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Abstract

As we know, the coefficients of impulsive Lasota-Wazewska model
are always assumed to be continuous, say, periodic and almost periodic.
In this paper we consider the case when the coefficients are piecewise
almost periodic, and establish an existence and uniqueness theorem of
piecewise almost periodic positive solution for this model.
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1 Introduction

In 1976, Wazewska-Czyzewska and Lasota [1] introduced the following reduced
Lasota-Wazewska model:

2'(t) = —az(t) + fe N, (1.1)

which describes the dynamics of red blood cells production, where z(t) denotes
the number of red blood cells in the circulation, o > 0 is average part of

LCorresponding author



842 Na Song and Zhengde Xia

red blood cells population being destroyed in the time unit, 5 > 0 is the
constant connected with demand for oxygen, v > 0 characterizes excitability of
haematopoietic system, and A is the time delay of the haematopoietic system.
Then being regarded as an important general biological system, this model and
its various generalized forms have been extensively studied by lots of author(see
e.g. [2-5]).

The theory of impulsive differential equation has been well developed in
recent years (see [6-10]). If the impulsive factors of the environment are in-
corporated into the biological dynamic models, the models must be governed
by impulsive differential equations. As a result, lots of works are devoted to
the study of the following impulsive Lasota-Wazewska model with multiple
time-varying delays (see e.g. [11-13]):

2(t) = —a(t)a(t) + i Bi(t)e OO g o 19

Am(tk) = l‘(tk + 0) - l‘(tk - O) = akm(tk) + Vg

We notice that the coefficients a, 8;,v;,n;,7 = 1,2,--- ,m are always as-
sumed to be continuous in the literature. However, we have to face the case
when the coefficients are discontinuous. This is natural in the real life. For
instance, in the dynamics of red blood cells production, the red blood cells
population being destroyed, the demand for oxygen or the excitability of
haematopoietic system may also be changed instantaneously because of the
instantaneously changes of the environment. As a result, the model (1.2) with
discontinuous coefficients is an interesting and important topic to study. This
is the main motivation for this work. We consider system (1.2) in the case
when the coefficients are piecewise almost periodic, and establish an existence
and uniqueness theorem of piecewise almost periodic positive solution for this
model.

2 Preliminaries

A positive solution x(t) of (1.2) means that x(t) satisfies (1.2) and z(t) >
0,t € R. Throughout this paper, we denote by T the set of real sequences
T = {t;}iez such that 0 = inf;cz (i1 —t;) > 0 and k = sup,ey(tiv1 — t;) < oo.
For T € T, let PCp(R) be the space of bounded piecewise continuous functions
¢ : R — R such that ¢ is continuous at t for ¢t ¢ {t;} and ¢(t;) = ¢(t;),i € Z.
For convenience, we set ¢~ = infyeg ¢(t).

Definition 2.1 ( [14]) A function ¢ € PCr(R) is said to be piecewise almost
periodic if the following conditions are fulfilled:
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(i) {tf =tiy;—titiez, J = 0,£1,£2, - - are equipotentially almost periodic,
i.e. for any € > 0, there exists a relatively dense set of e-periods, that
are common to all the sequences {t!}icz, 7 =0,+1,+2,---.

(ii) For € > 0, there exists a positive number 6 = §(¢) such that if ¢/, " €
(ti—1,t;] for some i € Z and |t' — t"| < 9, then |p(t') — ¢(t")] < €.

(iii) For e > 0, there exists a relatively dense set (). C R such that if 7 € Q.,
then [p(t+7) — ¢(t)] <eforallt € R, |t —t;| > ¢,i € Z. The number 7
is called e-period of ¢.

Denote by APr(R) the space of piecewise almost periodic functions, which is

a Banach space endowed with the sup norm || - ||. We always assume that
a,Bi,v; € APr(R),j =1,2,--- ,m are nonnegative with o~ = inf,cg a(t) > 0,
and {ag trez, {Vk }rez are almost periodic with —1 < ay, < 0,k € Z. We denote
a = infyez ap and ||v|| = supyey Vil

Together with (1.2), we consider the linear system

{x’(t) =—a(t)z(t), teRt#tL, (2.1)

Ax(tk) = Oék$<tk), k€ 7.

