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Abstract 

 

A ring R is said to be right (left) semi regular local ring or (srl− ring) if for every 

a ∈  R, either a or (1 –  a) is right (left) semi regular element. In this paper, we 

introduce some characterization and basic properties of this rings. Also, we studied 

the relation between semi regular local rings and Von Neumann regular local rings, 

Von Neumann regular rings, clean rings, exchange rings and suitable rings. 
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1 Introduction 
 

   Throughout this paper, 𝑅 denotes associative rings with identity; all modules are 

unitary. For a subset 𝑋 of 𝑅, the right (left) annihilator of 𝑋 is denoted by 𝑟 (𝑋) and 

(𝑙 (𝑋)). If 𝑋 =  {𝑎} we usually abbreviate it to 𝑟 (𝑎), (𝑙(𝑎)). A right R− module M 

is called p−injective, if for any principal right ideal 𝑎𝑅 of 𝑅 and any 

R−homomorphism of  𝑎𝑅 into M can be extended to one of an R into M. The ring 

𝑅 is called right p−injective if an 𝑅𝑅  Is p−injective [8]. A ring R is said to be Von 

Neumann regular ring (or just regular) if and only if for each a in 𝑅, there exists b 

in 𝑅 such that 𝑎 =  𝑎𝑏𝑎 [7]. Following [10] A ring R is said to be right (left) semi− 

regular ring, if and only if for each a in 𝑅, there exists b in R such that 𝑎 =
 𝑎𝑏 (𝑎 =  𝑏𝑎) and 𝑟 (𝑎)  = 𝑟 (𝑏) (𝑙 (𝑎)  = 𝑙 (𝑏)) and b is called to associate 

element. A ring R is called local ring, if it has exactly one maximal ideal [4],[6]. A 

ring R is called Von Neumann regular local ring (VNL−ring) if for all 𝑎 ∈ 𝑅, either 

at or (1 −  𝑎) is a Von Neumann regular element [5], [2], [1]. A ring 𝑅 is called 

clean ring, if each element a in 𝑅 can be written as, a = e + u, where e is an idem- 
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potent element and u is unit element [3]. A ring R is said to be exchange ring, if for 

each element a in R, there exists idempotent element e in R such that, 𝑒 ∈  𝑎𝑅 

and (1 − 𝑒) ∈ (1 − 𝑎)𝑅 [9]. Nicholson in [9], called a ring R a suitable ring, if for 

each element a in R, there exists idempotent element 𝑒 in 𝑅 such that 𝑒– 𝑎 ∈
𝑅(𝑎 – 𝑎2). 
 

2 The Semi Regular Local Rings 
 

   In this section we give the definition of semi-regular local rings with some of its 

characterization and basic properties. 

 

Definition 2.1: A ring R is said to be right (left) semi regular local ring or (srl− 

ring) if for every 𝑎 ∈ 𝑅, either a or (1–  𝑎) is right (left) semi regular element. Now, 

we give the most important result of this section. 

 

Proposition 2.2: If 𝑅 is right semi regular local ring, then the associated elements 

are idempotent. 

 

Proof: Let 𝑎 ∈  𝑅.Then either a or (1–  𝑎) is semi regular element in 𝑅. If a is semi 

regular element, then there exists b in R such that 𝑎 =  𝑎𝑏 𝑎𝑛𝑑 𝑟(𝑎)  =  𝑟(𝑏), 

 so 𝑎 (1 − 𝑏)  =  0, then (1 − b) ∈ r(a) = r(b) and hence 𝑏(1 − 𝑏) = 0. Thus 

𝑏 = 𝑏2. Now,  if (1 − 𝑎) is semi regular then there exists c in R such that (1 −
a)  =  (1 − a)c and r(1 − a) =  r(c).So (1 − 𝑎)(1 − 𝑐)  =  0 , then (1 − 𝑐)  ∈
 𝑟(1 − 𝑎)  =  𝑟(𝑐) and, hence 𝑐(1 − 𝑐)  =  0.Therefore 𝑐 =  𝑐2      ■ 

 

Proposition 2.3: If R is a reduced right semi regular local ring, then the associated 

elements are unique. 

 

Proof: Let 𝑎 ∈  𝑅 ,since 𝑅 is right srl−ring .Then either 𝑎 or (1 − 𝑎) is semi regular 

element in 𝑅 .If a is semi regular ,then there exists an element 𝑏 ∈ 𝑅 such that 𝑎 =
 𝑎𝑏 and 𝑟(𝑎)  =  𝑟(𝑏). Now , assume that b is not unique associated element for 𝑎 , 
then there exists an element  𝑏̅ in 𝑅 such that 𝑎 =  𝑎𝑏̅ and 𝑟(𝑎) = 𝑟(𝑏̅). Hence 

𝑎𝑏 = 𝑎𝑏̅, then 𝑎(𝑏 − 𝑏̅) = 0. So (𝑏 − 𝑏̅)  ∈  𝑟(𝑎)  =  𝑟(𝑏)  =  𝑟(𝑏̅) .Then 𝑏(𝑏 −

𝑏̅) = 0 and 𝑏̅(𝑏 − 𝑏 ̅) = 0 .Thus 𝑏2 = 𝑏𝑏̅ and 𝑏̅𝑏 = 𝑏̅2, then 𝑏 = 𝑏𝑏̅ and 𝑏𝑏̅  = 𝑏̅. 

