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Abstract

A ring R is said to be right (left) semi regular local ring or (srl— ring) if for every
a € R, either a or (1 - a) is right (left) semi regular element. In this paper, we
introduce some characterization and basic properties of this rings. Also, we studied
the relation between semi regular local rings and VVon Neumann regular local rings,
VVon Neumann regular rings, clean rings, exchange rings and suitable rings.
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1 Introduction

Throughout this paper, R denotes associative rings with identity; all modules are
unitary. For a subset X of R, the right (left) annihilator of X is denoted by r (X) and
(I (X)). If X = {a} we usually abbreviate itto r (a), ({(a)). A right R— module M
is called p—injective, if for any principal right ideal aR of R and any
R—homomorphism of aR into M can be extended to one of an R into M. The ring
R is called right p—injective if an Ry Is p—injective [8]. A ring R is said to be Von
Neumann regular ring (or just regular) if and only if for each a in R, there exists b
in R suchthata = aba [7]. Following [10] A ring R is said to be right (left) semi—
regular ring, if and only if for each a in R, there exists b in R such that a =
ab(a = ba)and r (a) =7 (b) (I (a) =1(b)) and b is called to associate
element. A ring R is called local ring, if it has exactly one maximal ideal [4],[6]. A
ring R is called Von Neumann regular local ring (VNL-ring) if for all a € R, either
at or (1 — a) is a Von Neumann regular element [5], [2], [1]. A ring R is called
clean ring, if each element a in R can be written as, a = e + u, where e is an idem-
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potent element and u is unit element [3]. A ring R is said to be exchange ring, if for
each element a in R, there exists idempotent element e in R such that, e € aR
and (1 —e) € (1 — a)R [9]. Nicholson in [9], called a ring R a suitable ring, if for
each element a in R, there exists idempotent element e in R such that e-a €
R(a- a?).

2 The Semi Regular Local Rings

In this section we give the definition of semi-regular local rings with some of its
characterization and basic properties.

Definition 2.1: A ring R is said to be right (left) semi regular local ring or (srl—
ring) if for every a € R, eitheraor (1- a) is right (left) semi regular element. Now,
we give the most important result of this section.

Proposition 2.2: If R is right semi regular local ring, then the associated elements
are idempotent.

Proof: Leta € R.Then eitheraor (1- a) is semi regular elementin R. If ais semi
regular element, then there exists b in R such thata = ab and r(a) = r(b),

so a(1—b) = 0, then (1 —b) er(a) =r(b) and hence b(1 —b) = 0. Thus
b = b2. Now, if (1 — a) is semi regular then there exists ¢ in R such that (1 —
a) = (1—a)cand r(1—a)=r(c).So (1—a)(1—c) =0, then (1—-¢) €
r(1—a) = r(c)and, hence c(1 —c) = 0.Thereforec = ¢?> =

Proposition 2.3: If R is a reduced right semi regular local ring, then the associated
elements are unique.

Proof: Leta € R ,since R isright srl-ring .Then either a or (1 — a) is semi regular
element in R .If a is semi regular ,then there exists an element b € R such thata =
ab and r(a) = r(b). Now, assume that b is not unique associated element for a ,
then there exists an element b in R such that a = ab and r(a) = r(b). Hence
ab = ab, then a(b—b) = 0. S0 (b —b) € r(a) = r(b) = r(b) .Then b(b —
b) =0and b(b—b) = 0.Thus b? = bb and bb = b?,then b = bb and bb = b.
Since R is reduced, then r(b) = I(b) = I(b) .Thus (b — b) € I(b) = I(b), and
hence (b —b)b = 0,then  b? = bb, and hence b = bb.Therefore b = bb =
bb = b.Now, if (1 — a) is semi regular element, then there exists an element ¢ € R
suchthat (1 —a) = (1 —a)c andr(1 —a) = r(c). Assume that c is not unique,
then there exists ¢ in R such that (1—a) = (1 —a)¢ and r(1 —a) = r(c).
Hence (1—a)c = (1—a)c, then (1—a)(c—¢) = 0.Thus (c—=¢) er(1—
a) = r(c) = r(¢). Now c(c —¢) = 0, then ¢2 =cc and ¢(c — ¢) = 0, thus
¢c =¢%and hence c = c¢¢ and ¢c = ¢. Since R is reduced, thenr(c) = I(c) =
1(¢). Then (c — ¢)c =0, thatis c? = ¢¢c and (c—¢)¢ = 0, hence cc = ¢?,
soc = cc andcc = ¢.Thereforec = ¢c = ¢c¢c = C. [
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Proposition 2.4: Any element a in a right semi regular local ring is regular if Ra =
Rb for any associated b of R.

