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Abstract

In this paper, we study Bishop 2-type frame for non-null curves
in three and four dimensional semi Euclidean space. Later we obtain
{Z1,Z5, Z3,V3} Bishop 2-type frame for spacelike curves from Frenet
4-frame {T', Vi, Vs, V3} with aid semi-Euclidean rotation matrix in the
semi-Euclidean 4-space.
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1 Introduction

As First Bishop has studied the parallel frame in 1975 [1]. Recently, Parallel
frame has been studied by some authors [2-5]. New version of Bishop frame
using a common vector field as binormal vector field of a regular curve and
an application to spherical images was introduced by Yilmaz and Turgut [6].
Yilmaz, Unliitiick and Magden have studied characterizations of some special
curves of timelike curves according to the Bishop frame of type-2 in Minkowski
3-space [7]. Gilrbiiz has studied Bishop 2-type frame for inelastic curves in
Minkowski 3-space [8]. Later Giirbiiz and Isik have investigated nonlinear
heat equation according to Bishop 2-type frame in Minkowski 3-space [9].

In section 2, we give some preliminaries. In section 3, we study Bishop
2-type frame for non-null curves in three and four dimensional semi Euclidean
space and we obtain {Z1, Z5, Z3, V3} Bishop 2-type frame from Frenet 4-frame
{T, V1, Vs, V5} for three case of spacelike curves with aid semi-Euclidean rota-
tion matrix in the semi-Euclidean 4-space.
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2 Preliminaries

The semi-Euclidean n-space E' is given the following metric [10]: (,) = —dz?+
dzd + dzi + ... + da?
Frenet-Serret frame {T', N, B} derivative formulas are given as following in
the semi-Euclidean 3-space Ej :
T, = kN, N,=—e kT +e37B, By = —€7N. (1)

Here k, T Frenet curvatures with (T, T) = €1, (N, N) = €3, (B, B) = €3. Frenet-
Serret frame {7, Vi, V,, V3} derivative formulas are given as following in E} :

T; = ekV1, Vig = =T + e37Va, Vog = —eaTVi + €4pV3, Vs = —e3pV2 (2)
where s is arc length, x, 7, p and Frenet curvatures with
<T? T) = €1, <‘/17 ‘/1> = €3, <‘/2> ‘/2> = €3, <V37 V3> = €4

For an arbitrary vector x = (z1, 2, T3, ..., ) in E}, if (x,x2) > 0, = is space-
like, if (z,z) < 0, x is timelike. Spacelike and timelike vectors are called
non-null vectors. The norm of the vector z = |(z, z)|"/*[10].

3 Bishop 2-type frame in semi Euclidean space

Bishop 2-type frame for spacelike curves with timelike normal:

Theorem 3.1. Let {T, N, B} be Frenet frame for a spacelike curve with
timelike normal (T, 7) = 1, (N,N) = —1, (B,B) = 1 and let {Z,, Z,, B}
be Bishop 2-type frame with (71, Z,) = 1,(Zs, Z3) = —1,(B, B) = 1. Bishop
2-type frame derivative formulas are given by as following in E} :

Zis = —0B, Zy =028, By = 0121+ 0225

where 01, 09 are curvatures according to Bishop 2-type frame in the semi
Euclidean 3-space. Connection between Frenet frame and Bishop 2-type frame
is expressed as following:

T = cosh0Z; +sinh0Z,, N = sinh 07, + cosh0Z,, B= B

First and second Bishop 2-type curvatures are §; = — (Z3,, B) = 7sinh#,
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Proof. The tangent vector T' can be written by

T = cosh0Z; + sinh 07, (3)

Taking derivative of (3), substituting Z;; = —1 B, Zss = doB we obtain

o
N =sinh 07, 4+ cosh0Z,, 6 = argtanh 5—1, s =—k
2

From derivative of binormal,
BS = (5121 + 5222 = TN (4)

Taking norm of (4), we have 7 = |07 — (53‘1/2 .

Bishop 2-type frame for timelike curves:

Theorem 3.2. Let {T, N, B} be Frenet frame with (T, 7) = —1, (N, N) = 1,
(B,B) = 1 and let {Z, %25, B} be Bishop 2-type frame with (Z,,2;,) =
—1,(Zy,Zy) = 1,(B,B) = 1 . Bishop 2-type frame derivative formulas are
given as following:

le 0 0 —(51 Z1
ZQS = 0 0 (52 ZQ (5)
By —01 —6y O B

where 07, o are curvatures according to Bishop 2-type frame in the semi
Euclidean 3-space. Connection between Frenet frame and Bishop 2-type frame
is expressed as following:

T = cosh0Z; + sinh 0Zy; (6)
N = sinh0Z; 4+ cosh0Zy; B=B

First and second Bishop 2-type curvatures are §; = 7sinh 6, do = 7 cosh 6.
Here 0, = k. Proof is obtained as similar with Theorem 3.1.