Since 𝑅 is reduced, then 𝑟(𝑏) = 𝑙(𝑏) = 𝑙(𝑏̅) .Thus (𝑏 − 𝑏̅)  ∈  𝑙(𝑏)  =  𝑙(𝑏̅), and 

hence (𝑏 − 𝑏̅) 𝑏 =  0, then     𝑏2 = 𝑏𝑏̅, and hence 𝑏 =  𝑏𝑏̅.Therefore 𝑏 = 𝑏̅𝑏 =
𝑏𝑏̅ = 𝑏̅.Now, if (1 − 𝑎) is semi regular element, then there exists an element 𝑐 ∈ 𝑅 

such that (1 − 𝑎)  =  (1 − 𝑎)𝑐  and 𝑟(1 − 𝑎)  =  𝑟(𝑐). Assume that c is not unique, 

then there exists  c̅ in R such that (1 − 𝑎)  =  (1 − 𝑎) 𝑐̅ and 𝑟(1 − 𝑎) =  𝑟(𝑐̅). 
Hence (1 − 𝑎)𝑐 =  (1 − 𝑎) 𝑐,̅ then (1 − 𝑎) (𝑐 − 𝑐̅)  =  0.Thus (𝑐 − 𝑐̅)  ∈ 𝑟(1 −
𝑎)  =  𝑟(𝑐)  =  𝑟(𝑐̅). Now 𝑐(𝑐 − 𝑐̅)  =  0, then 𝑐2 = 𝑐𝑐̅  and 𝑐̅(𝑐 − 𝑐̅) = 0, thus 

𝑐̅𝑐 = 𝑐̅2 and hence 𝑐 =  𝑐𝑐̅  and  𝑐̅𝑐 = 𝑐̅. Since R is reduced, then 𝑟(𝑐)  =  𝑙(𝑐)  =
 𝑙(𝑐̅). Then (𝑐 − 𝑐̅)𝑐 = 0, that is 𝑐2  =  𝑐𝑐̅  and  (𝑐 − 𝑐̅) 𝑐̅   =  0, hence  𝑐𝑐̅ = 𝑐̅2, 

so 𝑐 =  𝑐𝑐̅  and 𝑐𝑐̅   =  𝑐̅. Therefore 𝑐 =  𝑐𝑐̅  =  𝑐𝑐̅   =  𝑐̅ .         ■ 
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Proposition 2.4: Any element a in a right semi regular local ring is regular if 𝑅𝑎 =
 𝑅𝑏 for any associated b of R. 

 

Proof: Assume that 𝑅𝑎 =  𝑅𝑏.Then 𝑟𝑎 =  𝑏 where 𝑟 ∈  𝑅 and 𝑟𝑎 ∈  𝑅𝑎 and 𝑏 ∈
 𝑅𝑏. Since b is idempotent element, then 𝑅𝑏 ⨁ 𝑅(1 − 𝑏)  =  𝑅 then 𝑏 +  (1 −
𝑏)  =  1 where 𝑏 ∈  𝑅𝑏 and (1 −  𝑏)  ∈  𝑅(1 − 𝑏). Now 𝑏 +  (1 − 𝑏)  =  1, then 

𝑟𝑎 +  (1 − 𝑏)  =  1, and 𝑎𝑟𝑎 +  𝑎(1 − 𝑏)  =  𝑎, hence 𝑎𝑟𝑎 =  𝑎, since (1 −
𝑏)  ∈  𝑟(𝑎) therefor a is regular element. Now, if 𝑅(1 − 𝑎) = 𝑅𝑏, then assume that 

𝑠(1 − 𝑎)  = b, where  𝑠(1 − 𝑎)  ∈  𝑅(1 − 𝑎) and 𝑏 ∈ 𝑅𝑏. Now 𝑅𝑏 ⨁ 𝑅(1 −  𝑏) =
 𝑅, hence 𝑏 + (1 − 𝑏) = 1, then 𝑠(1 − 𝑎)  + (1 − 𝑏)  =  1, thus (1 − 𝑎)𝑠(1 −
𝑎)  =  (1 − 𝑎). Therefore (1 − 𝑎) is regular element in R.         ■ 

 

Proposition 2.5: The epimorphism image of right semi regular local ring is right 

semi regular local ring. 

 

Proof: Let 𝑓 ∶ 𝑅  𝑅̅ be epimorphism function such that 𝑅 is right (srl− ring) and 

let 1,̅ y, e̅ in R̅. Then there exists 1, x, e in R such that 𝑓(𝑥) =  𝑦 and 𝑓(𝑒) =  𝑒̅. 

Now since R is right (srl− ring), then either 𝑥 or 1 −  𝑥 is semi regular. If 𝑥 =  𝑥𝑒 

and 𝑟(𝑥) =  𝑟(𝑒). Hence 𝑦 = 𝑓(𝑥) = 𝑓(𝑥𝑒) = 𝑓(𝑥)𝑓(𝑒) = 𝑦 𝑒̅ then 𝑦 =  𝑦 𝑒̅. 

Now, to prove that 𝑟(𝑦) =  𝑟(𝑒̅) . Let 𝑎 ∈ 𝑟(𝑦) then 𝑦𝑎 = 0 hence 𝑓(𝑥)𝑎 = 0, 

then 𝑥 𝑓−1(𝑎) = 0. Hence 𝑓−1(𝑎) ∈  𝑟(𝑥) =  𝑟(𝑒), thus 𝑒𝑓−1(𝑎) = 0, then 

𝑓(𝑒)𝑎 =  0, thus 𝑒̅𝑎 =  0, then 𝑎 ∈ 𝑟(𝑒̅ ). Therefore 𝑟(𝑦) ⊆  𝑟(𝑒̅ ) ………..(1). 

Let 𝑏 ∈  𝑟(𝑒̅ ), then 𝑒̅𝑏 = 0. Hence 𝑓(𝑒)𝑏 = 0, thus 𝑒𝑓−1(𝑏) =  0, then 𝑓−1(𝑏) ∈
𝑟(𝑒) = 𝑟(𝑥). 𝑆𝑜 𝑥𝑓−1(𝑏) = 0, hence 𝑓(𝑥)𝑏 =  0. Thus 𝑦𝑏 = 0, then 𝑏 ∈ 𝑟(𝑦). 
Therefore 𝑟(𝑒̅) ⊆ 𝑟(𝑦)…… (2). Now, from (1) and (2), we have 𝑟(𝑒̅ ) = 𝑟(𝑦). 

