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Abstract

The present paper shows the existence of solutions to a system of
reaction-diffusion PDE’s

Lilu;] = fi(z,t,u1,u2) i=1,2en Q x [0, 5],
with the following initial and boundary conditions

Biui] = hi(z,t) i=1,2en 09 x [0, s],
uy(z,0) = up(z) y uz(z,0) = vo(z) en Q.

L; denote uniformly parabolic operators in Q x [0,s], uy = ui(x,t);
ug = uz(x,t) represent both the susceptible population and the infective
population, respectively; fi(x,t, ui,ue) = —a;u; F ¢;G(u2)uy + ¢;(x,t),
where a;, ¢; are positive constants that represent the reaction rates and
q; are possible external sources. The function f; : 2 x[0,s] x RxR — R
is regular enough for each ¢ = 1,2; €2 is an open, bounded and connected
set © C RN, N > 1; G(ug) is a functional that will be defined bellow.

1 Introduction

A small set of individuals that host an infectious disease ( infective population
) is introduced into a larger population of individuals that are likely to contract
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such a disease ( susceptible population ). Recent studies about this model can
be found in [4], [7]. In [4], the basic epidemic model is described by:

V(D,Vu) = —a1u — ¢;(G(v))u+ qi(x,t) in Q x [0, s], (1)
V(DyVv) = —agv + co(G(v))u + go, t) in Q x [0, s], (2)
u(@,0) = uo(x) y v(x,0) = vo(z) in Q, (3)
w(@,t) = hi(x,t) y  wv(z,t) = hy(x,t) in 92 x[0,s],  (4)

where u(z,t) is the susceptible population and v(z,t) is the infective popula-
tion, Dy and Dy are the diffusion coefficients, ay, as, ¢1, ¢o represent the reaction
rates, q; and ¢y are continuous, non-negative functions defined in Q x [0, s], are
possible external sources. This paper considers a more general problem than
that in (1)—(4), given by

Li[u] = —a1u — 1 (G(v))u + ¢i (2, ) in © x [0, 5], (5)
Ly[v] = —agv + co(G(v))u + go(, t) in Q x [0, s], (6)
u(r,0) =0y v(z,0) =0 in Q, (7)
u(z,t) =0y v(z,t) =0 in 02 x [0, s, (8)

where L;[u] and Ly[v] are uniformly parabolic operators in Dy = Q x [0, s].
The functional G(v) is defined as follows:

G(o)(x, 1) = / o y)o(y. t)dy, (9)

for every function v € C(Dy), where g is a continuous positive function defined
in Q x Q.

2 Definitions and Preliminaries

Let Q be a bounded domain set @ C RY, N > 1, [0, s] a compact interval in
R, z = (21,29, -2y) € RY, N > 1 and u is a real-valued function defined in
D, = Q x [0,s]. Let us denote u € C**/2(D,) with exponent a, 0 < o < 1 if
the number

|'LL<£L'1,t1) — U(xz,tg)’
1 — .’E2‘2 + |t1 — tQHO‘/2

Fa(u) = sup < Q.
(xlvyl)’(x27y2)€Ds[

(z1,91)#(x2,y2)

The set C“%/2(D,) is a Banach space with norm

lulla = llulloo + Ha(u)  where |Jullo = e ju(, t)]. (10)
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It is readily observable that, if H,(u) < oo then ||u||s < co. u is denoted as
uniformly continuous in D, with exponent av if u € C**/2(D,). If 0 < a < <
1, we have CP8/2(D,) c C**/2(D,). Let us write u € C*T*+/2(D) if u, u,,,
Ug,s;, and u; belongs to C4*/2(D,) for 1 < i,j < N. The set C2F®!+e/2(D;)
is a Banach space with norm defined by

N N
a"’ZZH“IM;’Ha“‘HUtHa' (11)
j=1

N
lullz+a = [ulla + Y [fus,
i=1

i

Similarly C'***/2(D,) is defined as the set of all functions u defined in D,
such that u, u,, and u; for 1 <4 < N belongs to C‘Wﬂ(Ds); the norm la of u
is defined by

o+ [[ue]a- (12)

N
lullira = Nulla + Y lu,
i=1
From (10), (11), (12) it can be inferred that
02+a,1+o¢/2<Ds) C Cl+o¢,a/2(DS) C Ca,a/Q(Ds)

The differential operators Ly : C2t®1+e/2(D.)) — C**/2(D,) are defined for
each k= 1,2 for

Ly[v] = vy — <Z Zaij(-)ij + Zl_)l()vzl + 62(.)v> (14)