Similar as that in [6], we can get the Cauchy matrix (actually one order) of
(2.1):

e~ fet a(6)do th—1 < s <t <ty,

Wit,s) = i
(t:5) [T +ape fo®® 4 <s <ty <ti <t <t

j=m

and the solution of system (2.1) are in the form x(¢;ty, z9) = W(t,to)x for
to, To € R.

The following lemma can be obtained by a slight modification of the proof
of [11, Lemma 1.7], and we omit the details.

Lemma 2.1 Let u € APr(R). For e > 0, there exist ¢, € (0,¢), relatively
dense sets 2 C R and Q C Z such that for 7 € Q, q € Q, t € R with
|t —t;| >¢e,1 €Z and k € Z, the following relations are fulfilled:

(a’) |p(t+7—) _p(t)| <g, where P = a7ua6j7/yjaj = ]-72a"'7m'
(8) lokrg — ] < & rg — il < .

(c) |ti — 7| < e1.
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Lemma 2.2 For t,s € R with t > s, we have 0 < W(t,s) < e @ (=9,
Moreover, for e > 0, let 0 be as in Lemma 2.1, there exists a constant A > 0
such that for T € Q, [t —tg| > e,|s —ty| > €,k € Z,

W(t+7,54+7)—W(t,s)| < dee™® E=9)/2, (2.2)

Proof. By a direct calculation we can get that 0 < W(t,s) < e =) for
t,s € R with t > s. To prove the rest of this lemma, we use the notations in
Lemma 2.1. Let 7 € Q,q € Q and |t — tg]| > &, |s — x| > ¢, k € Z. Tt follows
from Lemma 2.1 that

|t+7'—tk+q’>€—51>0 and ‘S+T—tk+q|>5—€1>0, keZ. (23)

Let N be the smallest integer bigger than (t — s)/o. Then there are at most
N points in [s,t] N T and

N1+ !T85 a1y 2 oo o (14 2 Yo 92 8 gy o -9,
- o ox -

- i
4

~—

(2.
Now we have two cases to be considered: [s,{] NT = @ and [s,t] NT
{r1,ra,--- ,t,} for some integer p < N.
Case 1. Assume that [s,t] T = (). By (2.3) and Lemma 2.1, we can get
that [s + 7,t + 7] NT = 0 and

la(@+7) —a(f)| <e for b € [s,t]. (2.5)
It is easy to verify that the following inequality holds:
1 — e <e" fora>0,0<b<1. (2.6)

We may assume that ¢ < min{a™ /2, o~ /(4||a||/o+2)}. Then by the definition
of W, (2.5) and (2.6),
W(t+7,s+7)—W(ts) =le" JoA7 o(0)d _ o= [ a(0)d0)
=|l—e f;(a(e)fa(9+7'))d9’ef [La(6)do
< ’1 o e:I:a(t—s)|6—of(t—s)
< (Q/Oz—)[_:eof(t—s)/2€—of(t—s)
= (2/04_)66_067('5_8)/2.
That is (2.2) holds with A = 2/a~.

Case 2. Assume that [s,t| T = {ry,re,--- ,7,} for some integer p < N.
By (2.3) and Lemma 2.1, we have [s+7,t +7]NT = {ri1q,o1q, -+ s Tpsq) and

’aj+q o ajl <& Jj=1L-,p (27)
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Set Ups = Up_,[rk — €, 7% + €]. Then the measure mUy, < 2Ne < 2(1+ (¢ —
s)/o)e. By Lemma 2.1,

la(@+7) —a(f)] <e for 8 € [s,t] \ Us.

Thus we have

/:(aw) — a0+ T))de‘ < (/{S’ﬂ% + /S’t]\Uts) a(8) — (0 + 7)|do

< |la||mUs + (t — s)e
< 2||lalle + 2]l /o + 1)(t — s)e.

