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Abstract

In this paper we shall acquaint with generalized cone metric spaces,
contractive mappings will be considered and prove some classical fixed
point theorems with the help of generalized cone metric space.
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1 Introduction

A classical and most cited theorem in theory of fixed point is Banach fixed
point theorem [2] which is, if (=,Ω) is a complete metric space and a map
Λ : = → = is contractive such as ∀ u, v ∈ =

Ω (Λu,Λv) ≤ Υ Ω (u, v) , (1)
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whenever 0 ≤ Υ < 1, then Λ has a unique fixed point.
In [5] Kannan has proved a result which is, let (=,Ω) be a complete metric
space and let Λ : = → = be a contractive map such as for all u, v ∈ =

Ω (Λu,Λv) ≤ Υ {Ω(u,Λu) + Ω(v,Λv)} , (2)

where 0 ≤ Υ < 1
2
, then Λ has a unique fixed point.

After it, in [6] Chatterjea has proved a theorem which is, let (=,Ω) be a
complete metric space and let Λ : = → = be a contractive map such as for all
u, v ∈ =

Ω (Λu,Λv) ≤ Υ {Ω(u,Λv) + Ω(v,Λu)} , (3)

where 0 ≤ Υ < 1
2
, then Λ has a unique fixed point.

latter on in [7] Rezapour has proved a result which is, let (=,Ω) be a complete
cone metric space and a contractive mapping Λ : = → = such as

Ω (Λu,Λv) ≤ Υ Ω (u, v) + β Ω (v,Λu) , (4)

for all u, v ∈ =, where 0 ≤ Υ, β < 1 are constants moreover β + Υ < 1, then
Λ has a unique fixed point.
Now define the cone metric space. Suppose a Banach space B, and C ⊂ B is
called cone if
(i) ∅ 6= C 6= {0} and closed.
(ii) uu1 + vu2 ∈ C for all u1, u2 ∈ C and 0 ≤ u, v ∈ R.
(iii) The intersection of C and −C is always equal to {0}.
Given a cone C ⊂ B, we can consider a partial ordering ≤′ on C such as u ≤ v
iff v − u ∈ C, while u � v iff v − u ∈ C◦ where C◦ stands for interior of C.
The cone C is called normal cone if ∃ τ > 0 such as for all u, v ∈ B, 0 ≤ u ≤ v
implies that ‖u‖ ≤ τ‖v‖, and the least positive number τ which satisfies this
condition is called the normal constant of cone C.
The cone C is said to be regular cone, if every increasing sequence in cone C
which is bounded from above is convergent, similarly if every decreasing se-
quence which is bounded from below is convergent. The sequence {uη≥1} ∈ C
is convergent sequence if u1 ≤ u2 ≤ ... ≤ v for some v ∈ B then there is u ∈ B
such that ‖uη − u‖ → 0 whenever η → ∞. It has been proved in [7] every
regular cone is normal cone.
In this paper we always consider B be a Banach space, C ⊂ B be a cone with
Co 6= ∅ and partial ordering ≤′ with respect to C which is define above.
To understand the standard notations and definitions on cone metric space
reader must review [3, 7].
Let = 6= ∅ be a set. A mapping Ω : =× = → R satisfies
(i) Ω (u1, u2) > 0 for all u1, u2 ∈ = and Ω (u1, u2) = 0 if and only if u1 = u2.
(ii) Ω (u1, u2) = Ω (u2, u1) for all u1, u2 ∈ =.
(iii) Ω (u1, u2) ≤ Ω (u1, u3)+Ω (u3, u4)+Ω (u4, u2) (rectangular inequality [1, 4])
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for all u1, u2 ∈ = and u3, u4 ∈ = − {u1, u2}.
Then Ω is called a generalized cone metric on =, and (=,Ω) is called a gener-
alized cone metric space.
Let (=,Ω) be a generalized cone metric space and it is complete then we shell
call it complete generalized cone metric space. Let see an example of a space
which is generalized cone metric space but not standard cone metric space.
Example 1.1
Let = = B = R, Υ ∈ (0,∞) and C = [0,∞). Define Ω : =×= → R as follows

Ω (u, v) =



0, if u = v,

3Υ, if u and v are in {2,3} u 6= v,

Υ, if u and v not both at a time in {2,3} u 6= v.