Bishop 2-type frame for spacelike curves with timelike binormal

Theorem 3.3. Bishop 2-type frame derivative formulas are given as following:

Zis =hkiB,  Zy=—kB, B, =kZ—kyZ,



882 Nevin Giirbiiz

Connection between Frenet frame and Bishop 2-type frame is expressed as
following;:

T =cos0Z; +sinfZy, N = —sinfZ; + cosZ,,B=DB

First and second Bishop 2-type curvatures are 6; = 7sinf,dy = 7cos#.
Also 0, = k.

Proof. The tangent vector T' can be written by

T =cosOZ, +sin07, (7)
Taking derivative of (7) and substituting
Zys = 5137 Zos = _523

we obtain N = sinfZ; + cos0Z,, 6 = arctan g—;, 0, = k. From derivative of
binormal we obtain B, = 61271 — 0,45 = TN.

Bishop 2-type frame derivative formulas with aid Theorem 3.1, Theorem
3.2 and Theorem 3.3 are written as following:

le 0 0 —€3l€1 Zl
ZQS = 0 0 53k‘2 ZQ (8)
Bs 81]{?1 —82]{?2 0 B

where (71, Z1) = €1, (Z2, Zs) = €9, (B, B) = ¢35 = €3
Bishop 2- type frame derivative formulas in semi Euclidean 4-space are ex-
pressed as following:

le 0 0 0 —64(51 Z1
Zas _ 0 0 0 €409 Za ()
Z3s 0 0 0 —8453 Zg
Vi €101 —€202 €303 0 Vs

where 41,0z, 03 curvatures of Bishop 2 type frame in E}.

<Zh Zl> = &1, <Zz7 Zz> = &9, <Z3; Z3) = &3, (Vé, Vé) = &4 =€

As result, we can give Bishop 2-type frame derivative formulas in n-dimensional
semi Euclidean space ET as following:

i le T 0 0 0 0 —€n61 1T Zl
ZQS 0 0 0 0 En52 ZQ
ng 0 0 0 0 —67153 Z3

= 0 0 0 0
. 0 0 0 0 . .
Z(n—l)s 0 0 0 0 (71)”71€n5n_1 Z(n—l)
L B ] | €101 —e905 €303 (—1)n_15n_15n_1 0 1L B
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where (Z1, Z1) = &1 (Za, Za) = €9,(Z3, Z3) = €3, s (Zn-1, Zn-1) = €n—1, (B, B) =
en and 0; = (—1)"(Zis, B), i =1,2,...n — 1 are Bishop 2-type curvatures in n-
dimensional semi Euclidean space.

Theorem 3.4. {Z,, Zy, Z3,V3} Bishop 2-type satisfying the first case

<Zl7zl> = 17 <ZQaZ2> = _17 <Z3723> - 17 <T7 T> = 17

is obtained from Frenet 4-frame {7, V], V5, V3} with aid semi-Euclidean rota-
tion matrix SR; as following:

Zy = cosycosh&T + cosysinh V) —siny Vs (12)
Zy = (sinh@sin~ycosh& + cosh 0 sinh &)T + (sinh 0 sin vy sinh € 4 cosh 6 cosh )V}
+ sinh # cos vV,

Z3 = (cosh@sin~ycosh& + sinh @ sinh §)T + (cosh 0 sin «y sinh € + sinh 6 cosh £)V)
+cosh @ cosyVy; V3 =13

where respectively 6,7, are angles between V; and Vs, T and V,, T and V.
Bishop 2- type frame derivative formulas considering (9) are expressed as
following:

s 0 0 0 =6 A
Zas | | O 0 0 o Lo
Zss | | 0 0 0 —65 Z3 (13)
Vs 01 02 03 O Va

where d1, d, 03 curvatures of Bishop 2 type frame in E}. Respectively 61, 6a, 03, K, T
are obtained as following:

01 = psin~y, 0y = psinhfcosy, 03 = —pcosh@cos~,
k = —7y tanycoth+ &, 7= L

sinh &
Proof. The semi-Euclidean rotation matrix SR; according to first case is
obtained with aid three rotations in E{. Respectively first, second, third semi-
Fuclidean rotations are between V; and V5, T and V5, T" and V;.
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1 0 0 0 cosy 0 —siny 0 coshé sinhé 0 0