Now, if 1 − 𝑥 is semi regular then (1 − 𝑥) =  (1 − 𝑥)𝑒 and 𝑟(1 − 𝑥) = 𝑟(𝑒), then 

(1̅ −  𝑦) = 1̅ + (−𝑦) =  𝑓(1) + 𝑓(−𝑥) = 𝑓(1 − 𝑥) = 𝑓((1 − 𝑥)𝑒) = 𝑓(1 −

𝑥)𝑓(𝑒) = (1̅ − 𝑦)𝑒̅. Hence (1̅ −  𝑦) = (1̅ − 𝑦) 𝑒̅  . Now to prove that 𝑟(1̅ −  𝑦) =
𝑟(𝑒̅). Let 𝑐 ∈ 𝑟(1̅ −  𝑦). Then (1̅ −  𝑦) 𝑐 = 0, hence 𝑓(1 − 𝑥)𝑐 = 0 and (1 −
𝑥) 𝑓−1(𝑐) = 0, thus 𝑓−1(𝑐) ∈ 𝑟(1 − 𝑥) = 𝑟(𝑒), then 𝑒𝑓−1(𝑐) = 0and hence 

𝑓(𝑒) 𝑐 =  0. Thus 𝑒̅𝑐 = 0 then 𝑐 ∈  𝑟(𝑒̅), hence 𝑟(1̅ −  𝑦) ⊆   𝑟(𝑒̅) … … … . (3). 

Let 𝑑 ∈  𝑟(𝑒̅). Then  𝑒̅𝑑 = 0, hence 𝑓(𝑒) 𝑑 = 0. Thus 𝑒𝑓−1(𝑑) = 0 then 𝑓−1(𝑑) ∈
𝑟(𝑒) = 𝑟(1 − 𝑥) and hence (1 − 𝑥) 𝑓−11(𝑑) = 0. Thus 𝑓(1 − 𝑥) 𝑑 = 0, then 

(1̅ −  𝑦) 𝑑 = 0 that is 𝑑 ∈  𝑟(1̅ −  𝑦). Therefore  𝑟(𝑒̅)  ⊆  𝑟(1̅ −  𝑦) ………… (4). 

Now from (3) and (4) we get 𝑟(𝑒̅) =  𝑟(1̅ −  𝑦). Hence either y or 1̅ − 𝑦 is semi 

regular element in  R̅ .Therefore R̅ is semi regular local ring.                    ■ 

 

Proposition 2.6: Let R be a ring, then R is right semi regular local ring if and only 

if either 𝑟(𝑎) or 𝑟(1 − 𝑎) is direct summand for all a in R. 

 

Proof: Assume that 𝑎 ∈  𝑅 and 𝑟(𝑎) is direct summand .Then there exists 𝐼 ⊂  𝑅 

such that 𝑅 = 𝑟(𝑎) ⨁ 𝐼,  then there are elements 𝑏 ∈  𝐼 and 𝑑 ∈ 𝑟(𝑎), such that 

𝑑 + 𝑏 = 1, and hence 𝑎𝑑 + 𝑎𝑏 = 𝑎, then  

𝑎 = 𝑎𝑏. Now, to prove that 𝑟(𝑎) = 𝑟(𝑏). Let 𝑥 ∈ 𝑟(𝑎) then 𝑎𝑥 = 0, hence  
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𝑎𝑏𝑥 = 0 and 𝑏𝑥 ∈ 𝑟(𝑎). But 𝑏𝑥 ∈ 𝐼 and 𝑟(𝑎) ∩ 𝐼 =  0, then 𝑏𝑥 = 0 and 𝑥 ∈ 𝑟(𝑏). 

Therefore 𝑟(𝑎) ⊆ 𝑟(𝑏)...(1).  Now, let 𝑦 ∈  𝑟(𝑏) then 𝑏𝑦 = 0, hence 𝑎𝑏𝑦 = 0, 

thus 𝑎𝑦 = 0, hence y ∈ r(a). Therefore 𝑟(𝑏) ⊆  𝑟(𝑎) …. (2). Now from (1) and (2) 

we have 𝑟(𝑎) = 𝑟(𝑏), then a is semi regular element. Now ,assume that  

(1 − 𝑎) ∈ 𝑅 and 𝑟(1 − 𝑎) is direct summand .Then there exists 𝐽 ⊂ 𝑅 such that 

𝑅 = 𝑟(1 − 𝑎) ⨁ 𝐽 .Now let 𝑐 ∈  𝐽 and  𝑓 ∈  𝑟(1 − 𝑎) such that 1 =  𝑓 +  𝑐, then 

(1 − 𝑎)  =  (1 − 𝑎)𝑓 +  (1 − 𝑎)c, and hence (1 − 𝑎)  =  (1 − 𝑎)𝑐 . Now to prove 

that 𝑟(1 − 𝑎)  =  𝑟(𝑐). Now let 𝑤 ∈  𝑟(1 − 𝑎), then (1 − 𝑎)𝑤 =  0, hence (1 −
𝑎)𝑐𝑤 =  0. Thus   𝑐𝑤 ∈  𝑟(1 − 𝑎). But 𝑐𝑤 ∈ 𝐽 and 𝐽 ∩  𝑟(1 − 𝑎)  =  0 then 

𝑐𝑤 =  0, hence 𝑤 ∈ 𝑟(𝑐). Therefore 𝑟(1 − 𝑎) ⊆  𝑟(𝑐)……… (3). Now, let 𝑧 ∈
𝑟(𝑐), then 𝑐𝑧 = 0 and hence (1 − 𝑎)𝑐𝑧 =  0. Thus (1 − 𝑎)𝑧 =  0, then 𝑧 ∈
 𝑟(1 − 𝑎), and therefore 𝑟(𝑐) ⊆ 𝑟(1 − 𝑎) …… (4). Now from (3) and (4), we have 