, for all (z,t) € D, and also for all u,v € C?*®1+2/2(D) where the coefficients
of L; and L, are functions that belong to C“%/2(D,), a;; = aj;, @;; = @, for
1<i,7<N,é()<0for k=1,2in D,. Ly is a linear, bounded operator for
k = 1,2, see [3]. The operators (13) and (14) are uniformly parabolic in Dj for
k =1,2 see [5], [2], if matrices (a;;(z,t)) and (@;;(z,t)) are positive definite in
Dy and there exist constants M; > 0 and M, > 0 such that for all (z,t) € Dj

and for all vector € = (1,9, -+ ,en) # 0, the following inequalities hold
N N N N N N
ZZaij(w,t)eiej Z Mlz&'? y szj(x,t)eiej 2 MQZ&?.
j=1 i=1 i=1 j=1 i=1 i=1

It can be said that D, satisfies property (E) if for every point p in S there is an
N + 1- neighborhood V' and a function h € C?***'+%/2(V) such that V NS, can
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be represented, for some i, 1 < i < N in the form x; = h(zy,x2, -+, Ti—1, Tiv1, -+ , TN, ).
Le us denote || - ||2, and ||| - |||2, the equivalent norms

1/p
|ru||2,p:< / ( / |u|p+2|u% +ZZ|umJ|p+|ut|p>dx> dt)

i=1 j=1
The norm |[|uf||2, is defined as the sum of the norms of u, u,,, Uy, and u;
in LP(Dy) for 1 < 4,5 < N, where ||ul|2, is the norm of the Sobolev space
W2 (D) of all functions u(z,t) € LP(D,) that have generalized derivatives
with respect to = up to the order 2 inclusive, and up to the order 1 with
respect to ¢ belonging to LP(D;). The space W2'(D,) is a Banach space.

For functions u € C*T*/24%/2(D.) we have ||ulla, < 0o. The Sobolev
inequality states that, if @ € (0,1) and p is large enough, such that 0 < a <
1 — (N + 2)/p, for values of § such that 0 < o < < 1, then we have
W2L(D,) C C*AB2(D,) and there is a constant Cy = C1(€, 3,p) such that, if
u € C%(Q2) then ||ul]14s < Ci||ul|2p. The method we use to solve the problem
(5)—(8) is the super-solutions and sub-solutions method, which is analogous to
the super- and sub-solutions method for elliptical problems.

Let us say that a couple (u,v) in C?(Dj) is a super-solution of (5)-(8) if

Li[u] > —a1u — ¢, (G(0))u + qi(x,t) in Dy, (15)
Ly[0] > —axti + c2(G(0))0 + gao(z,t) in Dy, (16)
u(x,t) >0 y v(x,t)>0in (Q x {0})US. (17)

Likewise, we say that a couple (u,v) of functions in C?(D,) is a sub-solution
of (5)-(8) if

Liu] < —a1u — 1 (G(v))u + ¢1(z,t) in Dy, (18)
Lolv] < —asv + ¢2(G(v))u + ga(,t) in D, (19)
u(x,t) <0 and w(x,t) <0in (2 x{0}HUS (20)

In [4], by using standard methods of successive approximations, it is shown that
(1)—(4) has a unique solution (u,v) if f; = f; satisfies the Lipschitz condition

i (ur,ug) — f7 (v, v2)|| < K ([Jur — vi|] 4 [Jug — v2]])

where u; < u; <u; and v; < v; <y, for each 1 =1, 2.

If E and F are the Banach spaces defined by F = C%%/2(D,) with norm |- ||r =
||| and E = C?*te1+e/2(D) = {u € C*F4/2(D) :u =0 en (Qx{0})US}
with norm || - ||g = || - ||24a- It can be shown that, if M : E — F is the linear
operator defined by M[u] = L[u] + du then M is continuous, one to one and
surjective since operator L also is; therefore M~! : F — E is continuous.
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From the theorem of Arzela-Ascoli, the injection i : E — [, defined by i(u) = u
is a linear, compact operator. Therefore, if T': F — F is the operator defined
by T[u| = ioM~[u] then T is compact, that is, the image T'(S) of any set
bounded in F is relatively compact in F. For compactness, it is sufficient
to show that the image is a unit closed ball that is relatively compact, or
equivalently, for every sequence {u,}>°, C I, such that ||u,||lr < 7, for some
r > 0 and for every integer n > 1 there is a sub-sequence {u,, } of {u,}>,
such that {T[u,, ]}, converges in F. If D, satisfies property E, then, for
every f € F, there is a unique function u € E, see [5], that fulfills L{u] = f
in D,. Additionally, there are constants k; > 0 (which depend on 8 € (0,1),
fixed, and ko > 0, such that ||ul|21a < k1]|L[u]|]e and ||ull1s < ko[ L]u]]|oo-
This result implies that the operator L : E — F is one-to-one and surjective,
and also that L=! : F — E is continuous. The fixed-point theorem of Shauder,
see [1], [3] states that, if D is a non-empty closed bounded convex subset of
the Banach space E and assuming that 7' : D — E is compact T'(D) C D,
then T has a fixed point in D, i.e., exist u* € D such that T[u*] = u*. Let us
define the partial order relation in the Banach space E = E x E, defined by
(u,v) < (w,v), if and only if u <@ and v < .
The main result of the present paper is the following theorem:

