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Abstract

In this paper, a generalization of Rodrigues’s Formula in Weyl space
is expressed.
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1 Introduction

A manifold with a conformal metric gij and a symmetric connection ∇k satis-
fying the compatibility condition

∇kgij − 2Tkgij = 0 (1)

is called a Weyl space that will be denoted by Wn(gij, Tk). The vector field Tk
is named the complementary vector field.

The prolonged derivative and prolonged covariant derivative of A are, re-
spectively defined by ([1, 5])

∂̇kA = ∂kA− pTkA (2)

and
∇̇kA = ∇kA− pTkA (3)

where A is a satellite of gij with weight {p}.
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2 Generalization of Rodrigues’ Formula

Let us take a point on the line v. Let us denote its coordinates by xa + tva

where va = tixai + rna and gabv
avb = 1. Let xa + tva be describe a curve which

is tangent to the line v. Then the prolonged covariant derivative of xa + tva

in the direction of v
1

k, which is tangent vector field of a curve C at a point on

W2, satisfies the following condition:

v
1

a + v
1

k(∇̇kt)v
a + tv

1

k∇̇kv
a = mva (a = 1, 2, 3; k = 1, 2) (4)

where m is to be determined.
Multiplying (4) by gabv

b, we get

gabv
1

avb + v
1

k∇̇kt+ tgab(v
1

k∇̇kv
a)vb = m (b = 1, 2, 3) (5)

or
gabv

1

avb + v
1

k∇̇kt = m (6)

where gabv
avb = 1 and (v

1

k∇̇kv
a)vb = 0.

Using (6) in (4), we have

v
1

a + v
1

k(∇̇kt)v
a + tv

1

k∇̇kv
a = (gcbv

1

cvb + v
1

k∇̇kt)v
a (c = 1, 2, 3) (7)

or
v
1

k(xak + t∇̇kv
a − gcbxckvbva) = 0 (8)

where v
1

c = v
1

kxck [7].

We know that:

1)
gabv

axbi = gab(t
jxaj + rna)xbi = gijt

j = ti (i, j = 1, 2). (9)

2)
gab(∇̇kv

a)(∇̇lv
b) = gab(D

i
kx

a
i +Dkn

a)(Dj
l x

b
j +Dln

b)

= gijD
i
kD

j
l +DkDl

= Di
kD

j
l (gij + hihl)

= Gkl (l = 1, 2)

(10)

where Dk = −hiDi
k [7].

3)
gab(∇̇kv

a)xbj = gab(D
i
kx

a
i +Dkn

a)xbj

= gijD
i
k

= Djk [4].

(11)
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Multiplying (8) by gad(∇̇lv
d) (d = 1, 2, 3) and using (9), (10) and (11),

we obtain

v
1

k(Dkl + tGkl) = 0. (12)

Eliminating the parameter t in (12), we have

(D11G12 −D12G11)v
1

1v
1

1+

+ (D11G22 −D22G11)v
1

1v
1

2+

+ (D21G22 −D22G21)v
1

2v
1

2 = 0

(13)

or implicitly

εjlDijGklv
1

iv
1

k = 0 (14)

or

ejlDijGklv
1

iv
1

k = 0 (15)

where εjl = ejl/
√
g, e12 = 1, e21 = −1, and e11 = e22 = 0.

The curves satisfying the equation (15) on W2 constitute the net of curves.
This net is named as the intersector net.

Using (10) and (11), we get from (15)

ejlghiD
h
jD

m
k D

s
l (gms + hmhs)v

1

iv
1

k = 0 (m, s = 1, 2) (16)

or

(DehsghigmsD
m
k −DehsghiDkgsqh

q)v
1

iv
1

k = 0 (q = 1, 2) (17)

where ejlDh
sD

s
l = Dehs, D = |Dh

j | and −Dk = Dm
k hm or

(DgeimD
m
k −DgeiqDkh

q)v
1

iv
1

k = 0 (18)

where ehsghigms = geim [7], g = |gij|.
Taking m instead of q in the second term of (18), we get

