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Abstract

A new distribution introduced in this paper, called transmuted Burr type XIlI
distribution (TBIIID). Some properties of this distribution will be presented. We
obtain the moment generating function and rth moment of the new distribution.
We derive representation for the order statistics. The method of maximum
likelihood is proposed for estimating the model parameters. We are looking for
this generalization may interest wider applications in reliability and lifetime data
analysis.
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1 Introduction

A Burr distribution was raised in 1942 by Irving W. Burr. Rodriguez (1977)
presented that the Burr coverage area on a specific plane is working by various
well-known and useful distributions, with the normal, log-normal, gamma,
logistic and extreme-value type-1 distributions. The Burr XI1 (BXII) distribution,
having logistic and Weibull as special sub-models, is a very popular distribution
for modeling real time data. The beta Burr XII distribution is defined and
investigated by (Patricia et al (2011). Many transmuted distributions are proposed.
Aryal and Tsokos (2009) presented a new generalization of Weibull distribution
called the transmuted Weibull distribution. Khan and King (2013) are introduced
the transmuted modified Weibull distribution. Transmuted Lomax distribution is
presented by (Ashour and Eltehiwy 2013a). S.K. Ashour and M.A. Eltehiwy,
(2013b) are presented transmuted exponentiated modified Weibull distribution.
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Merovci (2013) are introduced Transmuted Rayleigh distribution. Elbatal and M.
Elgarhy (2013) Transmuted Quasi Lindley Distribution. The transmutation map
method suggested by Shaw and Buckley (2007).

Definition: A random variable X is said to have a transmuted probability
distribution with cdf F(x) if

F(x) =1+ A)G(X)-A[GM], |4<1, (1)

where G(x) is the cdf of the base distribution. If 2=0, we have the base
distribution of X.

fF(x)=g()L+1-24G(x)] )

where f (x) and g(x) are the corresponding probability density functions (pdf)
of F(x) and G(x), respectively. We used (1) to obtain a new model as a
generalization for the Burr XII distribution, namely; the transmuted Burr XII
distribution TBXIID.

Burr distribution is the well-known probability distribution in which the classical
properties and the computational methods for the estimation of maximum
likelihood estimates to the life time data was proposed. The three parameter Burr
XII distributions with the following cumulative distribution function and the
probability density function is provided respectively by (D. M. Titterington, et al,
1985).

The probability density function (pdf) of the BURR XII distribution is defined as

-k -1

g(x;k,c,s):cks‘cx°‘l{1+(§] } , ,k>0,c>0,5>0 €)

and its corresponding cumulative distribution function (cdf) is given by

¢k
G(x;k,c,s)l—{b{%)} , ,k >0,c>0,s >0, (4)

where k and C are the shape parameters and S is the scale parameter.

The rest of this paper is organized as follows. In Section 2 we demonstrate
transmuted BURR XII distribution. Reliability and hazard rate functions are
presented in Section 3. In Section 4, the distributions of order statistics are
summarized. In Sections 5 and 6, the moment generating function and the quantile
function are expressed respectively. The maximum likelihood estimates (MLE) of
the distribution parameters are demonstrated in Section 7.
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2. Transmuted Burr XI1 distribution

Using (1) the cdf of a transmuted BURR XII distribution with parameters k , €
and S is defined as the following

F(x)-aw{l[“(g)c } P[l{l{g H

Simplify we get

S -

The pdf of transmuted BURR XII distribution can be derived by using (2)

ofor fofe] | s fefs]]
oG] b T

By using negative binomial expansion for the following expression

(] e (T -5 ()
w2)] g (T -5 ()

Then the cdf becomes as follow

SO G o
ofabrg (T g ()

2

MS

F(x)=
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Then the pdf becomes as

f (x) =[Ck Z‘j: (-1 (k +'I: _1](£j”° (x )r%lJ_ﬂCk Z‘j: (-1)" (k +'I: _l\J[Sljwc (X )Hc—l

S
O k - _k e r+c+m-1
R B O

3. Reliability analysis

(8)

The reliability function can be called the survival function is the property of the
random variable and is related with the failure of some system within a specified
time. It is defined as Ry, (X) =1—Fgyp (X ). While the Hazard function can be

stated as the ratio of the probability density function and reliability function and
fTBXIID (X)

can be specified in the following form H.g,,, (X) = :
RTBXIID (X)

The reliability and hazard rate functions of the transmuted Burr XII distribution
are defined as the following, respectively.

RTBXIID (X ) =|:1+ [ijc :|
S

LR AT
=i

4. Distribution of order statistics from TBIIID

HTBXIID (X ) =

Order statistics are essential in numerous areas of practice and statistical theory.
Let X, X,,..., X, be a random sample of size n from a pdf f (x) and cdf F(x),

and Xy, Xpgpse- X b€ its order statistics. The pdf of the ith order statistics is

defined as

n!