Proof: Assume that Ra = Rb.Thenra = bwherer € Randra € Raandb €
Rb. Since b is idempotent element, then Rb @ R(1 —b) = R then b + (1 —
b) = 1whereb € Rband (1— b) € R(1—b).Nowb + (1 —b) = 1, then
ra+ (1—b) =1, and ara + a(1l—b) = a, hence ara = a, since (1-—
b) € r(a) therefor a is regular element. Now, if R(1 — a) = Rb, then assume that
s(1—a) =b,where s(1—a) € R(1—a)andb € Rb.NowWRb® R(1— b) =
R, hence b+ (1—b) =1, then s(1—a) +(1—-b) = 1, thus (1 —a)s(1 —
a) = (1 —a). Therefore (1 — a) is regular element in R. [

Proposition 2.5: The epimorphism image of right semi regular local ring is right
semi regular local ring.

Proof: Let f : R — R be epimorphism function such that R is right (srl- ring) and
let 1, y, € in R. Then there exists 1, x, e in R such that f(x) = y and f(e) = e.
Now since R is right (srl—ring), then either x or 1 — x is semi regular. If x = xe
and r(x) = r(e). Hence y = f(x) = f(xe) = f(x)f(e) =yeée then y = ye.
Now, to prove that r(y) = r(e) . Let a € r(y) then ya = 0 hence f(x)a = 0,
then x f~1(a) = 0. Hence f~(a) € r(x) = r(e), thus ef~1(a) =0, then
f(e)a = 0, thus éa = 0, then a € r(é). Therefore r(y) € r(é) ........... ().
Letb € r(é),theneb = 0.Hence f(e)b = 0, thusef~1(b) = 0,then f~1(b) €
r(e) =r(x).Soxf~1(b) = 0, hence f(x)b = 0. Thus yb = 0, then b € r(y).
Therefore r(e) € r(y)...... (2). Now, from (1) and (2), we have r(é) = r(y).
Now, if 1 — x is semi regular then (1 —x) = (1 —x)e and r(1 — x) = r(e), then
A-»=T+EM=fO+f=0)=f1-x)=f(1-x)e)=f(1 -

x)f(e)=(1—-y)ée.Hence (1 — y)=(1—y)é .Nowtoprovethatr(l— y) =
r(@). Let cer(1— y). Then (1— y)c=0, hence f(1—x)c=0and (1—
x) f~Y(c) =0, thus f~1(c) er(1—x) =r(e), then ef~1(c) = 0and hence
f(e)c = 0. Thus éc = 0then ¢ € r(&), hence 7(1— y) S 7(&) ... ...... (3).
Letd € r(€).Then éd = 0,hence f(e) d = 0. Thusef~1(d) = Othen f~1(d) €
r(e) =r(1—x) and hence (1 —x) f~11(d) =0. Thus f(1—x)d =0, then

(1- y)d=0thatisd € r(1— y).Therefore (&) S r(1— y) ............ 4).
Now from (3) and (4) we get r(&) = r(1 — y). Hence either y or 1 — y is semi
regular element in R .Therefore R is semi regular local ring. ]

Proposition 2.6: Let R be aring, then R is right semi regular local ring if and only
if either r(a) or r(1 — a) is direct summand for all a in R.