eim(Dm
k −Dkh

m)v
1

iv
1

k = 0 (19)

where D and g are nonvanishing.
(19) is equivalent to (15).
On the other hand, the prolonged covariant derivative of Y : va = tixai +rna

in the direction of v
1

k is

v
1

k∇̇kv
a = v

1

k(∇̇kt
i − rωklg

il)xai + v
1

k(tiωik + ∇̇kr)n
a (20)
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or

v
1

k∇̇kv
a = v

1

k(∇̇kt
i− rωklg

il− tjωjk
ti

r
− 1

r
ti∇̇kr)x

a
i + v

1

k(
ti

r
ωik +

1

r
∇̇kr)v

a (21)

where na = 1
r
(va − tixai ).

Let us denote the tangential component of (21) by −DY :

DY = v
1

k(−∇̇kt
i + rωklg

il + tjωjk
ti

r
+

1

r
ti∇̇kr)x

a
i . (22)

DY is tangent to C if and only if the following equation is satisfied for
some scalar q:

v
1

k(∇̇kt
i − rωklg

il − tjωjk
ti

r
− 1

r
ti∇̇kr)x

a
i = qxakv

1

k. (23)

Multiplying (23) by gabx
b
m, we have

v
1

k(∇̇ktm − rωkm − tjωjk
tm
r
− 1

r
tm∇̇kr) = qgkmv

1

k (24)

where gabx
a
i x

b
m = gim, gimg

il = δlm and gimt
i = tm.

Multiplying (24) by gms, we get

gmsv
1

k(∇̇ktm − rωkm − tjωjk
tm
r
− 1

r
tm∇̇kr) = qv

1

s (25)

where gkmg
ms = δsk.

Multiplying (25) by εshv
1

h, we obtain

εshg
msv

1

k(∇̇ktm − rωkm − tjωjk
tm
r
− 1

r
tm∇̇kr)v

1

h = 0 (26)

where εshv
1

sv
1

h = 0 (the directions coincide), or

εshv
1

k(∇̇kt
s − rωkmg

ms − tjωjk
ts

r
− 1

r
ts∇̇kr)v

1

h = 0 (27)

or
εshv

1

k(Ds
k − hsDk)v

1

h = 0 (28)

where Ds
k = ∇̇kt

s − rωkmg
ms, Dk = tjωjk + ∇̇kr [2] and hs = ts/r.

(26) is equivalent to (28). From here, we have seen that C is a curve of the
intersector net.

Let κ denote the magnitude (signed magnitude) of DY in the direction of
v
1

which is the tangent vector field of the curve C of the intersector net. Then,

we have

κv
1

i = v
1

k(−∇̇kt
i + rωklg

il + tjωjk
ti

r
+

1

r
ti∇̇kr). (29)
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Using (29) in (22), we have

DY + κv
1

ixai = DY + κv
1

a = 0 (30)

(30) is a generalization of Rodrigues’s formula.

Remark: Generalization of Rodrigues’ formula in E3 was obtained by Pan
[6].

If Z : va = na, then v
1

k∇̇kv
a = v

1

k∇̇kn
a. Using (20) and (23), we have

DZ = v
1

k∇̇kn
a = −v

1

kωklg
ilxai and −v

1

kωklg
ilxai = qv

1

ixai . From here, we

get v
1

k(wkl − κ
11
gkl) = 0 where −κ

11
= q, κ

11
= ωijv

1

iv
1

j and κ
11

is the normal

curvature of W2. This is the equation of lines of curvature [3] i.e. The net
of lines of curvature is the intersector net of the normal congruence. Let κ
denote the magnitude of DZ along a curve of the intersector net of Z. Since
v
1

kωklg
il = κv

1

i, we have DZ = κv
1

a or DZ + κv
1

a = 0 or v
1

k∇̇kn
a + κv

1

a = 0.

This is a special case of (30).

Theorem 2.1 If the tangential component of the prolonged covariant deriva-
tive of a congruence along a curve C is tangent to the curve C then C is a
curve of the intersector net of the congruence.
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