𝑟(𝑐)  =  𝑟(1 − 𝑎) that is 1-a is semi regular element. Therefore, R is right semi 

regular local ring. Conversely, assume that R is right semi regular local ring. Then 

either 𝑎 or (1 − 𝑎) is semi regular element. If 𝑎 is semi regular element, then there 

exists b in R such that a = ab and r(a) = r(b). Since 𝑎(1 − 𝑏)  =  0, then (1 − 𝑏) ∈
 𝑟(𝑎), 𝑡ℎ𝑒𝑛 1 = 𝑏 + (1 − 𝑏), hence 𝑅 =  𝑏𝑅 + (1 − 𝑏)𝑅, thus 𝑅 =  𝑏𝑅 + 𝑟(𝑎). 
To prove 𝑏𝑅 ∩  𝑟(𝑎)  =  0. Now let  𝑥 ∈  𝑏𝑅 ∩  𝑟(𝑎), then 𝑥 ∈ 𝑏𝑅 and 𝑥 ∈ 𝑟(𝑎), 

hence 𝑥 = 𝑏𝑟 for some 𝑟 ∈ 𝑅 and 𝑎𝑥 =  0. Since, 𝑥 ∈ 𝑟(𝑎) = 𝑟 (𝑏), then 𝑏𝑥 = 0 

and hence 𝑏. 𝑏𝑟 = 0, hence 𝑏𝑟 = 0, thus 𝑥 = 0. Therefore 𝑏𝑅 ∩ 𝑟(𝑎) = 0 .Hence 

𝑟(𝑎) is direct summand .Now ,if  1 − 𝑎 is semi regular if (1 − 𝑎) is semi regular 

then there exists 0 ≠ 𝑐 ∈ 𝑅 such that (1 − 𝑎) = (1 − 𝑎)𝑐 and 𝑟(1 − 𝑎) = 𝑟(𝑐) 

since (1 − 𝑎)(1 − 𝑐) = 0 and (1 − 𝑐) ∈ 𝑟(1 − 𝑎), then 1 = 𝑐 + (1 − 𝑐) hence 

𝑅 = 𝑐𝑅 + (1 − 𝑐)𝑅 therefore 𝑅 = 𝑐𝑅 + 𝑟(1 − 𝑎). To prove 𝑟(1 − 𝑎) ∩ 𝑐𝑅 = 0. 

Now let 𝑦 ∈ 𝑟(1 − 𝑎) ∩ 𝑐𝑅 then 𝑦 ∈ 𝑟(1 − 𝑎) and 𝑦 ∈ 𝑐𝑅, hence (1 − 𝑎)𝑦 = 0 

and 𝑦 = 𝑐𝑟 for some 𝑟 ∈ 𝑅. Since 𝑦 ∈  𝑟(1 − 𝑎) = 𝑟(𝑐),  then 𝑐𝑦 = 0 and 𝑐. 𝑐𝑟 =
0, hence 𝑐𝑟 = 0, and thus 𝑦 =  𝑐𝑟𝑦 = 0, then 𝑟(1 − 𝑎) ∩ 𝑐𝑅 = (0) .Therefore 

𝑟(1 − 𝑎) is direct summand.               ■ 

 

Proposition 2.7: Let R be an abelian and right semi regular local ring. Then any 

element  𝑥 in 𝑅 can be written as 𝑥 = 𝑠 + 𝑎 or 1 − 𝑥 = 𝑠 + 𝑎 ,where s is semi 

regular element and a is nilpotent element. 

 

Proof: Assume that 𝑥 ∈ 𝑅 is semi regular element, then there exists 𝑒 ∈ 𝑅 such that 

𝑥 = 𝑥𝑒 and 𝑟(𝑥) = 𝑟(𝑒). Now, 𝑥 = 𝑥𝑒 + (𝑥 –  𝑥𝑒) .We will prove that xe is semi 

regular element and (𝑥 − 𝑥𝑒) is nilpotent element. Now 𝑥𝑒 = 𝑥𝑒. 𝑒 , to prove 

𝑟(𝑥𝑒) = 𝑟(𝑒). Now let 𝑏 ∈ 𝑟(𝑥𝑒), then 𝑥𝑒𝑏 = 0 and 𝑒𝑏 ∈ 𝑟(𝑥) =  𝑟(𝑒) , hence 

𝑒. 𝑒𝑏 = 0 and 𝑒𝑏 = 0, then 𝑏 ∈ 𝑟(𝑒), and hence 𝑟(𝑥𝑒) ⊆ 𝑟(𝑒)…….(1).  Now let 

𝑐 ∈ 𝑟(𝑒), then 𝑒𝑐 = 0. Hence 𝑥𝑒𝑐 = 0, thus 𝑐 ∈ 𝑟(𝑥𝑒), therefore 𝑟(𝑒) ⊆
𝑟(𝑥𝑒)……… (2). Now from (1) and (2) we have 𝑟(𝑥𝑒) = 𝑟(𝑒). Then 𝑥𝑒 is semi 

regular element. Now, (𝑥 − 𝑥𝑒)𝑛  =  (𝑥(1 − 𝑒))𝑛 =  𝑥𝑛 (1 − 𝑒)𝑛𝑛 = 0 . Then 

(𝑥 − 𝑥𝑒) is nilpotent element. Now if 1 − 𝑥 is semi regular element, then there 

exists 𝑐 ∈ 𝑅 such that (1 −  𝑥) = (1 − 𝑥)𝑐 and (1 − 𝑥) = 𝑟(𝑐) . Then , 1 − 𝑥 =
[(1 − 𝑥)𝑐 + (1 − 𝑥) – (1 −  𝑥)𝑐]  Now we will prove that (1 −  𝑥)𝑐 is semi regular  
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element and (1 − 𝑥)– (1 −  𝑥)𝑐 is nilpotent element. Then (1 −  𝑥)𝑐 = (1 − 𝑥)𝑐. 𝑐 

