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Abstract

In this paper, a generalization of Rodrigues’s Formula in Weyl space
is expressed.
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1 Introduction
A manifold with a conformal metric g;; and a symmetric connection Vy, satis-
fying the compatibility condition

Vigij — 21gi; = 0 (1)
is called a Weyl space that will be denoted by W,,(gi;, Ti). The vector field T,
is named the complementary vector field.

The prolonged derivative and prolonged covariant derivative of A are, re-
spectively defined by ([1,5])

DA = O A — pTi A (2)

and ‘
ViA = Vi A — pTi A (3)

where A is a satellite of g;; with weight {p}.
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2 Generalization of Rodrigues’ Formula

Let us take a point on the line v. Let us denote its coordinates by z% + tv*®
where v* = tix? +7rn® and guu®v® = 1. Let 2%+ tv® be describe a curve which
is tangent to the line v. Then the prolonged covariant derivative of x® + tv®
in the direction of zl)k, which is tangent vector field of a curve C' at a point on

W, satisfies the following condition:

V" + ywktw + ml;’kava —mv® (a=1,2,3k=1,2) (4)

where m is to be determined.
Multiplying (4) by gapv®, we get

gab"tli“vb + ?kvkt + tgab(zl)kvkv“)vb =m (b=1,2,3) (5)

or
ga0™0” + 0* Vit = m (6)

where g,v*® = 1 and ('zljkvkv“)vb = 0.
Using (6) in (4), we have

11}“ + ?k(vkt)va + tqukvkv“ = (gdﬂfcvb + g]kvkt)va (c=1,2,3) (7)

or
g)k(xz + V0" — gcbevbv“) =0 (8)
where Vo= 111’“:1:2 [7].
We know that:
1) | |
Jap0al = Jap (' 5 + )zl = gtV =t (i,j=1,2). (9)
2)

Jar(Viv)(Vi0?) = gap(Diad + Dkn“)(Dlj:c? + Dn?)
= i DD} + DDy
= Di.D] (gi; + hily)
=G (1=1,2)

(10)

where Dy, = —h; D} [7].

3)
gab(Vkva)x?- = Jab(Djrf + Dk”a)x?

= Dy [4].
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Multiplying (8) by gea(Viv?) (d = 1,2,3) and using (9), (10) and (11),
we obtain

’lljk(Dkl + tle) = 0. (12)

Eliminating the parameter ¢ in (12), we have

(DG — D12G11)111111)1—|—
+ (D11G22 — D22G11)?1J1?1J2+ (13)
+ (D21Gaa — D22G21)111211)2 =0
or implicitly
I DUGkﬂl)ing =0 (14)
or
e Dquﬂl)i?fk =0 (15)
where el = ¢!/ /G, €2 =1, 2 =—1, and el =2 =0,

The curves satisfying the equation (15) on W5 constitute the net of curves.
This net is named as the intersector net.
Using (10) and (11), we get from (15)

€ g1 DY D D5 (gms + hinhis)

—

m,s=1,2) (16)

—c

Wk =0
1

or
(De™ grigms DY — Dehsghkagsqhq)qlﬂzl;k =0 (¢=1,2) (17)

where e/'D"Dj = De"*, D =|D}| and —D; = D}hy, or

(Dgeim D} — Dgeiquhq)zlji F=0 (18)

—<

where €"gpigms = geim 7], 9= | i1
Taking m instead of ¢ in the second term of (18), we get

Cim (D — thm)qf%f’f =0 (19)

where D and g are nonvanishing.

(19) is equivalent to (15).

On the other hand, the prolonged covariant derivative of Y: v® = t'z¢+rn
in the direction of lek is

a

qukwa = ?k(vkti — rwp gzt + ?k(tiwik + Vir)n® (20)



136 Nil Kofoglu

or
VFVw® = vk(V' th— rwp g —tw; —ti ——1tiV' r)x‘-l—i—vk(—tiw —|——1 V rjv® (21)
UV UV Kl jk R U VR E U Wik TV

where n® = 1(v* — tiz?).
Let us denote the tangential component of (21) by —DY :

. . A
DY = Q{R(—vktz + kalg” + t’wjk? + ;tzvkr)xf. (22)

DY is tangent to C' if and only if the following equation is satisfied for
some scalar ¢:

. . A
11)’“(th1 — T’wklgzl — t]wjk? — ;tlvkr)xf = q.TZ’lle. (23)
Multiplying (23) by gea?,, we have
k(¢ jootm 1o _ k
v (Vitm — rwgm — t wjk7 — ;tmvkr) = q9kmv (24)

where g 2{2), = gim, gimg" =0y, and  giml' =t
Multiplying (24) by ¢™*, we get

: S
gmszl)k(vktm — PWhn, — t]wjk7 - ;tmvkr) = qzl)s (25)
where gpmg™ = 6;.
Multiplying (25) by sshquh, we obtain
ms, k(v j tm 1 - h
esng™y (Vitm — rwim — t wjkT — ;tmvkrﬁi} =0 (26)

where e,,v%0" = 0 (the directions coincide), or
11

S

. N 1 ..
esh?i)k(vkts — TWgmg" — Pwjp— — —tSVkr)zl)h =0 (27)
roor

or

5shzljk(D,§ — hsDk)ll)h =0 (28)

where Dj = Vit® — rwpmg™, Dy = twjy + Vir [2] and h® =t /r.

(26) is equivalent to (28). From here, we have seen that C is a curve of the
intersector net.

Let k denote the magnitude (signed magnitude) of DY in the direction of
v which is the tangent vector field of the curve C' of the intersector net. Then,

we have ,
Y2

. . : o1
ml)’ = 11)]”“(—thz + rwp gt + t]w]'k? + ;tlvkr). (29)
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Using (29) in (22), we have

DY + ml;’xf = DY + ml)“ =0 (30)
(30) is a generalization of Rodrigues’s formula.

Remark: Generalization of Rodrigues’ formula in E3 was obtained by Pan

[6]

If Z:v*=n" then zlj’kava = ykvkna Using (20) and (23), we have

DZ = ?kvkn“ = —zljkwklg“x? and —qkwklg”x? = qzlﬂxf From here, we
k(wr — — 0 where —x = = wivivd is th ]

get v (W llilgkl) 0 where K =g, k= w'y and K is the norma

curvature of Wy. This is the equation of lines of curvature [3] i.e. The net

of lines of curvature is the intersector net of the normal congruence. Let s

denote the magnitude of DZ along a curve of the intersector net of Z. Since
'zljkwklg“ = ml)i, we have DZ = ml)“ or DZ + ml)“ =0 or 'zljkvkn“ + mlja = 0.

This is a special case of (30).

Theorem 2.1 If the tangential component of the prolonged covariant deriva-
tive of a congruence along a curve C is tangent to the curve C' then C is a
curve of the intersector net of the congruence.
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