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Abstract
In this paper, we have defined pseudo-line of curvature of Weyl space
by means of an associate vector field. Besides, we have defined pseudo-
principal directions and we have given condition of orthogonality of
them.
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1 Introduction

A manifold with a conformal metric g;; and a symmetric connection V, satis-
fying the compatibility condition

Vigij — 2T%g;; = 0 (1)
is called a Weyl space, which will be denoted by W,,(gi;, Tk). The vector field
T}, is named the complementary vector field.

The prolonged derivative and prolonged covariant derivative of A are, re-
spectively defined by [1, 3]

NA = O A — pTi A (2)
and '

VA=V, A—pl,A (3)
where A is a satellite of g;; with weight {p}.
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2 Preliminaries

Let C be a curve in Wj. Let 11)“ and 71)’ be the components of tangent vector field
of C' at a point P with respect to W3 and Wy, respectively (a = 1,2,3;i = 1, 2).
Let v* be the contravariant components of a vector field along line of con-
gruence passing through the point P and let it be normalized in the form
v’ =1 (b=1,2,3). v* can be written as
v = ' + rn®, (4)
Let Z° be linearly depend on 211“ and v® and let it be orthogonal to 111“.
Then Z% can be written in the following form [6]:

7% = azlja + B (5)

where o and [ are to be determined.
Multiplying (5) by gabzljb and summing on a and b, we get

gabZaqub = o+ ﬂgabva'zl}b (b=1,2,3)
0=a+ Bcosb

where 6 is the angle between v* and 111b.

Multiplying (5) by guv® and summing on a and b, we have

g Z°1° = acos @ + 3 (7)
or
cos(f — g) = sinf =acosf+
cos(9+g):—sin9:acosﬁ+ﬂ. a
By means of (6) and (8), we get
a:—%, ﬁzsirllﬁ o a:%, B:_sirllﬁ' ©)

Using these values in (5), we obtain

cos 0 1
Z"=e| — “ “ 10
e( sing 1 +sin9U) (10)
or )
Z% = —cos v’ + ")z ¢ 11
esin9[< cos 6" + )i +rnf (11)
where e =1 or e = —1 and 711“ = xleﬂ

Definition 2.1 The vector field Z* is called associate vector field.
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3 Pseudo Line of Curvature

Definition 3.1 The curve is called pseudo-line of curvature if the associate
vector fields intersect at its consecutive points.

In that case, let P and () be the consecutive points of a pseudo-line of
curvature C' and Z% and Z° + ?kaZ“ be the associate vector fields at P and

Q, respectively.
These associate vector fields intersect if and only if 111‘1, Z%and Z° —HleVkZ ¢

are coplanar, i.e.
gabcgazb(zc + qukaZC) =0 (k=12 ¢=1,23) (12)

or
5ab611)“Zb(111kaZC) = 0. (13)

From (13),

a

; 1 A )
Eabe¥ 9{(— cos fv" + )z 4+ rn®}

' 7 sin
{_(V;ﬁ) cos 6
sin? 4
1 ; . h 5 h 5 b c
+ M{W’“Q) sin 911) — COS H(szl) )+ Vit"|ah+

[(— cos 911Jh + M2l 4+ rnfl+

+ (—cos 911)h + tMwpen® + (Vir)n® — rwklghlel}}zl)k =0 (j,h,1=12)
(14)

a __ ,Jjpea 7 o c 7 o C _ phoc hl,.c
where vt = 111395]- (7], Vix§ = wpen® [4] and Vin® = bla§ = —wig™af, or

0 b c cos 6

{rgabcxj x;n 71)] s (— CcOos 9’(111 —+ t1)<—

)(Vi0)+

sin® 6
+ 5abca:?xfnczlﬂ E(_ Ccos 921)’ +t*)(— cos Qlljh + twpe+

] . . .
+ Eabcszfncvj ——(—cosOv" +1')(Vir)—
1 sin“ @ 1
(15)

b cos 0

)(V46)+

J
U —
1 sin @

— T€achT;THN (— cos Qzljh + M) (—

sin? 6

- rsacbx?xanvj —5—[sin O(Vi0)v" — cos (Vo) + (Vi) th]+
1 sin“ 6 1 1

b

2 a,.c j hl k
+ 17 €achT TNV ——wpg " vt =0
1 sin® @ 1
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b

a b,,c
where €. ST

lL‘Z = 0, 5abc$?n n® =0 and €abc = —Eachy OT

{e;iv? (= cos Qzlji + t')(— cos 9111h + ") wpp + £5i(— cos (9’(1)i + ) (Vir)—
. . ‘ . . . . 16
— raji'zlﬂ [sin G(Vkﬁ)zlﬂ — cos H(Vk'zlﬂ) + Vit'] + 7”253‘1'?{]wklgd}71)]c =0 10

where Eacbx?xfnc = ¢;; and ¢ is taken instead of h in the third and fourth terms

of the above equation, or
51‘]‘11)j{—(— cos Qll)i +t9)[(— cos 9111h + " + Vir]+

. A . . , 17
4 rlsin0(Va0)yt — cos (Vi) + Vit — reg ot =0

where €;; = —&y;.

