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Abstract

When f = (I(mvn))(m,n)E(ZQ)U{oo} is a Tquasi-bigraduation on a ring R, a f-
quasi-bigraduation of an R—module M is a family g = (G(nn)) (mn)e@z2)ufoo} Of
subgroups of M such that Goo = (0) and I(, )G p.g) S Gmtpntq)s for all (m,n)
and (p,q) € (NxN) U {oo}.

We will show that r elements of R are slowly J—independent of order k with re-
spect to a Tquasi-bigraduation g on an R—module M if and only if the two property
which follow hold:

they are J—independent of order k with respect to the Tquasi-bigraduation fo (A, I)
and there exists a relation of compatibility between the Tquasi-graduation on R
deduced from g and gy where I is the sub-A—module of R constructed by these
elements.

We give criteria of slow J—independence of Tquasi-bigraduations on an R —module
in term of isomorphisms of graded algebras.

Mathematics Subject Classification: 13A02, 13A15, 13A30, 13B25,
13F20
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INTRODUCTION

All rings are supposed to be commutative and unitary.

In 1954, D. G. Northcott and D. Rees [7] developed a theory of integral closure
and reductions of ideals in a noetherian local ring (A, 9%). In particular, they
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introduced two notions of analytic independence with respect to an ideal in
a local ring and they proved that the reduction of an ideal in such a ring is
minimal if and only if it has an analytically independent generating set.

In 1970 one notion of independence is generalized by Valla [9] in a noether-
ian commutative ring. He showed that the maximum number of independent
elements in an ideal is bounded from above by its height.

Let f = (In),cz0(100) e a filtration of an arbitrary commutative ring A and

R(A f)=EPLX" and R(A f) =P LX"
neN neZ

be its Rees rings. Let k be a positive integer which may be equal to 4oc0
and let J be an ideal of A such that J + I # A. Take u = X~ !. Then the
following numbers are known in the literature to be extensions to filtrations of
the analytic spread

- the maximum number /¢, (f,k) of elements of the ideal J which are
J—independent of order k with respect to f and

- the maximum number (% (f, k) of elements of the ideal J which are
regularly J—independent of order k with respect to f.

That work generalized results of Okon [8] concerning the analytic spread

R (A, f)

LR (A T) M e Max A} and estab

lished comparisons of several extensions.

of noetherian filtrations, sup {dim

In [4] we studied theses notions for a Tquasi-graduation of a ring R.

We say that the family (G,,) of subgroups of R is a quasi-graduation (resp.
*quasi-graduation) of R if Gy is a subring of R, G4« = (0) and G,G, C Gy,
Vp,q € Z (resp. N).

Here we need the following concept of compatibility of a family of subgroups
of R with a given quasi-graduation (resp. Tquasi-graduation) f of R and we
extend this concept to quasi-bigraduations:

Definition 1. Let R be a ring.

1) Let [ = (In),czuqio0y e a family of subgroups of R.

We say that [ is a quasi-graduation (resp. tquasi-graduation) of R if Iy is
a subring of R, Ioo = (0) and I,I, C I, for allp and q € Z (resp. N).

2) Let f = (In)nEZU{—‘,-oo} be a quasi-graduation (resp. tquasi-graduation) of
R, M be an R—module and g = (G;)iczu{+o0} be a family of subgroups of M.
We say that g is an [*-quasi-graduation of M or that g is a T quasi-
graduation of M compatible with f if G = (0) and [,G, C Gpi, for each p
and q € N.

For a ring R, the construction of rings of polynomials R[X7,..., X,] of n
indeterminates with coefficients in R have a critical importance, since geo-
metrical objects (curves, surfaces, etc.) are described by equations in several
variables.
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Otherwise, in Database, stored values must be accessible concurrently but
consistently by multiple users. This proves the importance of the Cartesian
product in relational Algebra used in Relational Database. Hence there is an
interest to replace N by N x N as set of indices.

We define the compatible Tquasi-bigraduation of a ring as follow:
Definition 2. Let R be a ring. Let f = (I(m,n))(mm)e(mz)u{oo}

subgroups of R with the convention that I, o), L(se,q) and I(c ) mean the same
subgroup, denoted I.. Let us construct the family (Sm)mEZU{JrOO} as following

be a family of

Sm=AVm<0; Se=(0) and Sp= > Ipmm Ym>0.

—m<n<2m

1) We say that [ is a quasi-bigraduation (resp. *quasi-bigraduation)
of R if Ly is a subring of R, Ioo = (0) and I g 1) € Liptrgrs) Y(0,q) and
(r,s) € Z* (resp. N?).

2) If [ is a quasi-bigraduation (resp. *quasi-bigraduation) of R then the
family (Sim),.cnuqi00) 8 @ Tquasi-graduation of R; it is called the *quasi-
graduation of R deduced from f.