0 coshf sinh6 0 0 1 0 0 sinhé coshé 0 0

0 sinh® coshf 0 siny 0 cosvy O 0 0 10

0 0 0 1 0 0 0 1 0 0 01
(14)

Bishop 2-type frame (12) is obtained from the Frenet 4-frame {7}, V}, V5, V3}
with aid SR; in the semi-Euclidean 4-space.
Using derivative of Z; in (12) and Z;, = —d; V5 in (13), it can be written

(—7y4sinycosh& + &, cosysinh & — ksinh § cosy)T'
—(Kk cosh§ cosy + 7y, sinysinh & — &, cosycosh & + siny7)V; (15)
+(cosysinh &1 — vy, cosy)Vy — psinyVy = =6, V3

From (15), it is obtained

cosysinhér — v ,cosy = 0, (16)
—(kcosh€ cosy + y,sinysinh & — £, cosycoshé +sinyr) = 0 (17)
01 = psiny(18)

From (16), (17) and (18), we have

T = ,% , 01 = psiny, Kk = —y,tanycoth& + &, (19)
sinh &

As similar, we have

((sinh @ siny cosh £ + cosh #sinh £)T" + (sinh @ sin y sinh £ + cosh 6 cosh )V}
+ sinh 6 cosyVs)s = 9o V5, (20)

((cosh @sin vy cosh € 4 sinh # sinh §)T" + (cosh 0 sin vy sinh £ + sinh 6 cosh &)V}
+ cosh 0 cosyVs)s = —03V3, (21)

From (20) and (21) 09, d5 are obtained as following: dy = psinh 6 cos~y, d; =
—pcosh 6 cos

Result 3.1. The Frenet 4 -frame satisfying (13) is given with aid inverse
of semi-Euclidean rotation matrix (SR;)™! as following:
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T = cosycosh&Z; — (sinhfsin~ycosh& 4 cosh fsinh §)Z, (22)
+(cosh 0 sin~y cosh € + sinh #sinh &) Z3

Vi = —cosysinh&Z; + (sinh 0 sin vy sinh € 4+ cosh 0 cosh &) Z
—(cosh @ sin+y sinh & + sinh 0 cosh £) Z3
Vo = —sinyZ; —sinhfcosvyZy + coshfcosyZs; Vs =13

Proof. Frenet frame (22) is obtained easily from (SR;)™! = ¢;(SR1)7(;. Here

0

-1

Cl = :dla’g(17_17171)

O = O O

0
0
0
1

o O O

0
0
(SRy)T is semi-Euclidean tranpoze rotation matrix of SRy and (SR;)~! is semi-

Euclidean inverse rotation matrix of SR;.

Theorem 3.5. Let a be spacelike curve in semi-Euclidean 4-space. Bishop 2-

type {21, Za, Z3, V3} satisfying the second case: (T, T) = 1, (V1, Vi) = 1, (Va, Va) =

_17 <‘/:37‘/3> - 17 <ZIJZ1> - ]-7 <ZQ7ZQ> - ]-7 <Z37Z3> - _17 <‘/337‘/E3> =1 iS Ob_
tained from Frenet 4-frame {T',V;, V5, V3} with aid semi-Euclidean rotation
matrix SRy as following:

Zy = coshycoséT — coshysinéVy + sinhy Vs (23)
Zy = (—sinfsinhycosé + cosfsin&)T + (sinfsinhysin € + cosb cos &)V

—sin f cosh vV,
Zs = (cos@sinhycos€ +sinfsin&)T — (cosfsinhysing — sinf cos &)V + cos coshyVa; Va =V

Bishop 2-type frame derivative formulas for second case are defined as follow-

ing:
Zis 0 0 0 - Z1
Las 0 O 0 Zy
= 24
D3 0 O 0 —03 Z3 (24)
Vas 01 —d0y —d3 O Vs
01, 09,03, kK, T are obtained as following:
01 = —psinhy, 0y = —psinfcosh~, 03 = —pcosf cosh,

s
sin &

k = & —,cotétanhy, 7= —
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Proof.
1 0 0 0 coshy 0 sinhy 0 cosé —siné 0
SR, — 0 cosf —sinf 0O 0 1 0 0 siné  cosé 0
0 sinf cosf 0O sinhy 0 coshy 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0
(25)

Frenet frame (23) is obtained from (25). Considering derivative of Z; in (23)
and le = —61‘/3 in (24),

(74 sinhy cos§ — &, coshysin € + ksin & coshy)T (26)
+(k cos& coshy — v, sinhysin§ — £, coshycos§ — 7sinh )V}
+(7 coshysin & + 7, coshy)V, + psinhyVz = =6, V3