Then by (2.6),
|€—f;j:a(9)d6_eff;a(e)de‘ _ |eff;(a(0+T) a(0))dd _ 1|e L a(0)do

< ’ei(2||aH€+(2HaH/0+1)(t s)e) _ e ™ a” (t—s)

< Hedl/o +2_ jajaselal/otra--9/2,-a-a-9
o
4 2 _
_ Allell/o+2 jaja-selal/or)  p-am )2

o
2 Meem (t=9)/2, (2.8)
For the convenience, denote A = [[]_,(1 + ;) and A, = [[7_; (1 + ;i)
Noticing that (1 + ay) € (0,1) for k € Z, then by (2.4) and (2.7),
N
Ay = Al <) ajig — ay] < Ne < Myge® 7972, (2.9)
=k

Thus by the definition of W, (2.8) and (2.9),
|W(t+r,s+7) W(t, s)| = |[Age™ it a@d0 _ poJla W‘

~ [T a0 _ - a(é)d@‘

< Ay — Ale™Jsa®)d0 1o

< M€€ —(t— s)/2efa_(tfs) _._Mlgefa_(tfs)/Q
= (Mo + My)ee=@ (t=9)/2,
Then (2.2) holds with A = M, + M;.

3 Existence of piecewise almost periodic solu-
tions

Lemma 3.1 Let u € APr(R) with u(t) > 0,t € R and

Fw) = [ W36 as

— 00
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for some j € {1,--- ,m}. Then F € APr(R).

Proof: For the convenient of whiting, we denote l;(s) = e 1(ulsth) s ¢
R,j7=1,2,--- ,m. Then 0 < [;(s) < 1. It is easy to see that F' is uniformly
continuous.

For e > 0, there exists 7 > o such that e /o~ < . Let N be the smallest
integer bigger than n/o. Then for ¢t € R, we may assume that TN [t —n,t] =
{rire, oyt (T =h)0 [t —n,t] = {r},ry, - ,r,} with p,p" < N. Here
T—h= {tk - h}keZ~ Set

At:U[Tk_ ,k+_i|0[ ’k+4N]

Obviously, the measure mA; < e. By Lemma 2.1 and 2.2, for ¢/(4N), there
exists a relatively dense set 2 C R such that for 7 € €,

lp(s+7) — p(s)| < e/(4N), Wherep:auﬂj,vj,jzl 2,...,m,
W(t+7,5+7)—W(ts)| < Ae/(4N)e @ 3/2<)\e/(4N)

for t € R with |t — ¢;] > ¢/(4N) and |s — t;] > ¢/(4N),i € Z. Noticing
that W(t,s),l;(s) € (0,1], then for 7 € Q, [t —t;| > ¢ > ¢/(4N),i € Z,
s€[t—n 1]\ A,

Wt+r,s+71)8i(s+1)li(s+71)—WI(t,s)B;(s)l;(s)]

< BllIW(E+ 7, s +7) = W(t,s)| +[Bi(s +7) = Bi(s)| + B [|[L;(s + 7) = L;(s)]

< [|Bjl[Ae/(4N) +&/(AN) + [[B;ll[7;(s + T)u(s + b+ 7) = v;(s)u(s + h)|

< (1B IA+ D)e/(AN) + {18 [I[lulllvi (s + 7) = vi(s)| + [|vsll|w(s + h +7) — u(s + h)|)
< (1B 1A + [lull + [[1]) + 1)e/(4N),

and hence

/t \W(t+71,s+7)8;(s+7)i(s+7)—W(t, s)B;(s);(s)|ds

< / 18;l1ds + / UB I+ lull + 1) + D)e/(4N)ds
[t,t—n]NAs [t,t—n]\A¢

< [1B5lle + BN+ [lwll + {1751 + 1)ne/(4N)
< (1Bl + BN + llell + lls11) + D)o /4Je £ Moe.
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Therefore, by Lemma 2.2, for 7 € Q, |t — t;| > ¢,i € Z,

|F(t+7)— \—‘/ W(t+1,5)8;(s)l ds—/ W(t,s)B;(s)l(s)ds
< /_ (W(t+7,s+7)8i(s+71)li(s+71)—WI(t,s)B;(s)l;(s)|ds
= / Tl s 1 Mye

= 18,1

< (1851l + Ma)e.