In [6] we studied the notion of generalized analytic independence for a
*quasi-bigraduation of a ring R.

In this paper we have two objectives :

- To give a slow concept of generalized analytic independence of compatible
*quasi-bigraduations of a module,

- to establish some characterizations of generalized analytic independences
of compatible Tquasi-bigraduations of a module by the mean of isomorphisms
of graded algebras.

1. COMPATIBLE QUASI-BIGRADUATIONS OF MODULE

We define the compatible *quasi-bigraduation of a module as follow.

Let A be the abelian monoid Z? U {oo} (resp. N U {oo} = A™).
Let R be a ring, A be a subring of R and M be an R-module.

1.1. Compatible quasi-bigraduations of module.

Definition 3. Let f = (I(mﬂ))(m,n)eA
Let H = (G(i,j))(i Hea be a family of subgroups of M with the convention

that G0y, Gooyg) and G(so,00) mean the same subgroup, denoted G.

We say that H is an f—quasi-bigraduation (resp. f'-quasi- bigraduation)

of M or that H is a quasi-graduation (resp. a " quasi-graduation) over

A of M compatible with [ if Goo = (0) and I, Gunn) S Gimgin) for

each (m,n) and (p,q) € A.

be a *quasi-bigraduation of R.
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1.2. Globally compatible quasi-bigraduations of module.
Let H = (G(Z-,j)) be a family of sub-A-modules of M such that G, =
(0).
Let us construct the family (NV,,)mezutoo} of sub-A-modules of M as follow-

ing:

N, = G(O,O) VYm < 0; Ny = (O) and N, = Z G(n’m_n) VYm > 0.

—m<n<2m

(i,7)EA

Definition 4. Let f = (I(s4))(s,)ea be a *quasi-bigraduation of M.

Let A = Igg) and S = (Sp) be the quasi-graduation deduced from f (see
Definition 2). Let H = (G(ivj))(i,j)eA be a family of sub-A-modules of R.
We say that H is a T quasi-bigraduation of M globally compatible with f
or that H is a global f*-quasi-bigraduation of M if G, = (0) and SN, C
Nypiq for each p and q € N.

Remark that if H is an fT-quasi-bigraduation of M then H is a *Tquasi-
bigraduation of M globally compatible with f.

If H is a global f*-quasi-bigraduation of M then one denotes QG(H) =
(M) which is called the ST-quasi-graduation of M deduced from H.

2. COMPATIBLE QUASI-BIGRADUATIONS OF MODULE AND GENERALIZED
ANALYTIC INDEPENDENCE

2.1. Slowly generalized analytic independence.
Let R be a ring, A be a subring of R and M be an R-module.

Definition 5. Let aq,...,a, be elements of R and let I be the sub-A-module
of R that they generate. Put fy (A, 1) the *quasi-bigraduation (L) of R
such that

I(jmé) =A if j1+j2<0

T = (0) and

Ly = I if i+ j2=d>0.

Suppose that H = (G(i’j)) is a global (f5 (A, I))" -quasi-bigraduation of M (i.e.,
for all m € N, N, is a submodule of the A—module M and I (N,,) C
Nerl)-
Put G, = [/\/m : G(Ovo)}n for all m € N. (G,,) is an ST-quasi-graduation of
R.

One denotes QGT(H) = (Gin) ezuqs00y Which is called the ST -quasi-graduation
of R transported from H.

Let k € N* and J be an ideal of A.

1) If JGo,0) + Nk NGo0) # Go) , the elements a, ..., a, of R are said to
be J—independent of order k with respect to H if for any homogeneous
polynomial F of degree d in r indeterminates with coefficients in Gy , the
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relation F (ay,...,a,) € JNg+ Nawr implies that F has all of its coefficients
m JG(070) +Nk.

2)If J+ Gy N A # A, the elements aq,...,a, of R are said to be slowly
(J, A) —independent of order k with respect to H if for any homogeneous
polynomial F of degree d in r indeterminates with coefficients in A, the relation
Flay,...,a,) € JGq + Gayx tmplies that F has all of its coefficients in J +
Gr.NA.

3) If k = 400 the term of order +o00 can be omit.

Remarks 2.1.1. 1) Elements ay,...,a, of R are J— independent of order k
with respect to H iff they are J— independent of order k with respect to the
deduced S*-quasi-graduation (N )mezuf+oo) defined in section 1.2.

2) Elements aq, . ..,a, of R are slowly (J, A) —independent of order k with
respect to H iff they are J—independent of order k with respect to the trans-
ported ST -quasi-graduation (G, )mezu{4oo}-

Proposition 2.1.2. Let aqy,...,a, be elements of R and I be the sub-A-
module of R that they generate. Let H = (G(m,n))(m wea Ve a global (f2 (A, n)"-

quasi-bigraduation of M. Let k € N* and J be an ideal of A such that
J+G. N A #£ A Suppose that aq, ..., a, are slowly (J, A) —independent of
order k with respect to H.