Proof: Assume that a € R and r(a) is direct summand .Then there exists I < R
such that R = r(a) @ I, then there are elements b € [ and d € r(a), such that
d+b =1, and hence ad + ab = a, then

a = ab. Now, to prove that r(a) = r(b). Let x € r(a) then ax = 0, hence
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abx = 0and bx € r(a).Butbx € landr(a) NI = 0,then bx = 0 and x € r(b).
Therefore r(a) € r(b)...(1). Now, let y € r(b) then by = 0, hence aby = 0,
thus ay = 0, hence y € r(a). Therefore r(b) € r(a) .... (2). Now from (1) and (2)
we have r(a) =r(b), then a is semi regular element. Now ,assume that
(1—a) € R and r(1 — a) is direct summand .Then there exists /] c R such that
R=r(1—a)®] .Nowletc € Jand f € r(1—a)suchthatl = f + c, then
(1-a) = 1—-a)f + (1 —a)c,andhence (1 —a) = (1 —a)c.Nowto prove
that (1 —a) = r(c). Now letw € r(1 —a), then (1 —a)w = 0, hence (1 —
a)ew = 0. Thus cwe€ r(1—a). But cew €Jand J n r(1 —a) = 0 then
cw = 0, hencew € r(c). Therefore r(1 —a) € r(c)......... (3). Now, let z €
r(c), then cz =0 and hence (1 —a)cz = 0. Thus (1—a)z = 0, then z €
r(1 —a), and thereforer(c) € r(1 —a) ...... (4). Now from (3) and (4), we have
r(c) = r(1 —a) that is 1-a is semi regular element. Therefore, R is right semi
regular local ring. Conversely, assume that R is right semi regular local ring. Then
either a or (1 — a) is semi regular element. If a is semi regular element, then there
exists b in R such that a = ab and r(a) = r(b). Since a(1 — b) = 0,then (1 —b) €
r(a),then1=b+ (1—D>b), henceR = bR + (1 —b)R, thus R = bR + r(a).
To prove bRN r(a) = 0. Now let x € bR N r(a), then x € bR and x € r(a),
hence x = br forsomer € R and ax = 0. Since, x € r(a) = r (b), then bx = 0
and hence b.br = 0, hence br = 0, thus x = 0. Therefore bR N r(a) = 0 .Hence
r(a) is direct summand .Now ,if 1 — a is semi regular if (1 — a) is semi regular
then there exists 0 = c € R such that (1 —a) = (1 —a)c and r(1 —a) =1r(c)
since (1—a)(1—c)=0and (1—-c)€er(l—a), then 1=c+ (1—c) hence
R =cR + (1 —c)R therefore R=cR+r(1—a). Toprover(1—a) NncR = 0.
Now let yer(1—a)NncR thenyer(l—a) and y € cR, hence (1—a)y =0
andy = cr forsomer € R.Sincey € r(1—a) =r(c), thency =0and c.cr =
0, hence cr =0, and thus y = cry =0, then r(1 — a) N cR = (0) .Therefore
r(1 — a) is direct summand. [

Proposition 2.7: Let R be an abelian and right semi regular local ring. Then any
element x in R can be written as x =s+a or 1 —x = s + a ,where s is semi
regular element and a is nilpotent element.

