzljhvhkl —3/{111%%1@2
-k
_ 1.5¢, by MM
(55)
Since % = constant, zl;hvh% = 0 is valid. Then
kg i AT (kT Y AT (T (0 kT i)
det(111 Vin', v Vl(11) Vin ),11} Vh(lli Vl(? Vin ) =0
is obtained.
Conversely, suppose that
kT i N7 (0BT i) T (T (0BT i)
det(zl) ng, v Vz(?if ng ),111 Vh(?i) Vz(?{ ngz ))) =0.
Then g)hvh% =0, i.e., % = constant. C'is a slant helix.
The proof is completed. O
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