If J2GyNA then the elements ay,...,a, are J—independent (resp.
slowly (J, A) —independent ) (of order +00) with respect to H and to fo (A, I) =

Proof. Let x = F(ay,...,a,) where F is an homogeneous polynomial of
degree s in r indeterminates and with coefficients in A.

Suppose that J contains G, N A. Put I,,, = I"™. We have

[z =0(JGs) orx=0 (JI,)] = 2 € JGAGr = F € (J+G.NA)[Xy,..., X,].

Furthermore, J + G, NA=J

thus the elements ay, ..., a, are slowly (J, A) —independent (of order +o00)
with respect to ‘H and with respect to fo (A, I). O

Proposition 2.1.3. Let k € N* and J be an ideal of A, a1, ..., a, be elements
of R and I be the sub-A-module of R that they generate.

Let H = (G(i’j))(ij)eA be a global (f5 (A, I))"-quasi-bigraduation of M.
Suppose that J+GrNA # A, (Girk);s (07 (Nivk)iso) is decreasing and that
ai,...,a, are slowly (J, A) —independent of order k with respect to H.

Let p > 1 be an integer. If G, N A C J + G N A then the elements
al,...,;a? are slowly (J, A) —independent of order k with respect to the

global f> (A, I?)*-quasi-bigraduation H®P) = (G mpm) ) (mm)ca-
Proof. This is the consequence of the fact that under the hypotheses we have

vn >0 Jgp'n, + gp(n+k) - Jgnp + gnp+k and
J+G.NANAC J+kaﬂA.
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Indeed, let F' be an homogeneous polynomial of degree n in r indeterminates
and with coefficients in A.

F(ai,...,a}) € (JGpn + Gpininy) = G (ars- .., ar) € (JGpn + Gynin)

where G (X1,...,X,) = F(X?,..., XP) is homogeneous of degree np.
Thus G (ala s 70/7”) € Jgpn + g(pn—l—pk) - Jgnp + ganrk
therefore G and F' have their coefficients in J + G, N A.
F has all of its coefficients in

(J+G)NA=J+GNACJT+GpNA O
2.2. Criteria of J—independences :

2.2.1. Preliminaries.
Let (1,,) and (J,,) be two families of subgroups of R such that

1€l
]n]m g In—l—m
]nJm g Jn+m

Let (P,) and (K,) be two families of subgroups of M such that

K, C P,
(xx) LP, CPuim VYm,n € Z (resp. N).
Jn]P)m + ]nKm g Kn+m

Let P=@ P, X" and K = P K,,X™. We have

P P,,
K:@ .

Let (K,) be a family of subgroups of R such that

Vm,n € Z (resp. N).

Let P=@p I,,X™ and K = P K,,X™. We have

P I
gg@ =

2.2.2. Construction of surjective morphisms relating to elements of the ring.
Let f = ([n)nEZU{Jroo} be a quasi-graduation of R and A = I.
Let J be an ideal of A and J,, = I, N (J1I, + I,,1x) for all n.
Denote f x f the quasi-bigraduation (U(i’j))(i,j)e(ZXZ)u{oo} of R such that
Uimn) = Im Iy for each (m,n) € Z x Z and Uy, = (0).
Let aq,...,a, be elements of R and I be the sub-A-module of R that they
generate. Suppose that I, = [" for all n > 0 and I,, = A for all n < 0.
Put s; =a;+ J; Vi=1,...,r. There exists an isomorphism

(% * %) { K & 1 Vm,n € Z (resp. N).
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I, R(A,T)

Vi ne;o 7 — RAD 0 (i J) R (ATD) such that

A

V1 x(8i) = a; X+R(A, ])ﬂ((uk’,J) R(A, I)) and ¢ (o) = a for a € T+ N A

Furthermore, we have the products :
Forall« € A and b,, € I,,, if m =iy +--- + 1, then
st sin = (a? ceatt Jm) and (b, + Jn) (a+ Jo) = b + Jp.