Proof: Assume that x € R is semi regular element, then there exists e € R such that
x = xe and r(x) = r(e). Now, x = xe + (x - xe) .We will prove that xe is semi
regular element and (x — xe) is nilpotent element. Now xe = xe.e , to prove
r(xe) = r(e). Now let b € r(xe), then xeb = 0 and eb € r(x) = r(e) , hence
e.eb =0 and eb = 0, then b € r(e), and hence r(xe) <€ r(e)....... (1). Now let
c €r(e), then ec =0. Hence xec =0, thus c € r(xe), therefore r(e) S
r(xe)......... (2). Now from (1) and (2) we have r(xe) = r(e). Then xe is semi
regular element. Now, (x —xe)® = (x(1—¢e))" = x"(1—e)n™ =0 . Then
(x — xe) is nilpotent element. Now if 1 — x is semi regular element, then there
existsc e Rsuchthat (1— x)=(1—-x)cand (1—x)=7r(c).Then,1—x =
[(1=x)c+ (1—x)-(1— x)c] Now we will prove that (1 — x)c is semi regular
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elementand (1 — x)- (1 — x)c is nilpotent element. Then (1 — x)c = (1 — x)c.c
and to prove r((1 —x)c) = r(c).Now let a € r((1 — x)c), then (1 — x)ca = 0,
hence ca € r(1 — x) = r(c) thus cca = 0. Therefore ca = 0,then a € r(c) and
hence r((1 — x)c) € r(c)...(3). Now let d € r(c), then c¢d = 0, and hence (1 —
x)cd = 0 thus d € r((1 — x)c). Therefore r(c) € r((1 — x)c)...(4). Now from
(3) and (4) we have r(c) = r((1 —x)c), hence (1 — x)c is semi regular element.
Now, [A=x)-(1=x)c]"=[A=x)A=-)]"=[A=-0)"A—-)"] =
0.Ttherefore [(1 — x) - (1 — x)c] is nilpotent element. |

3 The relation between right semi regular local ring and another
ring

In this section we give the relation between right semi regular local ring and
VNL-ring, local ring, Von Neumann ring, clean ring, exchange ring and suitable
ring.

Proposition 3.1: Let R be a local ring. Then R is right semi regular local ring.

Proof: Since R is local ring then by proposition (10.1.3) in [5] eithera or 1 — a is
invertible element. If a is invertible, then there exists b in R such that ab = 1 and
hence aba = a. Lete = ba. Then ae = a. To prove thatr(a) = r(e) letx € r(a),
hence ax =0, and bax =0 thus ex =0 hence x € r(e) therefore r(a) <
r(e)...... (1). Now, let y € r(e) then ey = 0 hence bay = 0 thus abay = 0, then
ay = 0, hence y € r(a), therefore r(e) € r(a)...(2). From (1) and (2) we have
r(a) = r(e). Therefore a is right semi regular in R .Now ,if 1 — a is invertible
element then there exists ¢ in R such that (1 —a)c = 1,then (1 —a)c(1 —a) =
(1—a) Letd =c(1—a). Then (1 —a)d = (1 — a), now to prove that r(1 —
a)=r(d) . Let ver(l—a). Then (1—a)v =20, hence c(1—a)v=0 and
dv = 0, then v € r(d) and therefore r(1 — a) € r(d)....(3). Now, let w € r(d)
thendw = 0 hence c(1 —a)w =0thus (1 —a)c(1—a)w =0then (1 —a)w =
0. Thenw € r(1 — a) therefore r(d) € r(1 — a).... (4). From (3) and (4) we have
r(d) = r(1 —a) . Then 1 — a is right semi regular element, and therefore R is
right semi regular local ring. [

Corollary 3.2: Every Von Neumann regular ring is right semi regular local ring.
Proposition 3.3: Let R be VNL— ring. Then R is right semi regular local ring.
Proof: By the same proof of proposition (3.1)

It's clearly that, the converse of proposition (3.3) is not true.

Now we give a necessary condition to get the converse of above proposition.