From (26),

kcos coshy — 7y, sinhysin{ — &, coshycos§ — 7sinhy = 0 (27)
Tcoshysiné + vy, ,coshy = 0 (28)

psinhy = —6; (29)

With aid (28), we have 7 = —g#-. From (27), (29) we obtain r = &, —

v, cot £ tanh~y, §; = —psinhy. As similar

((—sin@sinhycos & + cos@sin )T + (sin O sinh v sin & + cos 6 cos )V
—sinf coshyVs)s = do V5, (30)

((cos @ sinhycos& + sinfsin&)T — (cos @ sinhysin € — sinf cos &) V;

+ cosf coshyVa)s = —5V3 (31)

From (30), (31) we obtain §o = —psinf coshy, 03 = —pcos @ cosh .

Result 3.2. The Frenet 4 -frame (32) is given with aid inverse of semi-
Euclidean rotation matrix (SRy)~! as following:

T = coshycos&Z; — (sin@sinhycos + cosfsiné)Zy (32)
—(cos @ sinhvycos§ + sinfsin ) Z;
Vi = —coshysinéZ; + (sinfsinhysin & + cos € cos€) 2y

+(cos @ sinhysin§ — sin 0 cos £) Z3
Vo = —sinh~vZ; + sinf coshvZs + cosfcoshyZs; Vs =113

_ o O O
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Proof. Bishop 2-type frame (32) is obtained from (SRy) ™! = (5 (SRy)T(,,where
C2 = dmg(l, 17 _17 1)

Theorem 3.6. Bishop 2-type {71, Zs, Z3, V3} is obtained from Frenet 4-frame
{T, V1, V4, V3} according to third case

<ZI’ Zl>
(Vi, )

17 <ZQaZ2> = 17 <Z3>Z3> = 17 <T7 T> - 17
17 <‘/27 ‘/2> = ]-) <‘/37 ‘/3> =-1

using semi-Euclidean rotation SR3 as following:

Z1 = cosycos&T — cosysiné&Vy — sinyVa (33)
Zy = (—sinfsinycos& + cosfsin&)T

+(sin@sinysin & + cos cos &) V; — sin b cosyVa (34)
Zs = (cosfsinycosé +sinfsing)T — (cosfsinysiné — sinf cos&)V; + coscosyVa; V3 =V3

Bishop 2-type frame derivative formulas satisfying third case are expressed as
following:

le 0 0 0 51 Z1
Zos | | O 0 0 —=d Zy
Zss | | O 0 0 65 Z3 (39)
‘/35 51 _52 53 0 ‘/3
01,09, 03, k, T are obtained as following:
01 = —psiny, 0y = —psinfcosy, d3= pcosbcos~,
ko= yycotftany 4+ &, T=——
sin &
Proof.
1 0 0 0 cosy 0 —siny 0 cosé —siné 0 0O
SR — 0 cosf —sinf 0 0 1 0 0 sin{ cosé 0 O
710 sin@ cosf 0 siny 0 cosy O 0 0 10
0 0 0 1 0 0 0 1 0 0 0 1
(36)

Bishop 2-type frame (33) is obtained from SR3. From
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(= sinycos& — &, cosysiné + ksin€ cosy)T
+(Kk cos& cosy + v sinysiné — £, cosycosé + Tsiny)V;
—(7Tcosysin + v, cosy)Va + psinyVs = §; V3

we obtain

Vs
sin &

01 = psiny, Kk =r"y,cotétany+¢&,, 7=
As similar, we have

((—sin@sinvycos§ + cosfsin&)T + (sinf sinysin& + cos 0 cos §) V4(37)
—sinfcosyVa)s = =2 V5,

((cos@sin~ycos& + sinfsin )T — (cosfsinysin € — sinf cos&)V; (38)
+ cos B cosyVa)s = 03V,

From (37), (38), we obtain d; = —psinf cosy, d3 = pcosf cos?y.

Result 3.3. The Frenet 4 -frame is given with aid inverse of semi-Euclidean
rotation matrix (SR3)~" as following:

T = cosycoséZ; — (sinfsinycosé + cosfcos)Zy (39)
+(cos O sinycos€ + sin@sin ) Z;
Vi = —cosysinéZ; + (sinfsinysin& 4 cosf cos§) Zy

—(cos@sinysin& — sinf cos §) Z3

Vo = —sinyZ; —sinfcosyZy + costcosyZs ; Vs=1V;

Proof. Frenet 4-frame for third case is obtained from (SR3)™! = (5(SR3)7(s.
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