Its easy for the reader to check that (=,Ω) is a generalized cone metric space
but is not standard cone metric space, it not full fill the triangular prop-
erty Ω (3, 2) = 3Υ and Ω (3, 1) + Ω (1, 2) = 2Υ, for the triangular inequality
we must have to prove that 3Υ ≤ 2Υ but according to our partial ordering
2Υ− 3Υ = −Υ must present in C, which cannot be happen.

2 Main results

In this section we shell prove our main results.
Theorem 2.1
Let (=,Ω) be complete generalized cone metric space, C is the normal cone
and τ be the normal constant. A mapping Λ : = → = satisfies the condition
1, then Λ has a unique fixed point.
Proof:
Let u0 ∈ =, if u0 = Λu0 then we have done, if u0 6= Λu0 then we can define
a sequence such as Λu0 = u1, Λu1 = u2 = Λ2u0,...,Λuη−1 = uη = Λ

η
u0,....We

have

Ω(uη+1, uη) = Ω (Λuη,Λuη−1) ≤ Υ Ω (uη, uη−1) ,

≤ Υ2 Ω (uη−1, uη−2) ,

.

.

.

≤ Υ
η

Ω (u1, u0) .

Now for η > ρ,

Ω (uη, uρ) ≤ Ω (uη, uη−1) + Ω (uη−1, uη−2) + ...+ Ω (uρ+1, uρ) ,
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≤
(
Υ

η−1

+ Υ
η−2

+ ...+ Υ
ρ
)

Ω (u1, u0) ,

≤ Υ
ρ

1−Υ
Ω (u1, u0) .

Which means that Ω (uη, uρ) → 0 whenever η, ρ → ∞, this implies that our
sequence {uη} is cauchy sequence. As = is complete so ∃ u′ ∈ = such that
‖uη − u

′‖ → 0 whenever η →∞. Since

Ω(Λu
′
, u
′
) ≤ Ω(Λu

′
,Λuη) + Ω(Λuη,Λuη−1) + Ω(Λuη−1, u

′
),

≤ Υ Ω(u
′
, uη) + Υ

η

Ω(u1, u0) + Ω(uη, u
′
).

So, we have

‖Ω(Λu
′
, u
′
)‖ ≤ Υ τ ‖Ω(u

′
, uη)‖+ Υ

η

τ ‖Ω(u1, u0)‖+ τ ‖Ω(uη, u
′
)‖.

As Υ τ ‖Ω(u
′
, uη)‖+ Υ

η
τ ‖Ω(u1, u0)‖+ τ ‖Ω(uη, u

′
)‖ → 0 whenever η →∞.

So ‖Ω(Λu
′
, u
′
)‖ = 0, this means that u

′
is a fixed point of Λ. Now let u

′′ ∈ =
be another fixed point of Λ, then

Ω(u
′
, u
′′
) = Ω(Λu

′
,Λu

′′
) ≤ Υ Ω(u

′
, u
′′
).

This means that ‖Ω(u
′
, u
′′
)‖ = 0, so u

′
= u

′′
.

Theorem 2.2
Let (=,Ω) be a complete generalized cone metric space, C be a normal cone
having normal constant τ . For c

′ ∈ B with c
′ ∈ Co and u0 ∈ =, define a ball

B(u0, c
′
) = {u ∈ = | Ω(u0, u) ≤ c

′}. Suppose Λ : = → = be a mapping such
as it holds condition 1 for all u, v ∈ B(u0, c

′
) and Ω(Λu0, u0) ≤ (1−Υ

2
)c
′
, also

Ω(Λu0,Λu1) ≤ (1−Υ
2

)c
′
, then Λ has a unique fixed point in B(u0, c

′
).

Proof:
First of all we have to prove that B(u0, c

′
) is complete. Let {uη} be a cauchy

sequence in B(u0, c
′
). So {uη} is also cauchy sequence in =. As = is complete

so ∃ u′ ∈ = such that ‖uη − u
′‖ → 0 when η →∞. Now

Ω(u
′
, u0) ≤ Ω(u

′
, uη) + Ω(uη, uη−1) + c

′
.

Since Ω(u
′
, uη) + Ω(uη, uη−1)→ 0 when η →∞, so

Ω(uη, u
′
) ≤ c

′
.

This implies that B(u0, c
′
) is complete. Now we have only need to show that

Λu ∈ B(u0, c
′
), whenever u ∈ B(u0, c

′
) .