and to prove 𝑟((1 − 𝑥)𝑐) = 𝑟(𝑐).Now let 𝑎 ∈ 𝑟((1 − 𝑥)𝑐), then (1 − 𝑥)𝑐𝑎 = 0, 

hence 𝑐𝑎 ∈ 𝑟(1 − 𝑥) = 𝑟(𝑐) thus 𝑐𝑐𝑎 = 0. Therefore 𝑐𝑎 = 0, then    𝑎 ∈ 𝑟(𝑐) and 

hence 𝑟((1 − 𝑥)𝑐) ⊆ 𝑟(𝑐)...(3). Now let 𝑑 ∈ 𝑟(𝑐), then 𝑐𝑑 = 0, and hence (1 −
𝑥)𝑐𝑑 = 0 thus 𝑑 ∈ 𝑟((1 − 𝑥)𝑐). Therefore 𝑟(𝑐) ⊆ 𝑟((1 − 𝑥)𝑐)…(4). Now from 

(3) and (4) we have 𝑟(𝑐) =  𝑟((1 − 𝑥)𝑐), hence (1 − 𝑥)𝑐 is semi regular element. 

Now, [(1 − 𝑥) – (1 −  𝑥)𝑐]𝑛 = [(1 − 𝑥)(1 − 𝑐)]𝑛 = [(1 − 𝑥)𝑛(1 − 𝑐)𝑛] =
0.Ttherefore [(1 − 𝑥) – (1 −  𝑥)𝑐]  is nilpotent element.                         ■ 
 

 

3 The relation between right semi regular local ring and another 

ring 
 

In this section we give the relation between right semi regular local ring and 

VNL−ring, local ring, Von Neumann ring, clean ring, exchange ring and suitable 

ring. 

 

Proposition 3.1: Let R be a local ring. Then R is right semi regular local ring. 

 

Proof: Since 𝑅 is local ring then by proposition (10.1.3) in [5] either 𝑎 or 1 − 𝑎 is 

invertible element. If 𝑎 is invertible, then there exists 𝑏 in 𝑅 such that 𝑎𝑏 = 1 and 

hence 𝑎𝑏𝑎 = 𝑎. Let 𝑒 = 𝑏𝑎. Then 𝑎𝑒 = 𝑎. To prove that 𝑟(𝑎) = 𝑟(𝑒) let 𝑥 ∈ 𝑟(𝑎), 
hence 𝑎𝑥 = 0, and 𝑏𝑎𝑥 = 0 thus 𝑒𝑥 = 0 hence 𝑥 ∈ 𝑟(𝑒) therefore 𝑟(𝑎) ⊆
𝑟(𝑒)……(1). Now, let 𝑦 ∈ 𝑟(𝑒) then 𝑒𝑦 = 0 hence 𝑏𝑎𝑦 = 0 thus 𝑎𝑏𝑎𝑦 = 0, then 

𝑎𝑦 = 0, hence 𝑦 ∈ 𝑟(𝑎), therefore 𝑟(𝑒) ⊆ 𝑟(𝑎)…(2). From (1) and (2) we have 

𝑟(𝑎) = 𝑟(𝑒). Therefore a is  right semi regular in R .Now ,if 1 − 𝑎 is invertible 

element  then there exists 𝑐 in R such that (1 − 𝑎)𝑐 = 1, then (1 − 𝑎)𝑐(1 − 𝑎) =
(1 − 𝑎) .Let 𝑑 = 𝑐(1 − 𝑎). Then (1 − 𝑎)𝑑 = (1 − 𝑎), now to prove that 𝑟(1 −
𝑎) = 𝑟(𝑑) . Let 𝑣 ∈ 𝑟(1 − 𝑎). Then (1 − 𝑎)𝑣 = 0, hence 𝑐(1 − 𝑎)𝑣 = 0  and 

𝑑𝑣 = 0, then 𝑣 ∈ 𝑟(𝑑) and therefore 𝑟(1 − 𝑎) ⊆ 𝑟(𝑑)….(3). Now, let 𝑤 ∈ 𝑟(𝑑) 

then 𝑑𝑤 = 0 hence 𝑐(1 − 𝑎)𝑤 = 0 thus (1 − 𝑎)𝑐(1 − 𝑎) 𝑤 = 0 then (1 − 𝑎)𝑤 =
0. Then 𝑤 ∈ 𝑟(1 − 𝑎) therefore 𝑟(𝑑) ⊆ 𝑟(1 − 𝑎)…. (4). From (3) and (4) we have 

𝑟(𝑑)  =  𝑟(1 − 𝑎) . Then 1 − 𝑎 is right semi regular element, and therefore R is 

right semi regular local ring.                                          ■ 

 

Corollary 3.2: Every Von Neumann regular ring is right semi regular local ring. 

 

Proposition 3.3: Let R be VNL− ring. Then R is right semi regular local ring. 

 

Proof: By the same proof of proposition (3.1) 

It's clearly that, the converse of proposition (3.3) is not true. 

Now we give a necessary condition to get the converse of above proposition. 