This implies that F' € APp(R).

For convenience, we denote

B v
E]l’]”_i_ V]|

a~ 1 —e-oa”

_ Q=@ — e ) S o ik
= lal(1 = (1 + a@)ellels) ;BJ — ||k l]-

K =

Y

Theorem 3.1 Assume that K >0 and 77", [|3;|| < a™. Then equation (1.2)
has a unique positive solution u € APp(R) such that 0 < u(t) < K,t € R.

Proof: Let B={u € APr(R): 0 <u(t) < K,t € R}. For u € B, define

/ W(t,5) Y B(s)e 05+ SOW(t, ) = Tyu(t)+Tout),

tp<t

where ['u(t) and T'su(t) denote the integral term and the sum term, respec-
tively. Then the proof is completed if I' has a unique fixed point in B.

By Lemma 2.2 and the definition of W, we can get that

e~ (t—s —a~ (t—t Z;’;l ||BJH HV” _
Tu(t)) s/ Zn@ sty e Oy, < ==L WL g

(6]
<t
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Assume that t € (t,,t,,1] for some n € Z, then by the definition of W,

[Lon= ([« 5 [ o

k=—00

/ a||ts>ds+z/ H1+0‘ ~llall(t=2) 7

k*ootkljk

1 et elladlt=t) (1 — e=llal(ta—tin))

ol Y Jova) o

k=—o0 j=k
IS O P—
> (1 2 @yt
@]
k=—oc0
| — e-llalle

~ lall(T = (1 + a@)eTaley

Noticing that K > 0, we have

m

>3 5 vJK/ Wit s)ds — 3 e W]y

j=1 tp<t

1 — e llele Zﬁfe,“%’”}( _ Lh < 0.

- Hoc||(1 — (1 + @)ellelx) 1 —eoa

Meanwhile, by Lemma 3.1, we get that I'yu € APp(R). To prove that T'u € B,
we need only to prove that [yu € APp(R).

In fact, by Lemma 2.2 and the definition of W, it is easy to see that the
sum in I'y is convergent uniformly in ¢ € R, and [';u satisfies the condition
(ii) of Definition 2.1. Next we use the notations in Lemma 2.1. For € > 0, let
T€Q,q€ Q. Fort € Rwith [t —t;| > ¢, and t; € T with ¢, < t. Assume that
[te, t] VT = {tg, tkt1,- - - ,t,} for some integer p > k. Then p —k < (t —tx) /0.
It is easy to get from Lemma 2.1 that [tyyq, t +7]NT = {titg, thrgr1s - tptqgt
and

la(04+7)—a(0)] < &, |aipg—au| <&, |Vitg—vi| < &, |thrq—ti—T| < e1 <e (3.1)

for 0 € R, |0—t;| > €,i,j € Z. Set Uy, = J]_,[t; —,t;+¢]. Then the measure
mUy, <2(p—k+ 1)e <2+ 2(t — ty)e/o, and we have

/t:(o‘(e +7) — a(e))dey < (/{tkﬁwﬂc + /{tk,t]wﬁc) la(0 + 7) — ou(6)|d6

< |le||(2e + 2(t — tg)e/o) + (t — tr)e
2 2|alle + Ms(t — ty)e.
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Thus by (3.1),

t+71 t
/ o (6)d6 — / o(6)do
tktq tr

< /tw o(6)d0 + /t (0 + 7) — a(6)|d6

tktq
< |lelle + 2]|ar||e + M3(t — ty)e
= 3||a|le + M3(t — ty)e.