Ω(u0,Λu) ≤ Ω(u0,Λu0) + Ω(Λu0,Λu1) + Ω(Λu1,Λu),

≤
(

1−Υ

2

)
c
′
+
(

1−Υ

2

)
c
′
+ c

′
Υ = c

′
,
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which completes our proof.
Theorem 2.3
Let (=,Ω) be complete generalized cone metric space, C is the normal cone
and τ be the normal constant. A mapping Λ : = → = satisfies the condition
2, then Λ has a unique fixed point.
Proof:
Let u0 ∈ =, if u0 = Λu0 then we have done, if u0 6= Λu0 then we can define
a sequence such as Λu0 = u1, Λu1 = u2 = Λ

2
u0,...,Λuη−1 = uη = Λ

η
u0,....We

have

Ω(uη+1, uη) = Ω (Λuη,Λuη−1) ≤ Υ{Ω(Λuη, uη) + Ω(Λuη−1, uη−1)},

≤ Υ

1−Υ
Ω(uη, uη−1),

.

.

.

≤ Γ
η

Ω(u1, u0).

where Γ = Υ
1−Υ

and clearly Γ < 1.
For η > ρ,

Ω (uη, uρ) ≤ Ω (uη, uη−1) + Ω (uη−1, uη−2) + ...+ Ω (uρ+1, uρ) ,

≤
(
Γ

η−1

+ Γ
η−2

+ ...+ Γ
ρ
)

Ω (u1, u0) ,

≤ Γ
ρ

1− Γ
Ω (u1, u0) .

So, we get

‖Ω (uη, uρ) ‖ ≤
Γ

ρ

1− Γ
τ‖Ω (u1, u0) ‖.

Which means that Ω (uη, uρ) → 0 whenever η, ρ → ∞ which implies that our
sequence {uη} is cauchy sequence. As = is complete, so ∃ u′ ∈ = such that
‖uη − u

′‖ → 0 whenever η →∞. Since

Ω(Λu
′
, u
′
) ≤ Ω(Λu

′
,Λuη) + Ω(Λuη,Λuη−1) + Ω(Λuη−1, u

′
),

≤ Γ
η+1

Ω(uu0 , u1) +
Γ

η

1−Υ
Ω(u1, u0) +

1

1−Υ
Ω(uη, u

′
).

So, we have

‖Ω(Λu
′
, u
′
)‖ ≤ Γ

η+1

τ ‖Ω(u0, u1)‖+
Γ

η

1−Υ
τ ‖Ω(u1, u0)‖+

1

1−Υ
τ ‖Ω(uη, u

′
)‖.
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As
Γ

η+1
τ ‖Ω(u0, u1)‖+ Γ

η

1−Υ
τ ‖Ω(u1, u0)‖+ 1

1−Υ
τ ‖Ω(uη, u

′
)‖ → 0 when η →∞.

So ‖Ω(Λu
′
, u
′
)‖ = 0 this means that u

′
is a fixed point of Λ. Now let u

′′ ∈ =
be another fixed point of Λ, then

Ω(u
′
, u
′′
) = Ω(Λu

′
,Λu

′′
) ≤ Υ

(
Ω(Λu

′
, u
′
) + Ω(Λu

′′
, u
′′
)
)

= 0.

Hence ‖Ω(u
′
, u
′′
)‖ = 0 which means that u

′
= u

′′
.

Theorem 2.4
Let (=,Ω) be complete generalized cone metric space, C is the normal cone
and τ be the normal constant. A mapping Λ : = → = satisfies the condition
3, then Λ has a unique fixed point.
Proof:
Let u0 ∈ =, if u0 = Λu0 then we have done, if u0 6= Λu0 then we can define
a sequence such as Λu0 = u1, Λu1 = u2 = Λ2u0,...,Λuη−1 = uη = Ληu0,....We
have

Ω(uη+1, uη) = Ω (Λuη,Λun−1) ≤ Υ{Ω(Λuη, uη−1) + Ω(uη,Λuη−1)},
≤ Υ {Ω(Λuη, uη) + Ω(uη, uη−1)},

≤ Υ

1−Υ
Ω(uη, uη−1),

.

.

.

≤ Γ
η

Ω(u1, u0).