T

Hence s --- s (a+ Jo) = al' - aira + J,,.
Let (% :Qﬁlk(si) Vi = 1,...,7"

Vil =gl afme_F(R(A)[)m((uk,(])%(/l,]))) and
Uil"'U:‘f (Oé—|—<]0):allla;r@Xm+(R(A7[>m((uk’J)%(Avl)))

and we have the following commutative diagram:

A
?[Xl,...,Xr]ﬂ Sy, k) = [sn, sA—EB—
0

9 l
1,](3 | ¢ ow

Vi(l, k)= [vl,... U]

é‘

2.2.3. Surjective morphisms relating a global (f X f)+—quasi—bigmduation.

I Let H = (G(ivj)>(i,j)€(ZXZ)U{oo} be a global (f x f)"-quasi-bigraduation of

M, I, = ImG(O,O) N (JSmG(gjo) + Sm+kG(070)) VYm > 0 and

Kn = (InG0) N (JNp + Nopik) ¥Vm > 0 where S = (S )mezugio) =

QG (f x f) is the Tquasi-graduation of R deduced from fx f and (Nm)mEZU{—i-oo} =

QG (H) is the ST-quasi-graduation of M deduced from H.
Put J = @J Xm and'T @SdGOO)X

a) Con51der N = EBNdXd and QJ (H, k) the graded Q,(f, k)—module

I,,G I,
> %, where Q;(f, k) = D 7
m>0 m n>0 n
7= (]mG(Ovo))mEZU{—i-oo} is an fT-quasi-graduation of R and we have

K,, C ImG(O,O) - SmG(O,O) - Nm

b) For each m > 0, put K,, = I, N (JGp, + Gmir) where
(Gm)mezuiiony = QGT (H) is the ST-quasi-graduation of R transported from
H.
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I
Consider G = @ G4 X% and T (H, k) the graded Q ;(f, k)—module > ——

a>0 m>0 Km
We have
K, CI, <S5, CGg,.

Conditions (), (*x) and (% * %) of 2.2.1 are satisfied for (I,,), (J,), (P,) and
(K,), (resp. (%) and (% * %) for (1,,), (J,) and (J,)). Hence we have

1,,G Xm
% (0,0 LnGo,0)

P
K= ~ d
K @O [(ImG(0,0)) N (JNm +Nm+k)] X "@) (ImG(D,O)) (JN +Nm+k:) an

P L,xm

=

. m>0 - @ Im
@ [Im N (ng + gm+k)] Xm m>0 Im N (ng + gm+k) ‘
m>0 =
I1. Suppose that for each m > 0, I,, = I". Thus, for m > 0 we have
Sm == Im, Jm = ImG(()’())ﬁ(JImG(O’()) + Im+kG(070)) ,Km == ImG(OVO)ﬂ(JNm + Nm—i—k)

m

G
and Qj (H, k) is the graded Qs(f, k)—module %, where

m>0 m
(Nn)mezugtoor = QG (H) is the ST-quasi-graduation of M deduced from #.
a) Suppose that JG g o) +NNG(q ) (resp. JG o)+ (IkG(o,o)) NGy 0)) is different
from G ). We have

@ I"GpyX

m>0 o @ I'"Go,0)
&b [IMG(O 0) N (JNm, +Nm+k [m@ N (JNp + Notk)
m>0
(resp.
D I"GppX .
m>0 00 ~ @ "G, )
620 [Im(Gr(O,O) (JIm -+ Im-i—k) G(O 0) ImG ((me + Im+k) G(O,O))
Put R (G(O,O)7 I) the graded A-module @ I"G o) X". We have

n>0

R (G 1) N [ (45, 7) M| = R (G, 1) 0 [ (1w, 7) mr

= |:IdG(00 (JNd +Nd+k)} X == @KdXd
d> d>0

[e=]

(esp. R (G0, 1) N [ (45, 7) R (Gio0), )| = R (G0, 1) 1 [ (wF,7) R (G(o,O),I)r
— EB {IdG(O,O) N ((Jld n Id+k> G(O,O))} i _ @JdXd).
a>0 >0

We have J 4+ G N A # A, JG(070) + (IkG(070)) N G(O,O) #* G(O,O) and J+ [ NA#A
(resp. J+ I NA# A).
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b) Suppose that J + I N A # A or that J + G, N A # A. Then we have

@ "X n

DI N (TG + G X @ I™ N (JG + Grtr)

Put R (A, I) the Rees ring of the ideal I. We have

R(A, DN [(uk J) G} -P [Id N (JGy + gd+,€)} x4 = P KX

d>0 d>0

ITI. Let us define the products as follows :
a) For all a € Gg9y and by, € Iy, if m =41 +--- + 4, then

Sill .. .sir — (aill .. .aij" + Jm) and (bm + Jm) (a + KO) =bnpoa+K,,
where Ko = JG(g ) + Nx N G(gp). Hence
st st (a+Ko) = alt - alra 4 Ky
Furthermore,

Vil =@l XM 4 R(AT) N ((uk,J> %(A,I)) and

br =
UZf '--vff' (a+Jo) = aill . -aﬁf'aXm + R(G(O,O),I) N ((uk, J) R (G(070),I)) .
b) For all « € A and b, € I, if m =4y + -+ + 4, then
slf ---sff = (alf . -air + Jm) and (b, + Jim) (@ + Ko) = b + Ky,
where Ko = J + G, N A.  Hence
sit-sir (a+ Ko) = a' ---aira+ K, and Properties

