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Abstract

We prove that there is no symmetric orthogonal circulant matrix
with complex entries and that the number of distinct symmetric or-
thogonal circulant matrices of order n is 2L7/21+1,
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1 Introduction and preliminaries

A symmetric orthogonal circulant matrix is the simplest orthogonal matrix
such that the sum of elements in each column equals 1. Orthogonal matri-
ces with this property can be applied to data anonymization in the field of
statistics [3]. Craigen and Kharaghani [1] proved that there is no circulant
Hermitian complex Hadamard matrix of order larger than 4. In this paper we
study the relationship between the eigenvalues of an orthogonal circulant ma-
trix, a real orthogonal circulant matrix, and a symmetric orthogonal circulant
matrix. By using these relationships, we prove that there is no symmetric or-
thogonal circulant matrix with complex entries and that the number of distinct
symmetric orthogonal circulant matrices of order n is 21%/2+1,

We denote by (a;j)o<ij<n—1 the n x n matrix whose (i + 1, j 4 1)-th entry is
a;;. We also denote by circ(ay, . .., a,—1) the circulant matrix whose first row
is (ag...an,—1), by diag(dp, ..., d,—1) the diagonal matrix whose i-th diagonal
element is d;, and by F,, the n x n Fourier matrix (w,”)o<; j<n_1, Where w,, =
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e>™V=1/7 Tt is well known [2] that an n x n matrix C, is circulant if and only
if there exist dy,...,d,_1 € C such that

1 .
C, = F,diag(dy,...,d,1)F, " = ﬁFn(dz’wnﬂ])ogi,jgnq

1 n—1
— E E wnzkdkwn—kj
0<i,j<n—1
1 n—1 n—1 n—1
= Ecirc E dkwn’Ok,E dkwn’lk,...,g dkwn’("’l)k )
k=0 k=0 k=0

From this property, we shall derive our results.

2 Main results

We write

n—1 n—1
1
—circ <Z dywn %, L Z dkwn(”l)k) —
n k=0 k=0
Then it holds that

n—1 /n—1 n—1
Vo-Vyg = % Z (Z dkwn_ik> (Z dkwn_ik) (1)
=0

i k=0 k=0
=
_ 2 s+t
(3 )
i=0 \0<s,t<n—1
1 n—1
= <d02 + ;dtdn—t> )

Vo U; =

Z d dtw s+t)+zt)
0<s,t<n—1
1 n—1
= <d02 + Z dtdn—twnn>

t=1

for 1 <i <n — 1. From these equatios, the following lemma is derived.
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Lemma 2.1. (), is an orthogonal circulant matrix iof and only if there exist
do, . ..,d,—1 € C satisfying the following conditions:

(i) do* =1 and didp_; = 1 for 1 <i <n—1.

(ii)

1 n—1 n—1 n—1
C, = ﬁcirc E dywn O, E dwn L g dyw, DR |
k=0 k=0 k=0

Proof. By (1) and (2), a circulant matrix C,, is orthogonal if and only if
do,...,d,—1 € C such that

n—1
do* + Y didn_y =, (3)
t=1
n—1
d02 + Z dtdn_twnit =0 (4)
t=1

for 1 <i < mn—1. (4) is equivalent to asserting that dy* + Z’t:ll dyd,_xt is
divisible by 31" #*. Hence (3) and (4) is equivalent to (i). O

Furthermore, we have the following lemmas

Lemma 2.2. C), is a real orthogonal circulant matriz if and only if there
exist dg, . . .,d,_1 € C satisfying the conditions of Lemma 2.1 and
(iii) d; = dy—; for 1 <i<n-—1.

Proof. An orthogonal circulant matrix C,, is a real matrix if and only if

n—1 n—1
Z dkwn_ik = Z d_kwnik (5)
k=0 k=0

for 0 < i < n—1. (5) is equivalent to asserting that (do—do)+> 1y (dn_i—d;)2’
is divisible by ™ — 1. Hence (5) is equivalent to (iii). Note that the condition
dy = dy can be omitted because of dy? = 1. O

Lemma 2.3. C, is a symmetric orthogonal circulant matriz if and only if
there exist dy, . ..,d,_1 € C satisfying the following conditions

(iv)d; =%£1 for 0 <i<n—1,

(V) d; =dy_; for1 <i<mn-—1,
and the condition (i) in Lemma 2.1.
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Proof. An orthogonal circulant matrix C,, is symmetric if and only if

n—1 n—1
D dpwn = dyw, (6)
k=0 k=0

for 1 <i < n—1. (6) is equivalent to asserting that Z;:ll(dn,i —d;)zt is
divisible by 37~ «*. Hence (6) is equivalent to (v), so that (i) can be replaced
by (iv). O

These lemmas imply the following theorems.
Theorem 2.4. A symmetric orthogonal circulant matriz is a real matriz.

Proof. Suppose that C,, is a symmetric orthogonal circulant matrix. By (iv)
and (v), we have d; = d,,_; = d,_; for 1 < i < n—1. By Lemma 2.2, the
theorem follows. O]

Theorem 2.5. The number of distinct symmetric orthogonal circulant ma-
trices of order n is 2l/21+1,

Proof. Let C, and C,’ be symmetric orthogonal circulant matrices and let

1 n—1 n—1 n—1
C, = Ecirc g dy,w, E dy'w, g dy'w, "Dk
k=0 k=0 k=0

If C, = C,/, then diag(dy, ...,d,_ 1) = diag(dy’, ...,d,_1"). Hence, by Lemma
2.3, we see that there is a one-to-one correspondence between the set of all
symmetric orthogonal circulant matrices and

{(d(b - 7d\_n/2j) | dy = *£1,... 7d\_n/2j = :]:1} = {il}[n/QJ‘H
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