So by (2.6) (we may assume that ¢ < a™/(2M3)),

t+T t+7
ftk+ 0)do _ - St a@)ds (ftk O It o d9> e JE al0)do

< [eHEIIMs (e _ | o (et
< 2Ms _ slala /@My ram (-0 /20 (t-t2)
—

A N ee—o t-t0/2.
Denote A’ = vazk(l + a;) and A} = vazk(l + jyq). As (2.9), we can get
A, — N'| < Mzee® =)/

for some constant My > 0. Now by the definition of W and the fact that
[Agl <1,

ft” a(0)do

W (t+ T, thtq) — W (t,tx)| = ‘ — Ae” f,fk a(0)do

t+1
ftk+ a(0)dd e_f 0)do

[Ag] + [Ag — Afe™ Jon 4O

< Myee™® =t)/2 4 Noeed (—te)/2ga™ (t=t)
= (My + Mg)ee @ (=t)/2
Then by (3.1) and Lemma 2.2,

Dot +7) = To(t)] = | D (Wt + 7 bag) g — WL ta)wa)

tp<t

S Z(|W(t + T, tk—l—q) - W(t7tk)||l/k+q| —+ |W(t’ tk)HVk-i-q _ Vk|)
tp<t

< Z <||V||(M4 + M5)€e_o‘7(t_tk)/2 + ge—a*(t—tk)>
tp<t

< (IWII(My + Ms) + 1) eme w2

<t
IO ) 41
- 1 — oo /2 ’
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This implies that ['yu € APp(R), and then I' is from B to B.
Let ¢, € B,t € R, by Lemma 2.2

ILo(t) — Tt |</ Wi(t,s Zﬁj ‘e v ($)(s+h) _ o ’Yj(s)go(8+h)|d8
_ s

ts - BJ
< [ e Zl|ﬁj|l|\¢—s@||ds§—z LV
-

Then it follows from the hypothesis of this theorem that I' : B — B is con-
tracting. So I' has a unique fixed point u € B. This completes the proof.

Remark 3.1 (i) We note that model (1.2) with continuous almost periodic
coefficients is investigated in [11], and similar result was obtained, but the
solution considered there is not necessarily positive.

(ii) Denote

(1—e@ _
K: Zﬁ e ”WHK—HV/CH

el

Then K > K’', and Theorem 3.1 holds if the condition K > 0 is replaced by
K’ > 0, which is stricter but simpler and easier to be verified.

We close this work by an example.

Example 3.1 Consider the following impulsive Lasota-Wazewska model:

{ 2 (t) = —a(t)z(t) + By (t)e nWet=h) 4 g (4)e=r2Oalt=h) ¢ £ 7 (3.2)
Ax(m,) = z(1p +0) — 2(7 — 0) = agz (1) + v, '

where T = {7} with 7, = k + |sink — sin v2k|/4,k € Z, {4} and {1} are
nonnegative almost periodic sequence with —1 < oy, < 0,k € Z, ||v| = 1/4
and

Cl/(t)_ 10+COSZT,, te (Tgn_l,TQH],’NIEZ,
- 10 + cos? 2t, t € (Tgn, 7—2n+1]7 nec Z,

3+ | sinv/2t],
3+ | sin /3t
4 + | sin /5t

4+ |sinVTt|, t € (Ton, Tons1],n € Z,

0=
0
{ 1/4 + |sin/3t| /4, t € (Top_1,Ton),n € Z,
0=

S Ton—1, Ton|, TV € Z7

]

€ Ton, T2n+1]7n € Z7
]
J

S Ton—1, Ton|, 10 € Z7

o~ o~~~

1/4 + | sin \/5t|/4, t € (Ton, Ton+1),n € Z,

| sin \/5t|/2, t € (Ton_1,T2n),n € Z,
| sin \/?t|/2, t € (Ton, Tont1),n € Z.
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It is easy to verify that «, £y, B2, 71,72 € APr(R). Moreover, we can get that
o = infrez (e — T—1) > 1/2 and

a” =10, llal| = 11,87 =3, [|B1]| = 4,8, =4, (18 = 5. [l = el = 1/2.

Then we have

1Bl + 112l ] 9 1/4
K = < —4+—- <12
- T eec 10 1 w0 S
—a o 2 —5\2
N ) — —|lvlIK (1—e™) ~0.6 —0.6
K W ;21 Bre IR —ly|| > T(Bxe +4xe"P)=1/4 >0,
and

1Bull + (182l =9 <10 = ™.

So by Remark 3.1 (ii), all the conditions of Theorem 3.1 is fulfilled, and then
(3.2) has a unique positive solution u € APp(R) such that 0 < u(t) < K,t € R.
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