(%), (*x) and (% * x) of 2.2.1 show that the previous products are well defined.
IV. a) Suppose that N N Go,0) € JGo,0) + (IkG(O,O)) NGo,0) # Go,0)-

Then Ko = Jo # G(g0), I™KoX™ = I"JoX™ C R(G(g ), 1) N ((u*, J) R (Go,0),1))
and the next product is well defined:  For all @ € G(g )

vil . '-Uff (a+Kp) = alf ~-aff0sz + R(G(()’O),I) N ((uk, J) by (G(O,O),I)>

Put
Sy (H k):m[sl...s]: Z(a‘ 4 Ko)st - st s ay, i € Goo

) KO ) 5 Or ‘ : Tlyeenylp 1 r 11 yeeeylp (0,0)

T yeensbp
G
and V; (H, k) = H(g’o) [v1,...,v:]. We have
0
R (G0, 1) _ G

R(G(Qo),I) N (uk,J)%(G(()’O),I) a Ko
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G
Let @1 = ¢1,7 (H, k) be the graded morphism of graded modules from % [(X1,...,X/]

G
onto H&%’O) [s1,...,sr] such that @) ,(aX;) = @s; for each i and ¢y (@) = @ for
0

a € G, and @ = a + K.
There exists an isomorphism %,k of graded modules from S; (H, k) onto
R (G0 1)
K TEW B (I EX ) )
P p(@si) = av; = aa; X + R (G(D,O)aI) N [(uk, J) R (G(QO),I)] and (@) =@
for o € Gy and @ =a +Kp. Put 517k = {El,k ° D1 k-

such that

Vi(H, k) =

Hence the following diagram commutes:

G 21, G
Hg” X1,..., X, —2* Hgm (51, - ., 8]
- [ 12171@
01k
R(G(0,0)7 ])
R(G(0,0)7 I) M (uk7 '])%<G(O,O)7 ])

b) Suppose that Gy NA C J + I, N A and that J + I N A # A.
Then Ko = J + I; N A= Jy and I"KoX™ C R(A, )N ((u*, J) R (A, 1)) .
Hence we have the commutative diagram of 2.2.2.

Proposition 2.2.1.
a) If JGo,0y + (IkG([)’O)) N Go,0) # Go,0) then the following statements are equiv-
alent:
(i) ai,...,a, are J—independent of order k with respect to fo (G(o,o); I)

i) iy G an i : G(o,0)
(it) ¢1 is an isomorphism of o [

G
X1,...,X,] over 3}0’0) [S$15-.., 58]

0
~ R (G, !
(iii) 01 1, is an isomorphism over ( ((L’O) )
R (Go), I) N (u*, J) R (Go,0), 1)
) ‘ . G(o,0)
w e elements si,...,s, are algebraically independent over ———
(iv) The el t lgeb lly ind dent :
0
. . G(0,0)
(v) The elements wvi,...,v, are algebraically independent over ——=.

0
a’) If NiNGo0) € TG 0,0 + (I"Go,0)) NGo0) and JGo,0) + (I*Go,0)) NGo) is
different from G g o) then replacing Jo by Ko we have a result similar to a).

b) If G N A C J + I, N A then the following statements are equivalent :
(i) ai,...,ar are slowly (J,A)-independent of order k with respect to fa(A,I)
A

(resp. f1) (i) p1x is an isomorphism of — [X1,...,X,]| over — [s1,..., S|
’ Ko Ko
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1
(i) 01 is an isomorphism of I?O [X1,...,X;] over RATD r?((ﬁ” J)) RATD
(iv) The elements si,...,S, are algebraically independent over T
0
(v) The elements vi,...,v, are algebraically independent over i
0
Proof. See Theorem 2.4.1 of [6]. O

V. a) With the assumption that N N G(O,O) - JG(O,(]) + (IkG(O’OD N G(O,O) # G(O,O)
put the canonical morphisms

R (Go).1) Do, R (G 1)
R (G0). 1) N [(u¥, J)R (Go0).1)] R (Go,0), 1) N [(uk, J)N]

Vi(H, k) =

and Sk = 527;C o %’k. We have for @ = o + Ky
via@ = a;aX + R(Gg,0), 1) N ((uk, J) R (G(0,0)7 I)) = {/;Lk(sia) where a € G(q ).