(G -Din _j)!f COIF )P 1-F O™, (11)

fo(x)=

fori=12,..,n.
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Let, Xy =min{X;,X,,...X,}, and X, =max{X, X,,..., X,} with pdfs )

and f,(x) defined as follow

f(1) (X) =nf (X)[l_ F (X)]n_l and f(n) (X) =nf (X)[F(X)]nil-

As a special case of (11), the pdf of the minimum and maximum order statistics,
respectively, are

s (] s fo T o] o] 0
f(n)(X)—n{f (X)—(cks°xc{1+[z]c yl]{lwl—Z{l{l{ch }HHH(ZH {pm{l{zﬂjﬂ- (13)

5. The moments of the TBXIID

-k

In this section, we derive the expectation of X ', then the mean and the variance
of the TBXIID random variable.

Theorem 5.1: If X is ar. v. from TBXIID, then the moment generating function
is defined as

© —k -1 e /7 a\F*e o ® —k =1\ =k THCHM o g NTHCHM
ermwmd [T e (1

(14)

Proof: Assume that X is a random variable with TBXIID. Then the MGF of X is
defined

M (x,t)=E(e‘X)=TetXf (x )dx

By using equation (8) of the pdf in the form of negative binomial expansion series
then the MGF

E(e‘*):Ie‘* {[ckz [‘f ‘1](51] (x )””]—ﬂcki; (“: ﬂ@m (x )”“*uzzckggo [—‘: 4}(—;}@ ” )} N

o] o (g (S s (T e
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g (P e ta mg [ Jewranngs (L Towr

substitute tx =—u then

o fog (T g [ o2

o o k r+c+m oo . —u r+c+m-1 —dU
2sgs (7 mjﬂgj ) &
Then we get

o [T (2 g (1 s ()

The proof is complete.

Theorem 5.2: If X has a TBXIID, then the ith moment is defined as

E ()= L+ Axek (s) ok - LH2E2 '——1) 2A(ck () plak — 1 272 '__1)
(15)
Proof: the rth moment,
E(x')=[x"f (x)dx
ooO c ¢ 1 (k+1) ck
E(x')=[x {Ck i[ij {1%&) } ]{1“2{1{&) } }dx
0 X\ S S S
(16)

Lety = l+(—j thengy =— 5/ gyanddx =sy ©(1-y) dy
s

c(ae(2]}

Substitute in the (16) we have

1 i+c-1 i+c—-1 1_1

E(x‘)=I @+ )k (s) (1-y) e [y]™" © sy C(1—y)c£_ldy

0

—21.1[ (ck( (1 y) e

i+c—1 i+c—1 171

1
[y ]2k+1— ¢ s y c (1_y)g—ldy

With some algebraic manipulation we get
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i+c 1 1 i+ 1 ivc-1 1 . ivc-1 1

E(x‘):j (+A)ck (s ) (1-y) e 1[y]k“’ c cdy 2,1'[ ck (s 1 y) e c*[y]z“l* o Mo dy

i+2c-2

E(x')=] @+a)k(s) (1- )[y] Sy - 2,1j ck (s y)’[y]z“’ ¢ dy

By using beta function which is defined as
1

Beta(a,ﬂ)zj (1-y) " y“tdy.
0
So the integration becomes
i i s 112 i+2c-2 i
[ @-y)I ™ e dy =pk+1-———-1--1)

0

and

1 i i+2c-2 1 _ i
[ @yl e dy =pk +1- ”2(:—"2—1,2——1)
0

Then the proof is complete.

Remarks: The first and second moments of the TBXIID random variable are

E(x)=(L+A)ck Bk + 1—2071—1——1) 24ck B(2k + 1—%—1——1)

and
E (x?)=(1+A)cks B(k —2,5—1)—2/1£ksﬁ(2k — 2,03—1).

And the variance can be computed by o® =E (X *)—(E (X ))2
6. The quantile x,

The quantile x, of the TBXIID is defined as follows

e b G

Assume that {1+(LJC } then g =F(x)=1-y + Ay —Ay? and solve for y we
S

-2k

JAP—4q+24+1+2-1

have =
y 24




554 Ahmad M. H. Al-Khazaleh

then we have

| VA -4g 2241421
22
Xq =S (17)
JA2 429 +22+1+ A -1
22

7. Maximum likelihood estimate

The maximum likelihood estimates (MLES) of the parameters of the TBXIID are
derived from complete samples only. Let X, X,,..., X, be a random sample of

size n from the TBXIID with parameters k, ¢ ,s and A, let
Lf (x,x,...,x;c,k,s,1) =Lf then

1T Hcks—cXc—{H@ﬂ‘k‘lj{l_my[l{z)T H 18)

Taking the log-likelihood function for (21) as

w0 12 ool T

InLf =nin(c)+nin(k)-ncin(s)+n(c-1)In(x )+(-k -1 In{l{);]c}rz In[l—/uzg{l{zjcy]
(19)

The first-order derivatives of (19) with respect to the four parameters are

(015 P L
T e e

olnLf

& %7nln(s)+z In(x)+>

ok

it ooz nle (] x 23] | @)
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x ) x Y
oInLf _y w(c(sj ok _1)(sj _nc (22)

T rIE
BT
1—z+21[“(§ﬂ

Setting these expressions to zero and solving them simultaneously produces the
maximume-likelihood estimates of the four parameters.

(23)

olnLg
)
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