Where Γ = Υ
1−Υ

and clearly Γ < 1. Its easy to show that this sequence {uη} is

a cauchy sequence, so ∃ u′ ∈ = such as ‖uη − u
′‖ → 0. Since

Ω(Λu
′
, u
′
) ≤ Ω(Λu

′
,Λuη) + Ω(Λuη,Λuη−1) + Ω(Λuη−1, u

′
),

≤ Υ
(
Ω(Λu

′
, uη) + Ω(u

′
,Λuη)

)
+ Γ

η

Ω(u1, u0) + Ω(uη, u
′
),

≤ Υ
(
Ω(Λu

′
, u
′
) + Ω(u

′
, uη) + Ω(u

′
,Λuη)

)
+ Γ

η

Ω(u1, u0) + Ω(uη, u
′
),

Ω(Λu
′
, u
′
) ≤ Υ

1−Υ
Ω(uη, u

′
) +

Υ

1−Υ
Ω(uη+1, u

′
) +

Γ
η

1−Υ
Ω(u1, u0) +

1

1−Υ
Ω(uη, u

′
).

So, we have

‖Ω(Λu
′
, u
′
)‖ ≤ Υ

1−Υ
τ‖Ω(uη, u

′
)‖+

Υ

1−Υ
τ‖Ω(uη+1, u

′
)‖ +

Γ
η

1−Υ
τ‖Ω(u1, u0)‖

+
1

1−Υ
τ‖Ω(uη, u

′
)‖.
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Clearly ‖Ω(Λu
′
, u
′
)‖ = 0, so Λu

′
= u

′
is fixed point of Λ. Now let u

′′ ∈ = be
another fixed point of Λ , then

Ω(u
′
, u
′′
) = Ω(Λu

′
,Λu

′′
) ≤ Υ

(
Ω(Λu

′
, u
′′
) + Ω(u

′
,Λu

′′
)
)

= 2Υ Ω(u
′
, u
′′
).

Hence ‖Ω(u
′
, u
′′
)‖ = 0, so u

′
= u

′′
.

Theorem 2.5
Let (=,Ω) be complete generalized cone metric space, C is the normal cone
and τ be the normal constant. A mapping Λ : = → = satisfies the condition
4, then Λ has a unique fixed point.
Proof:
Let u0 ∈ =, if u0 = Λu0 then we have done, if u0 6= Λu0 then we can define
a sequence such as Λu0 = u1, Λu1 = u2 = Λ2u0,...,Λuη−1 = uη = Ληu0,....We
have

Ω(uη+1, uη) = Ω (Λuη,Λuη−1) ≤ Υ Ω (uη, uη−1) + β Ω(uη,Λuη−1),

≤ ΥΩ(uη, uη−1),

≤ Υ2 Ω (uη−1, uη−2) ,

.

.

.

≤ Υ
η

Ω (u1, u0) .

Its easy to check that this sequence {uη} is a cauchy sequence. As = is complete
so ∃ u′ ∈ = such that ‖uη − u

′‖ → 0 whenever η →∞. Since

Ω(Λu
′
, u
′
) ≤ Ω(Λu

′
,Λuη) + Ω(Λuη,Λuη−1) + Ω(Λuη−1, u

′
),

≤ Υ Ω(u
′
, uη) + β Ω(u

′
,Λuη) + Υ

η

Ω(u0, u1) + Ω(Λuη, u
′
).

So, we have

‖Ω(Λu
′
, u
′
)‖ ≤ Υ τ ‖Ω(u

′
, uη)‖+ β τ ‖Ω(u

′
,Λuη)‖+ Υ

η

τ ‖Ω(u0, u1)‖+ τ ‖Ω(Λuη, u
′
)‖.

As Υ τ ‖Ω(u
′
, uη)‖+β τ ‖Ω(u

′
,Λuη)‖+Υ

η
τ ‖Ω(u0, u1)‖+τ ‖Ω(Λuη, u

′
)‖ → 0

whenever η →∞. So, ‖Ω(Λu
′
, u
′
)‖ = 0, this means that u

′
is a fixed point of

Λ. Now let u
′′ ∈ = be another fixed point of Λ, then

Ω(u
′
, u
′′
) = Ω(Λu

′
,Λu

′′
) ≤ Υ Ω(u

′
, u
′′
) + β Ω(u

′
,Λu

′′
).

= (Υ + β) Ω(u
′
, u
′′
) < Ω(u

′
, u
′′
).

This implies that ‖Ω(u
′
, u
′′
)‖ = 0 , so u

′
= u

′′
, so the fixed point is unique.
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