Thus
o1 (s;j@) = 527;C (via) = a;aX + R(Gg ), 1) N Kuk, J) ‘ﬁ}

Put Go = G(g,9). The following diagram commutes:

Go b1,k Go = "Gy
X X] olsrs] i}o T
[ 1;1,1@

’é’ ~

1,k gl’k 6k
@[ | R(Gy, I) 0,1 R(Gy, I)
Ko V" T =7 R(Go, 1) N (uF, J)R(Go, 1) R(Go, I) N (uF, J)N

b) Suppose that G, NA C J + I;; N A. Put the canonical morphisms
R(A,T) 0., R(A,T)
V(L k)= =
TR = RAD AR HARAD)  RADN (W) E)

and 514 = 92,k o wl,lv

With v; = 91 (s;) = a; X + R(A, I) N ((u¥, J) R (A, I)) we have
vio = a;a X + (R(A, nn ((uk, J) R (A, I))) = 1 k(sia) for a € A and @ = a + K.
Thus

8 (51) = Ooo (v1) = a; X + R (A, T) N [(uk J) G} and

5, (5:08) = O (v@) = a0 X +R (A, )N [(uk J) G} - (aiX FYRAIDN [(uk’ J) GD a



558 Youssouf M. Diagana

Put u; = 02, (v;) and

1 yenin

A . .
Uj(1,k)= X [ug,...,uy] = { Z (0, i + Ko)ul - - uy s 0y 4. € .A} .

We have
R(AI) A

R(A7I) N <uk7J)§R(.A,I) = F{) [1)1,...,1)7,] .
Put o1, =17 (I, k) and 61 =110 @1k
The following diagram commutes:

.A 1,k -/4 = _m
XX o] NEB »
Y1k
0 %
1,k b1 Ok
O

A v o] R(A,T) o R(A,T)
Koo 0= T R(AT N (uk, DYR(A, T R(A, T)N (v, ))G

2.2.4. Properties of independence.
Under the previous hypotheses we show the following results as in [6]:

Theorem 2.2.2. Under the notations and hypotheses of 2.2.8 and with the assump-
tion that G, N A C J + I, N A the following assertions are equivalent :
(i) a1, ...,a, are slowly (J, A) —independent of order k with respect to H.

fii) a) ai,...,ar are J — independent of order k with respect to fa (A,I) and
it
b) I, N (JGp + Gpyr) = JI, + (Ipsx N 1p) Vp >0

(iii) a) The family {s1,...,s,} is algebraically free over KA and
b) R(A,I)N [(u¥,J)G] = R(A,I) N (uF, J) R (A, 1)

. . . A R (A1)
i) a) 011 is an isomorphism from Fo [X1,...,X,] onto RATD N (k) R(ATD and
w ) Oy is an isomorphism f R(AI) t R(A,I)
9.k 15 an isomorphism from RAD Nk D RATD onto RATD N[5 ) G
a) @1k is an isomorphism from Ki [X1,...,X,] onto Ki [S1y...,8:] and
(v) A R(AD)

b) O is an isomorphism from A [$1,...,8] onto R

AT) N [(uk, J) G]
R(A,I)
(A, 1) 0 [(u*, ]) G

(vi) O), = 63 1,001 i, is an isomorphism from Ki [X1,...,X,] onto 7
0
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Proof. (ii) < (iii) < (iv) < (v)
By Proposition (2.2.1 b)) the elements ay,...,a, are J—independent of order k
with respect to fo (G(070),I) iff the family {s1,...,s,} is algebraically free over

—— . It is equivalent to the fact that 6 resp. is an isomorphism.
7161 A q 1k (resp. ©1x) P

Moreover,
I, (JGp+ Gpii) = JI, + (Ip1, N Ip) Vp > 0 if and only if
R(AI)N [(u*,J) G] = R(A, I) N (uF, J) R (A, I) if and only if
621 (resp. dx) is a graded ring isomorphism.
(iv) & (vi)
We have: 0, and 0, are surjective and 0}, = 6, o 01 .. Therefore
0y is an isomorphism if and only if both 6; ;, and 6, are isomorphisms.
(i) & (vi) As in Theorem 2.4.1 of [6],

[the elements ay,...,a, are J—independent of order k with respect to H| iff
. . . A R(A,I)
01 = 021,001 i, is an isomorphism from A [X1,...,X,] onto I
0

(A, 1) N [(uk, J) GT
O

Corollary 2.2.3. If GixNA C J+1;;NA then the following assertions are equivalent:
(i) ai,...,a, are slowly (J, A) —independent of order k with respect to H.
a) ai,...,ar are J — independent of order k with respect to fo (A, 1)
R(A,I)
(A1) N [(u*, J)G]

(i)

b) O i ' hi — [s1,...
) 0k is an isomorphism of X [S1y...,8:] over 7

a) 1k is an isomorphism of Ki [X1,...,Xy] over A [s1,..., ]

(i) ae R(A,T)
b) 0k is an isomorphism of %, 51,80 over R(A, )N [(uF, ])G]