(17) is the equation of pseudo lines of curvature in Ws.
Let us consider two special cases:

1) If the congruence be normal, § = 7, ¢t = 0 and r = 1. Under this
condition, the equation (17) reduces to

5ij11)jwklg”11)k = 0. (18)

Definition 3.2 If the prolonged covariant derivative of n® in the direction
of C' is parallel to C, then C is called line of curvature.

Using definition, we can write the following equation [2]:

?Cvcn“ = ?kxivcn“ = z{kvkn“ = )\111“

‘ ‘ 19
— vkwklg”x? = \v'zy. (19)
1 1
Multiplying (19) by gayz?, we get
—vtwr; = M\'gy; (20)
where gabx?:r;;’- =gij, 9"gij = 5;.
Multiplying (20) by 11)j, we have
—K=A (21)

11

Caiad — 2wk =
where 9isv'v 1, Wij VY K.
Using (21) in (20), we get

v (wij = Kgk) =0 (22)
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where k is taken instead of ¢ in the right hand side of the equality (20).
Eliminating K from (22), we have

11712 21
11”11(5 11wz + €% grawin )+

2

+ 15211/1(512911%2 + 6219229011)+ (23)
+ v 11)2(612921w22 + % gaown) = 0

or implicitly 4 '
5Zk9¢jwkﬂi}]7{l =0 (24)

where e = e/ /g, e? =1, ' =-1 and e'' =e?=0.
Since €™*g,; = ;g™ [5], from (24), we have

enig" wiv’v' = 0. (25)

(22) is equivalent to (25). (25) is the equation of line of curvature in Ws.
From (18) and (25), we can express the following theorem:

Theorem 3.3 For a normal congruence, the pseudo lines of curvature are
lines of curvature.

2) For a congruence occurred with tangent vector fields, we have r = 0.
Then (17) reduces to

gij'll}j(— cos Hil)i + ) (— cos 611)h + th)whkiljk =0. (26)
From (26), we get ' o
5ij211](— Cos 01111 +t')=0 (27)
or
whk(— cos qujh + th)zljk = 0. (28)

From (27) and (28):

Theorem 3.4 For the congruence occurred with tangent vector fields, the
pseudo lines of curvature are such that the associate vector field at each point
of them 1s either parallel or conjugate to the vector fields v.

1

Since (17) is an equation of second degree in v and 1112, there are two

pseudo-lines of curvature.

Theorem 3.5 There are two pseudo-lines of curvature which pass through
each point of Ws.
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Let us denote (17) in the following form:
P(v')? +Qu'v? + R(v*)* = 0 (29)
where
P = —r[V1t? + (V10) sin 01112 — €08 Q(V'ﬂl)z) — rwy g+
+ (t* — cos 91122)[(15’“ — cos Qil/m)wm + V7]
Q = r[Vit! + (V10) sin 011)1 — oS Q(V'lzl}l) — rwygt—
— Vst? — (V,0) sin 911)2 + cos 0(7211)2) + rwygH —

1 1 . (30)
— (" — cos 91{ (™ — cos 97izm)wm1 + Vir|+
+ (t* — cos 61112)[(15’” — cos 6111m)wm2 + Vgr]
R = r[VQtl + (VQG) sin 61111 — cos 9V21111 — TCUngU]—
— (' — cos 81111)[(75’" — o8 911]m>wm2 + Var).
The directions given by (30) are orthogonal if and only if
gl — g12Q + g2 P =0 (31)

is satisfied [8]. Using (30) in (31), we have
— 2V ity + 20Vt — 2r(V16) sin 01112 + 27“(729) sin 911)1 + 2r cos 6V111)2—
— 2r cos va%)l + 2(t™ — cos Q?fm)wml (ty — cos 011)2)—
—2(t™ — cos 911)m)wm2(t1 — cos «911)1) + Q(Vlr)(tg — Cos 91112)—

. 1
— 2(Var)(t; — cos Ovy) + r?wi1 (9229 + g129™") + r°wi2(g226°> + 9129"%)—
— 7"20021(912921 + 911911) - 7’20022(912922 + 911912) =0

1 1
1 _ 1 _ 1 _ 1 _ 2 _
where g1t = 1, guvs = v, giot™ = to, gi2v® = V2, gi2t” = ty,

1 1
2 2 _ 2 _
g12v" = U1, goat” = ta, g22¥” = Vg, OT

r{(Vat1 — Vits) + sin 0[(Vaf)v1 — (V10)0s] + cos 0]V 105 — Vavy | }+
+ ("™ — cos qujm){wml (tg — cos 6’11)2) — Wa(t — cos 92111)}—1— (33)

+ Vlr(tg — cos 92112) — Vgr(tl — cos 011)1) =0
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where g;;¢’% = 6F

g + gyt =6 =1
9219 4 9229 =03 = 1
9119 + g1297 = 61 = 0
9219" + ga2g®' = 65 = 0.

Definition 3.6 The directions which are tangential to the pseudo-lines of

curvature are called pseudo-principal directions.

From (33):

Theorem 3.7 The pseudo-principal directions at any point of Wy are or-

thogonal if and only if the condition (33) is satisfied.
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