 

Proposition 3.4: If R is right semi regular local ring and RR is P−injective, then R 

is VNL−ring. 
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Proof: Let 𝑎 ∈  𝑅, since 𝑅 is right semi regular local ring. Then either 𝑎 or 1 − 𝑎 

is a semi regular element. If 𝑎 is semi regular element, then there exists 𝑏 in 𝑅 such 

that 𝑎 = 𝑎𝑏 and 𝑟(𝑎) = 𝑟(𝑏). To prove a is regular we need to prove that 𝑅𝑎 =
𝑙(𝑟(𝑎)) for any a in R. Let 𝑥 ∈ 𝑙(𝑟(𝑎)). Now define 𝑓: 𝑎𝑅 ⟶ 𝑅 by 𝑓(𝑎𝑟) = 𝑥𝑟 for 

all 𝑟 ∈ 𝑅. We shall prove first that f is well define. If 𝑎𝑟1 = 𝑎𝑟2, then 𝑎(𝑟1 –  𝑟2) =
0 and, hence (𝑟1 – 𝑟2) ∈ 𝑟(𝑎) but 𝑟(𝑎) = 𝑟(𝑙(𝑟(𝑎)) ⊆ 𝑟(𝑥). Thus (𝑟1 − 𝑟2) ∈
𝑟(𝑥), so 𝑥𝑟1 = 𝑥𝑟2 .Therefore 𝑓 is well define. Now, since 𝑅 is P−injective then 

there exists 𝑐 in 𝑅 such that 𝑓(𝑎𝑟) = 𝑐𝑎𝑟 and 𝑥 = 𝑓(𝑎) = 𝑐𝑎 ∈ 𝑅𝑎, this prove that 

𝑙(𝑟(𝑎)) ⊆ 𝑅𝑎. The converse inclusion is easy, so 𝑅𝑎 = 𝑙(𝑟(𝑎)) = 𝑙(𝑟(𝑏)) = 𝑅𝑏. 

Then 𝑅𝑎 = 𝑅𝑏, and by proposition (2.4) we have a is regular element. Now, If 1 −
𝑎 is semi regular element then there exists d in R such that (1 −  𝑎) = (1 −  𝑎)𝑑 

and 𝑟(1 − 𝑎) = 𝑟(𝑑). To prove (1 − 𝑎) is regular we need to prove that 𝑅(1 −
𝑎) = 𝑙(𝑟(1 − 𝑎)) for any (1 − 𝑎) in 𝑅. Let 𝑦 ∈ 𝑙(𝑟(1 − 𝑎)). Now, define 𝑓: (1 −
𝑎)𝑅 ⟶ 𝑅 by 𝑓(1 − 𝑎)𝑟) = 𝑦𝑟 for all 𝑟 ∈ 𝑅. We shall prove first f is well defined. 

If (1 − 𝑎)𝑟1  = (1 − 𝑎)𝑟2, then (1 − 𝑎)(𝑟1 – 𝑟2) = 0 and, hence (𝑟1 – 𝑟2) ∈ 𝑟(1 −
𝑎). But  𝑟(1 − 𝑎) = 𝑟(𝑙(𝑟(1 − 𝑎)) ⊆ 𝑟(𝑦). Thus (𝑟1 − 𝑟2) ∈ 𝑟(𝑦) and hence 

𝑦𝑟1 = 𝑦𝑟2. Therefore 𝑓 is well define. Now, since 𝑅 is P−injective then there exists 

𝑘 in 𝑅 such that 𝑓((1 − 𝑎)𝑟) = 𝑘(1 − 𝑎)𝑟, then 𝑦 = 𝑓(1 − 𝑎) = 𝑘(1 − 𝑎) ∈
𝑅(1 − 𝑎). This prove that 𝑙(𝑟(1 − 𝑎)) ⊆ 𝑅(1 − 𝑎) ,the converse inclusion is easy, 

so 𝑅(1 − 𝑎) = 𝑙(𝑟(1 − 𝑎)) = 𝑙(𝑟(𝑑)) = 𝑅𝑑. Then 𝑅(1 − 𝑎) = 𝑅𝑑, then by 

proposition (2.4) we have 1 − 𝑎 is regular element. Therefore, R is VNL−ring ■ 

 

Proposition 3.5: Let R be a VNL−ring. Then for each proper ideal I of R, the 

quotient ring R/I is right semi regular local ring. 

 

Proof: Let 𝑎 + 𝐼 ∈ 𝑅/𝐼 where 𝑎 ∈ 𝑅. Since 𝑅 is VNL−ring, then either 𝑎 or (1 −
𝑎) is regular element. If a is regular element, then there exists 𝑏 in 𝑅 such that 𝑎 =
𝑎𝑏𝑎. Let 𝑒 = 𝑏𝑎 then 𝑎𝑒 = 𝑎. That is 𝑎 + 𝐼 = 𝑎𝑒 + 𝐼 = (𝑎 + 𝐼)(𝑒 + 𝐼). Now, to 

prove 𝑟(𝑎 + 𝐼) = 𝑟(𝑒 + 𝐼). Let 𝑥 + 𝐼 ∈ 𝑟(𝑎 + 𝐼), then (𝑎 + 𝐼)(𝑥 + 𝐼) =
𝐼. Thus 𝑎𝑥 + 𝐼 = 𝐼 and hence (𝑏 + 𝐼)(𝑎𝑥 + 𝐼) = 𝐼 and then 𝑏𝑎𝑥 + 𝐼 = 𝐼 hence 

𝑒𝑥 + 𝐼 = 𝐼, that is (𝑒 + 𝐼)(𝑥 + 𝐼) = 𝐼 thus 𝑥 + 𝐼 ∈ 𝑟(𝑒 + 𝐼). Therefore 𝑟(𝑎 +
𝐼)  ⊆  𝑟(𝑒 + 𝐼)… (1). Now, let 𝑦 + 𝐼 ∈ 𝑟(𝑒 + 𝐼), then (𝑒 + 𝐼)(𝑦 + 𝐼) = 𝐼 that is 