‘ . ‘ A R(AI)
— | Xq,..., X,
i) a) 01 is an isomorphism of % [(X1,...,X;] over RAD N (kN RATD
b) 02 is an isomorphism of R(A ) over R(AT)
2 ! ROAT N W DRAT " R N[, 1) 6]
(v) a) The elements s1,...,s, are algebraically independent over i
0

b) R(AT)N[(uF,]) G] = R(AT) N (uF, J) R (A, T)

a) The elements vy, ...,v, are algebraically independent over i
b) R(AI)N[(u*,J)G] = R(AI)N (uF, J)R(AT)
Applying this result to case k = 400 we have the following Corollary:
Corollary 2.2.4. The following assertions are equivalent :

(i) ai,...,a, are slowly (J, A) —independent (of order +o00) with respect to H

(ii) The elements ay,...,a, are J—independent with respect to fo (A,I) and
PN (JGy) = JIP for allp >0

(i1i) The family {s1,...,8:} (resp. {v1,...,v.}) is algebraically free overié]l and
R(A,1)NJG = JR(A,I).
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2.2.5. J—independence and isomorphisms.
We have the equivalent of Theorem 2.2.2 for independence of a compatible quasi-
bigraduation of module:

Theorem 2.2.5. Under the notations and hypotheses of 2.2.3 and with the assump-
tion that Ny NGy C JGo + (IxGo) N Gg the following assertions are equivalent:
(i) The elements ay,...,a, are J—independent of order k with respect to H

(i) a) ai,...,a, are J — independent of order k with respect to fo (Go,I) and
it
b) IpGo N (JNp + Np+k) = JIpGO + (Ip—i-k N Ip) G(O,O) Vp >0

(iii) a) The family {s1,...,s.} is algebraically free over % and
0
b) R (Go. 1) N [(u*, ) N] = R(Go. 1) N (u,.]) R (Go. 1)

a) 0, 1, is an isomorphism over R (Go, 1) and
(iv) e ? R (G, I) N (uk, J) R (Go, I)
b) 01, is an isomorphism over R (Go, 1)
a P ERICED
~ . . . Go GO
a) @1k ts an isomorphism from Ke [X1,...,X,] onto Ke [$1,...,8:] and
0 0
v b) Sk is an isomorphism from @ [s1 s,] onto R (G(QO)’I)
KO ey Op R(GO,I)H[(Uk,J)m]
O = 25,00, I
(vi) Or, = 02 1,001 i, is an isomorphism from gz [X1,...,X;] onto 7 (GO,];)(?E&U; o

2.2.6. Other properties of independence.
With the assumption that NN G(O,O) - JG(070) + (IkG(()’O)) N G(QQ) #* G(O,O) let
t; =a; + K1 :ai—l—Iﬂ(J g1+gl+k) fori=1,...,r. Put

A

Ty (M k)= Ko [t t] = Z (iy,niy + Ko) 1147 iy, € A
Tl yeenslp
We have t; € ! d
e have t; an
IN(J G+ Giyr)
R(A,I) m
~ — Ty (M, k
RAD N[0 =D T (76,1 G~ 2
A ©2,k A
SJ(Ivk)*E[Sla--'vsT] — TJ(H7k)*?O[t17---7t7’]‘
Let @ (H,k) be the graded morphism from Ki [X1,...,X,] onto Ty (H,k) such
0
that ¢ (H, k) (X;) = t; for each i and ¢ (H, k) (o) = a for a € Kﬁ
0
R(A,T)

such

There exists an isomorphism ), from Ty (#H, k) onto RADN [(uk, 1) G

that ¢5(t;)) = ;X + R(A, 1) N [(uF, J) G] and i) = o for a € Ki We have
0
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uj = 0Oap (v;) =

R(AT)

Yy (t;) for all i.

R(A, )N

(b, 1) G]

7[“17"')“7‘]7
0

Hence the following diagrams commute:

Put ¢ = s (H,k) and 6 = ¥y o py.
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Thus

Oo k01 = Yr oo and @ = P21 0 Y1 k-

A
K,

A

K,

X, ...

s

[ul,...

o A

7u7"] =

01,x

A
Ky

[Ul,...

, Uy

/\

Ko

[81,..., r

N1k

R(A, T)

Ok

02k

— |t
KO[

et

[y,

R(A, 1)

R(A, I)N

(uk, J)R(A, I)

R(A,T)

N (u*, J)G

Under these assumptions, we have the following Theorem as in [3]:

Theorem 2.2.6. (see 1.2.4 of 3] ). The following statements are equivalent :

(Z) ALy e ey

(ii) @ is an isomorphism of
(iii) O is an isomorphism of
(iv) The elements ty,...

(v) The elements wuy,...