Proposition 3.4: If R is right semi regular local ring and Rr is P—injective, then R
is VNL-ring.
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Proof: Let a € R, since R is right semi regular local ring. Then eithera or 1 — a
is a semi regular element. If a is semi regular element, then there exists b in R such
that a = ab and r(a) = r(b). To prove a is regular we need to prove that Ra =
[(r(a)) foranyainR. Letx € I[(r(a)). Now define f:aR — R by f(ar) = xr for
all » € R. We shall prove first that f is well define. If ar; = ary, then a(r1 - r2) =
0 and, hence (r; - 1) € r(a) but r(a) = r(l(r(a)) € r(x). Thus (r, —1,) €
r(x), so xr; = xr, .Therefore f is well define. Now, since R is P—injective then
there exists ¢ in R such that f(ar) = car and x = f(a) = ca € Ra, this prove that
[(r(a)) S Ra. The converse inclusion is easy, so Ra = l(r(a)) = l(r(b)) = Rb.
Then Ra = Rb, and by proposition (2.4) we have a is regular element. Now, If 1 —
a is semi regular element then there exists d in R such that (1 — a) = (1 — a)d
and r(1 —a) =r(d). To prove (1 — a) is regular we need to prove that R(1 —
a)=1l(r(1—a))forany (1 —a)inR. Lety € [(r(1 — a)). Now, define f: (1 —
a)R — Rby f(1 —a)r) = yrforall r € R. We shall prove first f is well defined.
If(1—a)r;, = (1 —a)r,,then(1—a)(r, -1,) =0and, hence (r1-r2) e r(1 —
a). But r(1—a)=r(@r(1—-a)) Sr(y). Thus (r, — 1) €r(y) and hence
yr; = yry. Therefore f is well define. Now, since R is P—injective then there exists
k in R such that f((1—a)r)=k(l—a)r, then y=f(1—a)=k(1—a) €
R(1 — a). This prove that [(r(1 — a)) € R(1 — a) ,the converse inclusion is easy,
O R(1—a)=1l(r(1—a))=1l(r(d)) =Rd. Then R(1—a)=Rd, then by
proposition (2.4) we have 1 — a is regular element. Therefore, R is VNL—ring =

Proposition 3.5: Let R be a VNL-ring. Then for each proper ideal I of R, the
quotient ring R/I is right semi regular local ring.

Proof: Let a + 1 € R/I where a € R. Since R is VNL-ring, then either a or (1 —
a) is regular element. If a is regular element, then there exists b in R such that a =
aba. Let e = ba thenae =a. Thatisa+ 1 =ae+ 1= (a+1)(e+1). Now, to
prove r(a+I)=r(e+1). Let x+I€r(a+1), then (a+Dx+1) =
[.Thusax +1 =1 and hence (b +I)(ax+1) =1 and then bax +1 =1 hence
ex+I1=1, thatis (e+)(x+1)=1 thus x +1 € r(e +1). Therefore r(a +
I) € r(e+1)...(1). Now, let y+1€r(e+1),then (e +1)(y+1)=1thatis
ey+1=1. Thus (a+1)(ey+1) =1, hence aey+1=1. Then abay +1 =1,
hence ay + I =l and thus (a + I)(y + 1) = 1.Hence y + I € r(a + I). Therefore
r(e+1) S r(a+1)..(2). From (1) and (2) we have r(e + 1) =r(a+1). Then
a + I isright semi regular element in R. Now, if 1 — a is regular element then there
existscinRsuchthat (1—-a)c(1—a)=(1—a).Letd =c(1—a),then (1—
a)d =(1—a). Toprovethatr((1—a)+ 1) =r(d+1),letz+1er(1—a)+
I), z€R then (1—a)+D(z+1)=1 hence (1—a)z+1=1, thus (c+
ND((1—a)z+ 1) =1, therefore c(1—a)z+1=1. Thendz+1 =1, hence (d +
Dz+D=Ithusz+Ier(d+Dthenr((1—a)+1) S r(d+1)...(3). Now,
let w+I1€r(d+1), then (d+1)(w+1)=1 hence dw+1=1. Thus ((1-—
a)+D(dw+1)=1then (1—a)dw+ I =1, hence (1—a)c(1—a)w+1=
I,then (1 —a)w + 1 =1 hence
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(Q-a)y+DHhw+D=1and w+Iler(l—a)+1), thus r(d+I1(cr((1 -
a)+1)....(4). From (3) and (4) we have r(d +1) =r((1 —a) + ). Then (1 —
a) + I is right semi regular element in R. Therefore R/I is right semi regular local
ring. m

Finally, we closed this section by the following theorem.