𝑒𝑦 + 𝐼 = 𝐼. Thus (𝑎 + 𝐼)(𝑒𝑦 + 𝐼) = 𝐼, hence 𝑎𝑒𝑦 + 𝐼 = 𝐼. Then 𝑎𝑏𝑎𝑦 + 𝐼 = 𝐼, 

hence 𝑎𝑦 + 𝐼 = 𝐼 and thus (𝑎 + 𝐼)(𝑦 + 𝐼) = 𝐼. Hence 𝑦 + 𝐼 ∈ 𝑟(𝑎 + 𝐼). Therefore 

𝑟(𝑒 + 𝐼) ⊆ 𝑟(𝑎 + 𝐼)... (2). From (1) and (2) we have 𝑟(𝑒 + 𝐼) = 𝑟(𝑎 + 𝐼). Then 

𝑎 + 𝐼 is right semi regular element in R. Now, if 1 − 𝑎 is regular element then there 

exists 𝑐 in 𝑅 such that   (1 − 𝑎)𝑐 (1 − 𝑎) = (1 − 𝑎). Let 𝑑 = 𝑐(1 − 𝑎), then (1 −
𝑎)𝑑 = (1 − 𝑎). To prove that 𝑟((1 − 𝑎) + 𝐼) = 𝑟(𝑑 + 𝐼), let 𝑧 + 𝐼 ∈ 𝑟((1 − 𝑎) +
𝐼), 𝑧 ∈ 𝑅 then ((1 − 𝑎) + 𝐼)(𝑧 + 𝐼) = 𝐼 hence (1 − 𝑎)𝑧 + 𝐼 = 𝐼, thus (𝑐 +
𝐼)((1 − 𝑎)𝑧 + 𝐼) = 𝐼, therefore 𝑐(1 − 𝑎)𝑧 + 𝐼 = 𝐼. Then 𝑑𝑧 + 𝐼 = 𝐼, hence (𝑑 +
𝐼)(𝑧 + 𝐼) = 𝐼 thus 𝑧 + 𝐼 ∈ 𝑟(𝑑 + 𝐼) then 𝑟((1 − 𝑎) + 𝐼)  ⊆  𝑟(𝑑 + 𝐼)…(3). Now, 

let 𝑤 + 𝐼 ∈ 𝑟(𝑑 + 𝐼), then (𝑑 + 𝐼)(𝑤 + 𝐼) = 𝐼 hence 𝑑𝑤 + 𝐼 = 𝐼. Thus ((1 −
𝑎) + 𝐼)(𝑑𝑤 + 𝐼) = 𝐼, then (1 − 𝑎)𝑑𝑤 +  𝐼 = 𝐼, hence (1 − 𝑎)𝑐(1 − 𝑎)𝑤 + 𝐼 =
𝐼, then (1 − 𝑎)𝑤 + 𝐼 = 𝐼 hence 
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((1 − 𝑎) + 𝐼)(𝑤 + 𝐼) = 𝐼 and 𝑤 + 𝐼 ∈ 𝑟((1 − 𝑎) + 𝐼), thus 𝑟(𝑑 + 𝐼(⊆ 𝑟((1 −
𝑎) + 𝐼)….(4). From (3) and (4) we have 𝑟(𝑑 + 𝐼) = 𝑟((1 − 𝑎) + 𝐼). Then (1 −
𝑎) + 𝐼 is right semi regular element in 𝑅. Therefore 𝑅/𝐼 is right semi regular local 

ring. ■ 

Finally, we closed this section by the following theorem. 

Theorem 3.6: Let R be a commutative semi regular local ring and R is P−injective. 

Then: 

1)R is clean ring. 

2)R is exchange ring. 

3) R is suitable ring. 

Proof: 1) By proposition (3.4) we have that R is a VNL−ring, and by proposition 

(5.1) (2) in [8], either 𝑎 = 𝑢𝑒 or 𝑎 = 1 + 𝑢𝑒 where 𝑢 ∈ 𝑈(𝑅) and 𝑒 ∈  𝐼𝑑𝑒𝑚(𝑅). 

Now, if 𝑎 = 𝑢𝑒 by Theorem (2.2) in [8]. Thus 𝑎 = (𝑢𝑒 + 𝑒 − 1) + (1 − 𝑒) with 

(𝑢𝑒 + 𝑒 − 1(∈ 𝑈(𝑅) since (𝑢𝑒 +  𝑒 −  1)(𝑢−1𝑒 + 𝑒 − 1) = 1 and  (1 –  𝑒) ∈
𝐼𝑑𝑒𝑚(𝑅), so 𝑎 ∈ 𝑐𝑙𝑛(𝑅). Now, if 𝑎 = 1 + 𝑢𝑒 = (𝑢𝑒 + 1 − 𝑒) + 𝑒 with 

𝑢𝑒 + 1 − 𝑒 ∈ 𝑈(𝑅) since (𝑢𝑒 + 1 − 𝑒)(𝑢−1 𝑒 + 1 − 𝑒) = 1 and 𝑒 ∈ 𝐼𝑑𝑒𝑚(𝑅), 
then 𝑎 ∈ 𝑐𝑙𝑛(𝑅). Therefore 𝑅 is clean ring. 

 

2) By proposition (3.4) we have that R is a VNL−ring. And by proposition (5.1) (2) 

in [1], either 𝑎 = 𝑢𝑒 or 𝑎 = 1 + 𝑢𝑒 where 𝑢 ∈ 𝑈(𝑅) and 𝑒 ∈ 𝐼𝑑𝑒𝑚(𝑅). 

If 𝑎 = 𝑢𝑒 and 𝑓 = 𝑒 where 𝑓2 = 𝑓, then 

(𝑎 –  𝑓 )𝑢 =  𝑎𝑢 – 𝑓𝑢 = (𝑢𝑒)𝑢 − 𝑒𝑢 = 𝑢2𝑒2 − 𝑒𝑢 = (𝑢𝑒)2 − 𝑒𝑢 = 𝑎2 −
𝑎(since 𝑒2 = 𝑒 and 𝑢𝑒 = 𝑒𝑢 ) 

That is (𝑎 − 𝑓)𝑢 = 𝑎2 − 𝑎, 𝑡ℎ𝑒𝑛 𝑎 − 𝑓 = (𝑎2 − 𝑎)𝑢−1, 𝑎 − 𝑓 = 𝑎2𝑢−1 − 𝑎𝑢−1. 