Theorem 1 If there is a super-solution (6, v) and a sub-solution (u,v) of (5)—
(8) such that u, v, u, v, belonging to C**/2(D,) N C?(D,) and (u,v) < (u,v),
then, there exist (u*,v*) belonging to C***1%/2(D), possibly identical, such
that (u,v) < (u”,v") < (4,7)

Proof. For u,v € F = C**/2(D,) let us define

u(z,t)  siu(z,t) <u(z
(pu)(z,t) = S u(x,t) if u(x,t) >u(x,t),
u(x,t) ifu(x,t) <wu(z

for all (z,t) € Q. For all u € F, we have pu € F, that is, p: F — F.

v(x,t) ifv(z,t) <ov(z,t) <o(x,t),
(ov)(z,t) = S v(x,t) ifv(z,t) > v(x,t),

v(z,t)  ifo(x,t) <uv(x,t),
for all (x,t) € Ds. Likewise, for all v € F, we have ov € F. Let us denote

M;u] = Lifu] + a;u i =1,2, By ={uecC"P3D):u=0in S},

lulle, = llulhis, B =B xEi, [[(u, 0)||g = max[[ulle,., [|v]]z }
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The space E = E, x E; is a Banach space with norm ||(«, v)||g-
Let us define the following functions

g1(z, t,u,v) = gi(x, t, pu,ov) = —c1G(pv)(ou) + q1,
Go(z,t,u,v) = ga(, 1, pu, ov) = +cG(pv)(ou) + go.

Let us define operator T : E — Eas follows:
T(u,v) = (@ o Mg (z,t,u,v)],i0 M{l[gz(x,t,u,v)]) ,

for all (u,v) € E. Since C2rete/2(D)) ¢ CYPA/2(D,) for 0 < o < 8 < 1,
then the injection
i CQ+O¢,1+O¢/2(DS) N ]El

is well defined and is a linear, compact operator, which implies that operator
T = ioM~! is compact. Let us consider the following problem

(21)

Due to the existence and uniqueness theorem of Shauder, there exist two con-
stants k1 > 0 y ko > 0 such that

’lel(gl(x7t7u7U>>|’1+B < kl“.&l(xvtauvv)uoo < Ty (22)
[|M5 (G, t,w, 0) |14 < FallGa(, t,u, )|l < 7 (23)

Then, there exists > 0 such that ||T(u,v)||z < r for all (u,v) € E. Let us
denote D,(0) as the closed ball in E, with center in 0 and radius r.
From (22)-(23), we have T'(D,(0)) C D,(0), because of this relation and con-
sidering the fixed point theorem of Shauder, there exist (u*,v*) € D,(0) such
that T'(u*,v*) = (u*,v*), that is

M[u*] = gi(z, t,u*,v*) = —c1G(ov*)(pu*) + ¢1 in Dy,

My[v*] = go(z, t,u*,v") = c2G(ov™)(pu*) + g2 in D;.

From the definitions (15)—(17) and (18)—(20) we have

M0 —v*] > |G(0)u — G(ov*)pu*| > 0 in D, (24)
My[v* —v] > |G(pv*)ou™ — G(v)u] > 0 in Dy (25)
v—v">0yv"—v>0in S. (26)

The inequalities (24)—(26) and the maximum principle for PDE’s of parabolic
type [5], 2], [1], imply that

max(v — v*) = max(v — v*) > 0 and max(v* —v) = max(v* —v) >0
Ds oD, D, dD,
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Therefore, v — v* > 0, and v* — v > 0 then v > v* and v* > v in Dy, that is,
v > v* > wvin Dy. Now, let us show that u < u* < w in D,. To prove that
u* < win Dy, let us suppose the opposite, namely that there exist (xo,t) € Dy
such that u*(xg,tg) > u(zg,to). Let Q@ = {(z,t) € Dy : (u* —u)(z,t) >0} # 0
and A be a non-empty connected component of () that contains (xg, %), in
such a case A is a bounded domain in RV*!. Let us define w = w — u* for all
(x,t) € A, w|ga =0

Miw] > ¢[G(v")pu* — G(v)u)] = ¢;|G(v*)u — G(v)u) > 0in A

The maximum principle for PDE’s of parabolic type [5] implies that w > 0
in A, which contradicts the choice of (xg,ty), then v* < @ in D,. A similar
argument shows that v < u* in Dy, that is, u < u* <win D, and put = u* in
D,. Therefore,

M[u*] = —c1G(ov™) (pu*) + q1 and Mz[v*] = oG (ov™)(pu™) + g2 in Dy

Therefore, it can be concluded that u < u* <wand v <v* <7in D,. =
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