A
J+G:NA

A
J+GNA

,t. are algebraically independent over

, U are algebraically independent over

[X1,...,X,] over

[X1,...,X;] over

A
J+G:NA
R(A,I)

a, are slowly (J, A) —independent of order k with respect to 'H

[tla

St

R(A, )N

A
J+G:NA

A
J+G.NA

[(u*,]) G]
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2.2.7. Particular case of global quasi-graduations of a ring.

Let R be aring and A be a subring of R. Let aq, ..., a, be elements of R, I be the
sub-A-module of R that they generate, f = (I"),,cz, {400} be the quasi-graduation of
R with I = Aforalln <0and J, =I"N (JI” + I”+k) for all n where J is an ideal
of A. Denote f x f the quasi-bigraduation (U(i,j)) of R such that U,y = I™I"
for each (m,n) € Z x Z and Uy = (0).

Suppose that H = (G(i,j)) is a global f x f*—quasi-bigraduation of R and
(Nm) = QG (H) is the Tquasi-graduation of R deduced from H. Hence G, = Np,
and for A = G o), the elements ay,...,a, of R are J—independent of order k with
respect to H iff they are slowly (J,.A) —independent of order k with respect to H.

Moreover, considering the equalities f = f everywhere, G; = N;, Ko = K and
N = G, Theorems 2.2.2 and 2.2.5 coincide.

Example 2.2.7. Let R = R[X,Y] be the ring of polynomials of two indeterminates
X and Y with coefficients in R, A=Z[X,Y] and M =iQ[X,Y].
Let f = (I(m’n)), where I, ny = (X"Y™)Z[X,Y] for all m,n € N.
Let H = (Gypq) such that G, o = (XPY?)iQ[X,Y] for all (p,q) € N x N.
f s a quasi-bigraduation of R and a bifiltration of R.
H is an fT-quasi-bigraduation of M.
Letay =X and ap =Y, J=(X,Y)Z[X,Y]|. We have
Ny = (X4, X7y, X42y2 Y9 iQ[X,Y]
N = (X,Y)iQ[X,Y] and Ny = G ) = iQ[X,Y].
1) Let F= Y «;jXiX5 € A[X1,Xz] an homogeneous polynomial of degree d
i+j=d
f(al,ag) = Z OziJ‘Xin S JNd =
it+j=d
> o XY e (X,Y) (X4, XY, X922 YY) iQ X, Y] =
i+j=d
aij €N = (X,Y)iQ[X,Y] = (X,Y)iZ[X,Y]Q[X,Y] = JG
Thus o ; € (JNo) N G(O,O) = JG(O,O)-
Therefore, X and Y are J—independent with respect to H. We have:
X? and Y? are J—independent with respect to H.
2) Put ag = XY and F (X1, X2) =iV X7 —iXe = a1 X7 + aa X where
o1 =1Y and g = -1 € A
Let F=iYX] —iXs €Ny [Xl,XQ] .
F is an homogeneous polynomial of degree 1.
f(al,ag) =iYa; —ta3 =1Y X —i XY =0¢ JNl But g = —1 ¢ JG((]’O).
Therefore, X and XY aren’t J—independent with respect to H.

Example 2.2.8. Let R = R[X,Y] be the ring of polynomials of two indeterminates
X and Y with coefficients in R, A=7Z[X,Y] and M =iQ[X,Y]

Let f = (I(mm)), where Iy, ny = (X"Y™)Z[X,Y] for allm,n € N

f is a quasi-bigraduation of R and a bifiltration of A.

Let H be the family (G(p,q)) such that

:G( )= (X;?r;q).ZQ [X,Y] for all (p,q) € Nx N |

: G =Y . )Z‘Q [X,Y] for all (p,q) € Z X Z wz.th —q<p<0

: Gpg) = (Xp 1)iQ[X,Y] for all (p,q) € Z X 7 with —p < ¢ <0

Gp,q =1QI[X,Y] for all (p,q) € Z x Z with p <0 and ¢ < 0.

p,q

)
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Leta; =X anday =Y, J=(X,Y) A

Ny = (Xd,Xd_lY, xd=2y2? ,Yd) iQ[X,Y], M1 =(X,Y)iQ[X,Y] and

No = Go0) = iQ[X,Y]. (Np) is decreasing.

H is an f+—quasi-bigraduation of M.

Qi j S G(O,O) = ZQ [X, Y] Put k = 4+

Put by = XY, by = X2 and b3 = Y2. We have: b3 — bybz = 0

Let F (X1, X9, X3) = iX? —iX2X3

F (X1, X2,X3) = a1 X? + X2 X3 € Go,0) [X1, X2, X3] is an homogeneous poly-
nomial of degree 2, where ay =1 and g = —i € A

]:(bl,bg,bg) =0¢€ JNl but o =1 ¢ JG(O,O)'

Therefore, X2, XY and Y? aren’t J—independent (with respect to H and to f).
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