Hence 𝑓 =  𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1, thus 𝑓 =  𝑎(1 +  𝑢−1 − 𝑎𝑢−1), therefore 𝑓 =
𝑎𝑡, hence 𝑓 = 𝑎𝑅 

where 𝑡 =  (𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1) ∈ 𝑅. Therefore 𝑒 ∈ 𝑎𝑅. 

Now, 1 − 𝑓 = 1 − (𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1), then 1 − 𝑓 = 1 − 𝑎 − 𝑎𝑢−1 + 𝑎2𝑢−1 

1 − 𝑓 = (1 − 𝑎)(1 −  𝑎𝑢−1), hence 1 − 𝑓 = (1 − 𝑎)𝐿, 

where 𝐿 = (1 − 𝑎𝑢−1) ∈ 𝑅. 

Therefore 1 − 𝑓 ∈ (1 − 𝑎)𝑅. 

Now, if 𝑎 = 1 + 𝑢𝑒 and 𝑓 =  1 − 𝑒, then (𝑎 –  𝑓 )𝑢 = 𝑎𝑢 − 𝑓𝑢 

(𝑎 –  𝑓 )𝑢 = (1 + 𝑢𝑒)𝑢 − (1 − 𝑒)𝑢 =  𝑢 + 𝑢2𝑒 − 𝑢 + 𝑒𝑢 

(𝑎 –  𝑓 )𝑢 = 1 + 𝑒𝑢 + 𝑢𝑒 + 𝑢2𝑒2 − 1 − 𝑢𝑒   (by addition 1, −1, 𝑢𝑒, −𝑢𝑒) 

=  (1 + 𝑢𝑒)2 − (1 + 𝑢𝑒) = 𝑎2 − 𝑎 
(𝑎 –  𝑓 )𝑢 = 𝑎2 − 𝑎, then  𝑎 − 𝑓 = (𝑎2 − 𝑎)𝑢−1, and hence 

 𝑓 = 𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1 
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𝑓 = 𝑎(1 + 𝑢−1 − 𝑎𝑢−1), therefore 𝑓 = 𝑎𝑏, where 𝑏 = (𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1) ∈ 𝑅. 

Therefore 𝑓 ∈ 𝑎𝑅. 

Now, 1 − 𝑓 = 1 − (𝑎 + 𝑎𝑢−1 − 𝑎2𝑢−1), then 1 − 𝑓 = 1 − 𝑎 − 𝑎𝑢−1 + 𝑎2𝑢−1 

1 − 𝑓 = (1 − 𝑎)(1 −  𝑎𝑢−1), hence 1 − 𝑓 = (1 − 𝑎)𝑘, where 𝑘 =  (1 − 𝑎𝑢−1) ∈
𝑅. 

Therefore 1 − 𝑓 ∈ (1 − 𝑎)𝑅. Hence R is exchange ring. 

 

3) By proposition (3.4) we have that R is a VNL−ring, and by proposition (5.1) (2) 

in [8], either 𝑎 = 𝑢𝑒 or 𝑎 = 1 + 𝑢e, where 𝑢 ∈ 𝑈(𝑅) and 𝑒 ∈ 𝐼𝑑𝑒𝑚(𝑅). 

If 𝑎 = 𝑢𝑒 and 𝑓 = 𝑒, where 𝑓2 = 𝑓, then 𝑢(𝑎 − 𝑓) = 𝑢𝑎 − 𝑢𝑓 

= 𝑢(𝑢𝑒) − 𝑢𝑒 = 𝑢2𝑒2 − 𝑢𝑒, since (𝑒 = 𝑒2) 

Now, 𝑢(𝑎 − 𝑓) = (𝑢𝑒)2 − 𝑢𝑒,then 𝑢(𝑎 − 𝑓) = 𝑎2 − 𝑎 and 𝑎 − 𝑓 = 𝑢−1(𝑎2 −
𝑎), hence  

𝑓 − 𝑎 = 𝑢−1( 𝑎 − 𝑎2), thus   𝑓 − 𝑎 = 𝑅( 𝑎 − 𝑎2), where 𝑓 − 𝑎 ∈ 𝑅( 𝑎 − 𝑎2). 

Now, if  𝑎 = 1 + 𝑢𝑒  and 𝑓 = 1 − 𝑒, where 𝑓2 = 𝑓. 

Then 𝑢(𝑎 − 𝑓) = 𝑢𝑎 − 𝑢𝑓 = 𝑢(1 +  𝑢𝑒) − 𝑢(1 − 𝑒) 

𝑢(𝑎 − 𝑓) = 𝑢 + 𝑢2𝑒 − 𝑢 + 𝑢𝑒. 

By addition 1, −1, 𝑢𝑒, −𝑢𝑒 and since (𝑒 = 𝑒2) 

𝑢(𝑎 − 𝑓) = 1 + 𝑢𝑒 + 𝑢𝑒 + 𝑢2𝑒2 − 1 − 𝑢𝑒, then  𝑢(𝑎 − 𝑓) = (1 + 𝑢𝑒)2 − (1 +
𝑢𝑒). 𝑢(𝑎 − 𝑓) = 𝑎2 − 𝑎, hence  𝑎 − 𝑓 = 𝑢−1(𝑎2 − 𝑎) and thus𝑓 − 𝑎 = 𝑢−1(𝑎 −
𝑎2), hence 

𝑓 − 𝑎 = 𝑅(𝑎 − 𝑎2), where 𝑓 − 𝑎 ∈ 𝑅(𝑎 − 𝑎2). Therefore, R is suitable ring.  ■ 
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