Theorem 3.6: Let R be a commutative semi regular local ring and R is P—injective.
Then:

1R is clean ring.
2)R is exchange ring.
3) R is suitable ring.

Proof: 1) By proposition (3.4) we have that R is a VNL-ring, and by proposition
(5.1) (2) in [8], eithera = ue ora = 1 + ue whereu € U(R) and e € Idem(R).
Now, if a = ue by Theorem (2.2) in [8]. Thus a = (ue + e — 1) + (1 — e) with
(ue+e—1(€ U(R) since (ue + e — D(ule+e—1)=1and (1-e)E
Idem(R), so a€cln(R). Now, if a=14+ue=(ue+1—e)+e with
ue+1—e€U(R) since (ue+1—e)(ule+1—e)=1 and e € Idem(R),
then a € cln(R). Therefore R is clean ring.

2) By proposition (3.4) we have that R is a VNL-ring. And by proposition (5.1) (2)
in [1], either a = ue or a = 1 + ue where u € U(R) and e € Idem(R).

If a = ue and f = e where f2 = f, then

(a- flu = au-fu = (ue)u — eu = ue? — eu = (ue)?> —eu = a? —
a(sincee? = eandue = eu)

Thatis (a — ) u =a? —a,thena—f = (a?—a)uLa— f =a*u™t —au™L
Hence f = a +au ' —a?u™t, thus f = a(1+ u™t —au™?), therefore f =
at, hence f = aR

wheret = (a+ au™! — a?u~1) € R. Therefore e € aR.
Now,1—f=1—-(a+aul—a?u),thenl—f=1-a—aut+a?u?
1-f=0-a)(1— au™1),hence 1 —f = (1 —a)L,

where L = (1 —au™!) € R.

Therefore 1 — f € (1 — a)R.

Now,ifa=14ueandf = 1—e,then(a- flu=au— fu

(a- flu=Q4+uedu—(1—e)u= u+u?e—u+eu

(a- flu=1+eu+ue+ue?—1—ue (byaddition 1,—1,ue, —ue)

= (14+ue)’—(1+ue)=a*—a

(a- fl)u=a?—a,then a— f = (a? —a)u™?, and hence
f=a+aul—a%u?!
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f = a(l + u_l — au—l), thereforef = ab1 where b = (a + au"l _ aZu—l) € R.
Therefore f € aR.
Now,1—f=1-(a+au!—a*u),thenl—f=1-a—aut+a%u?
1-f=0-a)(1— aub,hencel —f = (1 —a)k,wherek = (1—au™t) e
R.

Therefore 1 — f € (1 — a)R. Hence R is exchange ring.

3) By proposition (3.4) we have that R is a VNL-ring, and by proposition (5.1) (2)
in [8], eithera = ue ora = 1 + ue, where u € U(R) and e € Idem(R).

If a = ue and f = e, where f2 = f, thenu(a — f) = ua — uf

= u(ue) —ue = u?e? — ue, since (e = e?)

Now, u(a—f) = (ue)®> —uethenu(a—f)=a?—a and a—f =u1(a? -
a), hence

f—a=utl(a—a?,thus f—a=R(a—a*),where f—a€R(a—a?).
Now, if a =1+ ue and f =1 — e, where f2 = f.

Thenu(a—f) =ua—uf =u(l+ ue) —u(l—e)

u(a—f) =u+u’e—u+ue.

By addition 1, —1, ue, —ue and since (e = e?)
u(a—f)=1+ue+ue+u?e?—1—ue, then u(a—f)=>0A+ue)®>—-(1+
ue). u(a—f)=a?—a,hence a— f =u"(a?—a)and thusf —a =u"1(a—
a?), hence

f —a=R(a—-a?),where f —a € R(a — a?). Therefore, R is suitable ring. m
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